
 
 
 
 

Improving Data Throughput for Single -Conductor Wireless Power 
Transfer Systems Employing Sheath Helices 

 
by 

 
Semion Belau 

  
  

 
 
 
 

A thesis submitted in partial fulfillment of the requirements for the degree of  
 
 

Master of Science 
in 

Electromagnetics and Microwaves 
 
 
 
 
 

Department of Electrical and Computer Engineering  
University of Alberta  

 
 
 
 
 
 
 

  
 
 

© Semion Belau, 2020  

   



ii  

Abstract 

Historically, power transmission and data communication have been dealt with as separate 

problems. While communication has been conducted wirelessly for over a century, power has 

traditionally been transmitted via transmission line. However, the recent push for wireless 

power transmission (WPT) has sparked new interest in integrating the two.  

 

This thesis investigates the capability of a novel single-conductor WPT system to be used as a 

communication channel. The system was used to support the transfer of on-off keyed data with 

and without encoding . Messages were recovered using a software-defined receiver and the 

results showed that the system is able to support data rates in the hundreds of kilobits per 

second, which is appropriate for RFID and NFC. However, this first investigation evidenced that 

data rates were limited by : (a) the ripple voltage produced at the output of the receiver and (b) 

the bandwidth of the channel, warranting t wo other investigations into  ripple voltage reduction 

and bandwidth enlargement.  

 

A mathematical criterion was formulated in order to minimize the ripple voltage and improve 

the reliability of communication with a low modulation index under amplitude shift keying . 

Simulation results with a software -defined receiver confirmed  that the use of the criterion 

produces the smallest bit error rate . 

 

Bandwidth enlargement was undertaken as a whole system design by employing band-pass filter 

(BPF) theory. Four single-conductor systems, each with a distinct combination of filter order 

and bandwidth, were simulat ed. To assist in the design, an equivalent lumped-element model 

was derived for each system. The simulation  results illustrated t he effectiveness and ease of 

using BPF theory in designing single-conductor systems with different  bandwidths .  
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Chapter 1 Introduction  

1.1 A SHORT HISTORY OF WIRELESS POWER TRANSMISSION AND 

COMMUNICATION 

The areas of wireless transmission of power and data are rooted in two discoveries of the 19th 

century. In 1820, Hans Christian Ø rsted observed that an electric current affected the direction 

pointed to by a compass, thus discovering that a current produces a magnetic field and 

establishing the first link between electricity and magnetism. This discovery led to the works of 

Jean-Baptiste Biot and Félix Savart, of the Biot-Savart law, and to those of André-Marie 

Amp¯re, of the renowned Amp¯reôs law and the unit of current named in his honour. In 1831, 

Michael Faraday discovered the second link between electricity and magnetism when he 

observed that a changing magnetic flux produced a current: Faradayôs law [1]. This law and 

Ørstedôs observation (as well as subsequent works by Biot, Savart, and Ampère), which is 

described by Amp¯reôs law, form the basis of transformer action and inductive power transfer. 

 

It was James Clerk Maxwell who, in 1865, formulated the preceding discoveries on electricity 

and magnetism in 20 equations in his paper titled ñA Dynamical Theory of the Electromagnetic 

Fieldò [1] and later, in 1873, in his ñTreatise on Electricity and Magnetismò [2]. In these works, 

Maxwell noted that a changing electric field was equivalent to a current in producing magnetic 

fields. This correction to Amp¯reôs law led him to theorize that electric and magnetic fields could 

propagate through a medium in the form o f an electromagnetic wave that travelled at the speed 

of light, which was experimentally confirmed by Heinrich Rudolf Hertz in 1886 [1]ï[3] . Thus, 

electromagnetic wave propagation forms the basis of radiative power transfer and modern 

communication technologi es. 

 

In 1901, Guglielmo Marconi was able to wirelessly send a telegraph radio signal across the 

Atlantic Ocean from Poldhu, Cornwall to St. Johnôs, Newfoundland with an antenna [4] . Around 

the same time, Nikola Tesla experimented with wireless power transfer (WPT) using large coils 

in order to transfer power through the ionosphere [5], [6] . While Teslaôs wireless power 

experiments were not fruitful, Marconiôs experiments formed the basis of wireless 

communication and eventually matured into todayôs communication networks. Wireless power 

would not receive much attention for several decades. 
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In 1963, William C. Brown and his team at Raytheon demonstrated their microwave power 

transmission system, which converted 400 W of microwave power to 100 W of DC power. 

Further innovation together with Professor Roscoe H. George of Purdue University culminated 

in the development of the first rectenna and a demonstration of wireless power transfer to a 

model helicopter in 1964. In working tow ards solar-power satellites (SPS), in which a satellite 

converts solar energy to microwave energy and then radiates it down to Earth, a WPT 

demonstration was made in 1975 at the JPL Goldstone Facility in which 30 kW of DC power was 

harvested at a distance of 1.6 km from the transmitter [7] . Ever since, steady research has been 

undertaken in WPT. 

 

A significant breakthrough in near -field WPT occurred in 2007 when Marin Soljaļiĺ and his 

team at the Massachusetts Institute of Technology showed that efficiency gains can be achieved 

when the receiver and transmitter are operated in resonance at the same frequency [8] , sparking 

new research into resonant WPT. 

 

In recent years, two industrial alliances have been formed to standardize and commercialize 

near-field WPT: the Wireless Power Consortium (WPC), formed in 2008 and administering the 

Qi standard since 2010 [9] , and the AirFuel Alliance, formed 2015 from the merge between the 

Alliance for Wireless Power and the Power Matter Alliance [10] . Currently, Qi is leading the 

market [11]. 

 

Although many commercial products exist that implement either the Qi or AirFuel standards, 

RFID is an even older and more ubiquitous technology that can be traced back to the 1970ôs [12]. 

The mechanism of operation is simple: a transmitter sends a signal to a passive (battery-less) 

receiver and the receiver then uses this signal for both energy harvesting as well as 

communication with the transmitter via backscatter (or load) modulation. Unli ke the Qi and 

AirFuel standards, RFID can be implemented in both the near- and far-fields. 

 

Given that research in WPT stretches back to the 1960ôs, near-field WPT has yet to reach 

ubiquity and far -field WPT has yet to be implemented in a network (whereas wireless cellular 

communication is already in its fifth generation) [13]. Furthermore, there is a push to integrate 

WPT and wireless communication into wireless information and power transfer (WIPT). Under 

this new paradigm, data and power will be transmitted on the same waveform (called 

simultaneous WIPT or  SWIPT) or power will be transmitted in the downlink and data will be 
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transmitted in the uplink (under the schemes of wirelessly powered communication and 

wirelessly powered backscatter communication) [13]. 

1.2 MOTIVATION 

Wireless electronics have penetrated almost every aspect of our lives and are expected to 

continue to do so with wireless sensor networks (WSNs) and the Internet of Things (IoT). Thus 

far, this trend is mostly limited to our communication networks (e.g., Wi -Fi and the 

implementation of 5G communication). However, as the number of devices continu es to grow, 

there will be an increased need to power them. Powering these devices with wires will become 

highly inconvenient and expensive, whereas batteries take up a lot of space in electronics and 

require either charging or replacement (which is wastefu l). In some cases, it is even 

inconvenient, costly, or hazardous to replace the battery, as in biomedical implants or industrial 

sensors that may be buried underground. 

 

In the case of biomedical implants, near-field wireless power transfer is an attractiv e solution 

[6] . However, both near- and far-field WPT and communication are impeded when the device is 

buried underground or is otherwise obstructed from the WPT transmitter by a conductive 

object. In such cases, it is conducive to utilize the existing conductive infrastructure to transfer 

both power and data [14], [15], which requires novel designs and innovative, elegant solutions. 

1.3 OBJECTIVE 

The objective of this thesis is to extend the research presented in [16]ï[19] on WPT via sheath 

helices and a single conductor (henceforth termed single-conductor WPT or single-conductor 

systems) to include data transfer. Whereas the focus of [16]ï[19] was strictly limited to power 

transmission, different challenges are present when attempting to reliably transmit and receive 

data, chief among them being bandwidth. 

 

Moreover, with accelerated research into the simultaneous transmission of power and data, 

methods for the efficient harvesting of power and successful reception of data are necessary such 

that they do not interfere with each other. This is a highly desired goal for battery -less 

electronics and is therefore discussed here as well. 

 

Hence, the objectives of the thesis are threefold: 
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1. Demonstrate the ability of the presented system to accommodate data communication 

(with a focus on commercial data transmission such as RFID and near-field 

communication) . 

2. Develop design criteria and guidelines for the reception of amplitude shift keyed data 

modulated on top of a power signal with minimal disruption to power harvesting.  

3. Formalize the design of single-conductor systems where bandwidth is the prime design 

parameter as opposed to a consequence of the design. 

1.4 THESIS STRUCTURE 

This thesis is organized as follows: 

 

 Chapter 2 develops of the fundamentals of inductive coupling and power transfer by deriving 

them from Maxwellôs equations. The concepts are then developed into magnetic resonance WPT 

as an improvement on traditional inductive power transfer. Additionally, a relay system is 

discussed. 

 

 Chapter 3ôs focus is on single-conductor transmission lines with a focus on the sheath helix, 

which is used in the design of the single-conductor system. 

 

 Chapter 4 characterizes the system as a communication channel for amplitude modulated d ata. 

The chapter also discusses the architectural requirements of the receiver for successful 

asynchronous reception of the data. These ideas eventually evolve into a new criterion for the 

asynchronous receiver. 

 

 Chapter 5 focuses on the design of single-conductor systems using band-pass filter theory in 

order to enable designers to have control of the bandwidth and thus enhance both the 

communication and power transfer capabilities of the system. Examples with simulation results 

are provided to showcase the advantages of this design procedure. 

 

Finally,  Chapter 6 concludes this thesis with suggestions for future work and improvements. 
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Chapter 2 Inductive Wireless Power Transfer 

This chapter provides an overview of inductive WPT and its progression into resonant WPT. A 

review of Maxwellôs equations is presented first, from which the fundamental concepts of 

inductive WPT will be developed. These basic concepts are then used to introduce resonant WPT 

and its advantages over non-resonant WPT. In order to compare the two schemes, definitions of 

power gain are provided. 

 

Additionally, a 3 -resonator system is explored as the most basic case of a resonant WPT system 

with relays and its advantages over the 2-resonator system are discussed. 

 

Finally, the chapter concludes with a brief discussion of the frequency splitting phenomenon 

inherent to resonant WPT. 

2.1 FUNDAMENTALS OF INDUCTIVE WIRELESS POWER TRANSFER 

2.1.1 FARADAYôS LAW 

Faradayôs law is given in its differential form by  

 
ᶯ ╔ ‘

‬╗

‬ὸ
  ( 2.1) 

Simply stated, Faradayôs law says that a time-varying magnetic field H  gives rise to an electric 

field E that circulates around the magnetic field lines and that the two are related by the 

magnetic permeability ‘ (Figure  2.1). 

Integrating both sides over a surface ה 

 

Figure  2.1  Visualization of Faradayôs law (left) and Amp¯reôs law (right). 
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ᶯ ╔ẗὨ▼ ╔ẗὨ■
ꜟ

‘
‬

‬ὸ
╗ẗὨ▼
הה

  ( 2.2) 

where ▀■ is a differential l ine element along the boundary curve ꜟ  that encloses ה and Ὠ▼ is a 

differential surface element of ה. The second integral was obtained by applying Stokeôs theorem 

and represents an electromotive force (EMF), or voltage. This is Faradayôs law in its integral 

form and it states that a time-varying magnetic flux through a surface ה, represented by the 

third integral, induces an EMF around the boundary curve  ꜟthat encloses said surface. The 

above equation can be more succinctly expressed as 

 
꜡

‬ɮ

‬ὸ
  ( 2.3) 

where ꜡  is the induced EMF and ɮ is the magnetic flux through surface ה. 

 

Based on the above, when a free charged particle is placed in this field it wi ll move under the 

action of the induced EMF. The direction of motion of this charged particle is such that it will 

induce a magnetic field that opposes the change in the first one in  what is known as Lenzôs law, 

which is represented by the minus sign on the RHS of Eq. ( 2.3). It follows that when a 

conductive loop is placed in the field such that the magnetic field lines penetrate the enclosed 

area, the free electrons in the conductor will flow to produce a current.  

2.1.2 AMPÈREôS LAW 

The dual to Faradayôs law is Amp¯reôs law, which is given by its differential form  

 
ᶯ ╗ ╙ ‐

‬╔

‬ὸ
  ( 2.4) 

The law states that a current density ╙ produces a magnetic field that circulates around it. It also 

states that time-varying electric fields can also produce a magnetic field that circulates around 

the electric field lines with a constant of proportionality  ‐, the electric permittivity ( Figure  2.1). 

As with Faradayôs law, integrating both sides over surface ה 

 

ᶯ ╗ẗὨ▼ ╗ẗὨ■
ꜟ

╙ ‐
‬╔

‬ὸ
ẗὨ▼

הה

  ( 2.5) 

where the second integral was again obtained by invoking Stokeôs theorem to arrive at Amp¯reôs 

law in its integral form. The term ‐ ‬╔‬ὸ is called the displacement current and it plays a role in 
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the response of a capacitor to time-varying currents. However, i n closed conductive loops, 

‬╔
‬ὸπ and ( 2.5) simplifies to  

 
╗ẗὨ■ Ὅ
ꜟ

  ( 2.6) 

where Ὅ is the total current  flowing through the conductor.  

2.1.3 I NDUCTANCE 

2.1.3.1 Self inductance  
In much the same way that capacitance ὅ is defined as the ratio of the charge ὗ present on a pair 

of conductors to the voltage ὠ developed between them (mathematically described by ὅ ὗȾὠ), 

self-inductance ὒ is defined as the ratio of the magnetic flux ɮ to the current Ὅ that generates 

and encloses it (see Figure  2.2), as given by 

 

Isolating ɮ in ( 2.7) and differentiating with respect to time  

 
ὒ
ὨὭ

Ὠὸ

Ὠɮ

Ὠὸ
ὺ  ( 2.8) 

where Ὅ was changed to Ὥ to reflect the change from a DC to an AC quantity and the  last equality 

is due to Faradayôs law in ( 2.3), where ὺ is the AC voltage developed across the inductor. In 

other words, inductance is the ability of an inductor to resist changes in current.  It is prudent to 

mention that ( 2.8) is only valid for quasistatic conditions, i.e., when the inductor is electrically 

short such that the instantaneous AC current is nearly the same at all points along the inductor 

wire. 

 

ὒ
‘᷿ ╗ẗὨ▼
ה

Ὅ

ɮ

Ὅ
  ( 2.7) 



8 

A valuable property of inductance is that it can be increased conveniently by creating multi -turn  

inductors ( Figure  2.3) where all the turns  are connected in series such that the same current Ὥ 

flows in each. If the turns  are close to each other such that all (or most) of the magnetic flux of 

one turn  passes through all the other turns , then using ( 2.8) the voltage ὺ across each loop of 

an N-turn inductor is given by  

 

ὺ
Ὠɮ

Ὠὸ

ὨὭ

Ὠὸ
ὒ  ( 2.9) 

where ɮ  is the flux produced by a single turn  and ὒ is the inductance of each individual loop . 

Because the turns  are connected in series, the total voltage across the inductor is the sum of the 

single-turn  voltages 

 

ὺ ὺ
ὨὭ

Ὠὸ
ὒ ὔ

ὨὭ

Ὠὸ
ὒ  ( 2.10) 

For identical loops, the inductance of each loop must be the same, i.e., ὒ ὒ for all ὲ. Thus, 

 
ὺ ὔὒ

ὨὭ

Ὠὸ
ὒ
ὨὭ

Ὠὸ
  ( 2.11) 

The last equality demonstrates that the total inductance of a multi -turn inductor increases 

linearly with  the square of the number of turns.  

 

Figure  2.2 Inductance relates the current to the magnetic flux it generates. 
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2.1.3.2 Magnetic vector potential  
Gaussô law for magnetic fields states that magnetic fields do not have point sources and is 

mathematically described by [20]  

 
ẗɳ‘╗ π  ( 2.12) 

Using the identity  Ͻɳɳ ═ π, we define 

 
‘╗ ᶯ ═  ( 2.13) 

Substituting this into (  2.4) for a conductor and using another  vector identity , we arrive at 

 
ᶯ ᶯ ═ ᶯ ẗɳ═ ᶯ═ ‘╙  ( 2.14) 

To define a vector field completely, its divergence and curl must be defined and thus the 

divergence of ═ can be set arbitrarily to zero, i.e., ɳ ẗ═ π. As a result ( 2.14) becomes 

 
ᶯ═ ‘╙  ( 2.15) 

To solve for ═, let us look at Gaussô law for electric fields [21] 

 
ẗɳ╔

”

‐
  ( 2.16) 

where ” is the charge density that produces the electric field . Eq. ( 2.16) simply states that the 

source of electric fields is charge. The electric field can be written in terms of the electric 

potential as 

 
╔ ὠɳ  ( 2.17) 

 

Figure  2.3  Multi -turn inductor . 
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Substituting  into ( 2.16) 

 
ẗɳɳὠ ᶯὠ

”

‐
  ( 2.18) 

which takes the same form as ( 2.15). I t is also known that the electric potential at a distance ᴁ►ᴁ 

from a charge distri bution  is given by 

 
ὠ

ρ

τ“‐

”Ὠὺ

ᴁ►ᴁם

  ( 2.19) 

which is the solution to ( 2.18). Then by comparison, the solution to ( 2.15) is 

 
═

‘

τ“

╙Ὠὺ

ᴁ►ᴁם

 ( 2.20) 

Due to the similarities between ( 2.15) and ( 2.18) [or ( 2.19) and ( 2.20)] , ═ is called the magnetic 

vector potential . 

 

The magnetic vector potential can be used to calculate magnetic flux as in 

 
ɮ ᶯ ═ẗὨ▼ ═ẗὨ■

הꜟ

  ( 2.21) 

thereby replacing a surface integral with a simpler contour integral.  

2.1.3.3 Mutual inductance  

Consider two current carrying loops. As in ( 2.7), the mutual i nductance ὓ  between them is 

defined as the ratio of the flux enclosed by one loop ɮ  to the current Ὅ flowing on the other 

loop, which produced it [20]  

 
ὓ

ɮ

Ὅ
  ( 2.22) 

Substituting ( 2.20) and ( 2.21) into ( 2.22) 

 
ὓ

‘

τ“Ὅ

╙Ὠὺ

ᴁ► ᴁםꜟ

ẗὨ■  ( 2.23) 

where ►  is the displacement vector from the volume element Ὠὺ to the line element Ὠὰ. For 

quasistatic scenarios, i.e., where the fields vary slowly with time, the currents can be assumed to 

be distributed uniformly across the cross-sectional area of the conductors. Thus, the term ╙Ὠὺ 

can be written as ╘Ὠὰ or as ὍὨ■ (where the vector direction is absorbed by the line element) 

and ( 2.23) becomes 
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ὓ

‘

τ“

Ὠ■ẗὨ■

ᴁ► ᴁ ꜟꜟ

  ( 2.24) 

The above result is known as Neumannôs formula . Noting that the order of integration in this 

case is irrelevant and that the dot product is commutative, it is evident that  

 
ὓ

‘

τ“

Ὠ■ẗὨ■

ᴁ► ᴁ

‘

τ“

Ὠ■ẗὨ■

ᴁ► ᴁꜟꜟꜟꜟ

ὓ   ( 2.25) 

i.e., mutual inductance between two current loops is not dependent on the source of the 

magnetic field but only on the geometry of the two loops and their relative orientations. When 

the distance between two coupled coils is much larger than their dimensions, the mutual 

inductance between them is approximately proportional to the  inverse cubed distance between 

them, i.e., ὓ ᶿὨ  [20] . 

 

Next, the EMF produced in one coil due to the flux produced by the other coil is given by 

Faradayôs law ( 2.3) 

 
꜡ ὓ

ὨὭ

Ὠὸ
  ( 2.26) 

The total EMF produced in the coil is the sum of the EMF produced by self-inductance [given by 

( 2.3)] and the EMF produced by mutual inductance [given by ( 2.26)]. If there are N current 

carrying inductors then the  voltage across each of the inductors is given by the matrix equation 

 ὺ
ὺ
ể
ὺ

ὒ ὓ Ễ ὓ
ὓ ὒ Ễ ὓ
ể ể Ệ ể
ὓ ὓ Ễ ὒ

Ὠ

Ὠὸ

Ὥ
Ὥ
ể
Ὥ

  ( 2.27) 

The ± sign signifies that the mutual coupling can either enh ance the voltage or decrease it 

depending on the relative current flows [ as evidenced by the dot product in ( 2.24)] . If an 

inductor is wound such that an external magnetic field induces current flow in the same 

direction as the existing current, ὓ takes on a positive sign, otherwise it  takes on a negative sign. 

Since the voltages and currents of interest are sinusoidal, ( 2.27) can be written in phasor 

notation as 

 ὠ
ὠ
ể
ὠ

Ὦ‫

ὒ ὓ Ễ ὓ
ὓ ὒ Ễ ὓ
ể ể Ệ ể
ὓ ὓ Ễ ὒ

Ὅ
Ὅ
ể
Ὅ

  ( 2.28) 
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where is the angular frequency of the voltages and currents and ὠȣὠ ‫  and ὍȣὍ are the 

complex (frequency-domain)  phasor representations of their respective real (time-domain) 

voltages and currents. 

2.1.3.3.1 Energy considerations and the magnetic coupling coefficient 

Consider the two coupled inductors with inductances ὒ and ὒ in Figure  2.4. From ( 2.27) 

 
ὺ ὒ

ὨὭ

Ὠὸ
ὓ
ὨὭ

Ὠὸ
 

π ὓ
ὨὭ

Ὠὸ
ὒ
ὨὭ

Ὠὸ
 

 ( 2.29) 

Solving for ὺ in terms of Ὥ: 

 

ὺ
ὒὒ ὓ

ὒ

ὨὭ

Ὠὸ
 ( 2.30) 

Then the energy stored in the magnetic fields is given by 

 

Ὁ ὺὭ Ὠὸ
ὒὒ ὓ

ὒ

ὨὭ

Ὠὸ
 Ὥ Ὠὸ

ρ

ς

ὒὒ ὓ

ὒ
Ὥ  ( 2.31) 

where we set Ὥὸ π. The expression in ( 2.31) must always be non-negative, i.e., Ὁ π. The 

only way this inequality can be satisfied is if [22]  

 
ὓ ὒὒ  ( 2.32) 

Eq. ( 2.32) sets the upper limit on ὓ, such that ὓ can be expressed as 

 
ὓ Ὧ ὒὒ  ( 2.33) 

where Ὧ is the called the magnetic coupling coefficient subject to π Ὧ ρ and it represents the 

fraction of magnetic flux that links the tw o coils. 

 

Figure  2.4 Coupled inductors with a short -circuited secondary. 



13 

2.2 RESONANT INDUCTIVE WPT 

2.2.1 POWER GAIN DEFINITION S 

Consider the circuit in Figure  2.5 where the black-box two-port network is characterized by its 

S-parameters. Three power gains can be defined [3] : 

¶ Power gain: the ratio of the power consumed by the load to the power input to the 

network . 

 

Ὃ
ὖ

ὖ

ȿὛ ȿρ ȿɜȿ

ρ ȿɜȿȿρ Ὓ ɜȿ
  ( 2.34) 

¶ Available power gain: the ratio of the maximum a vailable power from the network  to the 

maximum available power from the source. The maximum available power from the 

source occurs when the source and the input to the network are conjugately matched, 

and the maximum available power from the network occurs  when the load and the 

output of the network are conjugately matched. 

 

Ὃ
ὖ

ὖ

ȿὛ ȿρ ȿɜȿ

ȿρ Ὓ ɜȿρ ȿɜ ȿ
  ( 2.35) 

¶ Transducer power gain: the ratio of the power consumed by the load to the maximum 

available power from the source. 

 

Ὃ
ὖ

ὖ

ȿὛ ȿρ ȿɜȿ ρ ȿɜȿ

ȿρ ɜɜȿȿρ Ὓ ɜȿ
  ( 2.36) 

 

The reflection coefficient ũ is defined as 

 

ɜ
ὤ ὤᶻ

ὤ ὤ
  ( 2.37) 

 

Figure  2.5  Generalized two-port network.  
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where ὤ is the impedance of interest and ὤ  is a reference impedance (which in the case of a 

transmission line is simply its characteristic impedance ὤ ). However, if there are no 

transmission lines (i.e. , the transmission line is electrically short), ὤ  can be set arbitrarily. As a 

result, at the source ὤ ὤᶻ and at the load ὤ ὤᶻ so that ɜ ɜ π. Hence ( 2.34)-( 2.36) 

simplify to  

 

Ὃ
ȿὛ ȿ

ρ ȿɜȿ
  ( 2.38) 

 

Ὃ
ȿὛ ȿ

ρ ȿɜ ȿ
  ( 2.39) 

 
Ὃ ȿὛ ȿ ( 2.40) 

Hence, the transducer gain will also be referred to as the Ὓ  parameter. 

 

Another useful relation is that for Ὓ  [23]  

 

Ὓ ς
ὠ

ὠ

ὤ

ὤ
  ( 2.41) 

For the remainder of this thesis , only the power gain G and the transducer gain Ὃ ȿὛ ȿ will 

be of interest as they are most commonly used in literature. 

2.2.2 NON-RESONANT INDUCTIVE WPT 

The most basic inductive WPT circuit is shown in Figure  2.6. The available power from the 

source and the input and output powers are given by 

 

ὖ
ȿὠȿ

ψὙ
 ( 2.42) 

 

Figure  2.6 Basic configuration for inductive WPT.  
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ὖ
ȿὠȿ

ςὤὤ ‫ὓ
ὙὩὤ ὤ ‫ὓ ὙὩὤ   ( 2.43) 

 

ὖ
ȿὠȿ‫ὓ Ὑ

ςὤὤ ‫ὓ
  ( 2.44) 

where ὤ Ὑ Ὦ‫ὒ , ὤ Ὑ ὤ , ὤ Ὑ Ὦ‫ὒ , and ὤ Ὑ ὤ . The power gain is 

obtained by substituting  ( 2.43) and ( 2.44) into ( 2.34) 

 

Ὃ
‫ὓ Ὑ

ὙὩὤ ὤ ‫ὓ ὙὩὤ
  ( 2.45) 

and the transducer gain is obtained by substituting ( 2.42) and ( 2.44) into ( 2.36) 

 

Ὃ ȿὛ ȿ
τ‫ὓ ὙὙ

ὤὤ ‫ὓ
  ( 2.46) 

It is easy to show that ( 2.45) and ( 2.46) do not attain a local maximum with respect to either Ȓ 

or M  (as in Figure  2.7). Thus, we can increase the power gain and the output power only by 

increasing either the frequency or the magnetic coupling. As was discussed in Section  2.1.3.3.1 

and given by ( 2.33), M  reaches its maximum when Ὧ ρ, which physically means that the two 

inductors are perfectly coupled. 
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While attaining Ὧ ρ is practically impossible, it is possible to attain high coupling by wrapping 

both inductors around the same magnetic core. The high magnetic permeability ȉ of the 

magnetic core prevents most of the magnetic field from escaping as given by [3]  

 
ɜ᷆

–ὧέί— –ὧέί—

–ὧέί— –ὧέί—
 

ɜ
–ὧέί— –ὧέί—

–ὧέί— –ὧέί—
 

 ( 2.47) 

 

(a) 

 

(b) 

Figure  2.7  Power gain and ȿὛ ȿ plots for Ὑ Ὑ υπ ɱ, Ὑ σ ɱ, Ὑ φ ɱ, ὒ ρ ʈ(, and ὒ ςȢς ʈ( 
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where ɜ᷆ and ɜ are the reflection coefficients for parallel and perpendicular electromagnetic 

field polarizations, respectively, —  and —  are the angles of incidence and transmission, 

respectively, at the interface between two materials, and – and – are the intrinsic medium 

impedances given by 

 

–
‘

‐
  ( 2.48) 

Let the first medium be the magnetic core and the second medium be free space. Substituting 

( 2.48) into any equation in ( 2.47) and letting the magnetic core permeability grow without 

bound, we get 

 
ɜO ρ as ‘O Њ  ( 2.49) 

where the subscript on ɜ was omitted because the result is identical for both polarizations. The 

above result demonstrates that most of the fields incident on the magnetic core-air interface 

reflect back into the magnetic core and are therefore contained within it , resulting in high 

magnetic coupling. This is how electric transformers maintain high power transfer (large ȿὛ ȿ) 

and high power gain (large Ὃ). 

2.2.3 MAGNETIC RESONANCE WPT 

2.2.3.1 2-resonator system  
Now consider the compensated circuit in Figure  2.8. The expression for transducer gain in 

( 2.46) can be rewritten as 

 

ȿὛ ȿ
τ‫ὓ ὙὙ

Ὑ Ὑ Ὑ Ὑ ὢὢ ‫ὓ Ὑ Ὑ ὢ Ὑ Ὑ ὢ
  ( 2.50) 

where ὢ and ὢ are the total reactances of each of the coupled circuits. By differentiating ( 2.50) 

with respect to ὢ  and ὢ , it is possible to find values for the reactances that produce the 

maximum output power, which results in  

 

Figure  2.8 Compensated inductive WPT circuit. 
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ὢȟὢ

ừ
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
ứ

πȟπ ȟ‫ὓ ὙὙ π

Ὑ

Ὑ
‫ὓ ὙὙ ȟ

Ὑ

Ὑ
‫ὓ ὙὙ ȟ‫ὓ ὙὙ π

Ὑ

Ὑ
‫ὓ ὙὙ ȟ

Ὑ

Ὑ
‫ὓ ὙὙ ȟ‫ὓ ὙὙ π

  ( 2.51) 

where Ὑ Ὑ Ὑ and Ὑ Ὑ Ὑ. The conditions associated with each case can be derived 

from the second derivate test for maxima and minima of multivariate functions, which states 

that for a function Ὢὼȟώ to have local maxima and minima, π must be 

satisfied at the critical values of Ὢὼȟώ. The first case on the RHS of ( 2.51) says that in the under 

coupled condition (i.e., ‫ὓ ὙὙ π), maximum power  transfer  may be achieved when 

both coupled circuits are resonant, i.e., each of the inductors is compensated with a capacitor to 

cancel its reactance and both resonate at the same frequency ‫ . The second and third cases say 

that  in the over coupled condition (i.e., ‫ὓ ὙὙ π), maximum power  transfer  may be 

achieved when the total reactances are either both  inductive  or both capacitive (i.e., the 

compensation capacitorsô influence causes the overall reactances to become capacitive). And in 

the critically coupled condition  (i.e., ‫ὓ ὙὙ π), ( 2.51) states that maximum power 

transfer  may be attained when the reactances are zero, as well. Thus, the critical coupling 

condition attains the  maximum transducer gain of 

 
ȿὛ ȿ

ὙὙ

ὙὙ

ὙὙ

Ὑ Ὑ Ὑ Ὑ
  ( 2.52) 

It is worth noting that in the over coupled condition [second and third cases in ( 2.51)]  the 

maximum transducer gain  of ( 2.52) is attained when Ὑ Ὑ Ὑ and ὢ ὢ ὢ (but in 

general may produce lower values as shown in Figure  2.9). 
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Now, let us compare the transducer gains for inductive and resonant WPT. Taking the derivative 

of ( 2.46) with respect to frequency and equating to zero, it can be found that maximum 

transducer gain for inductive WPT  is achieved at the frequency 

 

‫
ὙὙ

ὒὒ ὓ
  ( 2.53) 

 

(a) 

 

(b) 

Figure  2.9 ȿὛ ȿ plots for (a) Ὑ Ὑ υπ ɱ, Ὑ σ ɱ, Ὑ φ ɱ, ὒ ρ ʈ(, ὒ σȢσ ʈ(, ὅ ςυσ Ð&, and ὅ χχ Ð& and (b) 

Ὑ Ὑ υπ ɱ, Ὑ Ὑ φ ɱ, ὒ ὒ σȢσ ʈ(, and ὅ ὅ χχ Ð&. 
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and the maximum transducer gain is 

 

Ὓ ȟ

τὓ ὙὙ

Ὑὒ Ὑὒ
  ( 2.54) 

The first thing  to note about this is that maximum output power can only be extracted when 

there is 100% coupling between the two inductors, as noted earlier. The second thing to note is 

that the output power of inductive WPT is always less than or equal to the output power of 

resonant WPT. This can be verified  by subtracting ( 2.54) from ( 2.52) as follows: 

 
ὙὙ

ὙὙ

τὓ ὙὙ

Ὑὒ Ὑὒ
π  ( 2.55) 

Manipulating the inequality  

 
Ὑὒ Ὑὒ τὙὙὓ π  ( 2.56) 

The LHS is minimized when ὓ ὒὒ, producing 

 
Ὑὒ Ὑὒ π  ( 2.57) 

which is true for all values of Ὑ , Ὑ , ὒ, and ὒ. In fact, the only time both WPT schemes 

produce the same output power is when Ὑὒ Ὑὒ π and Ὧ ρ. 

 

It was shown that for inductive WPT, maximum power transfer is achieved when Ὧ ρ, which is 

impractical . For resonant WPT at resonance, the maximum transducer gain as a function of 

mutual inductance ὓ is 

 

 ȿὛ ὓȿȿ  
τ‫ὓ ὙὙ

ὙὙ ‫ὓ
   ( 2.58) 

and in terms of the coupling coefficient  

 

ȿὛ Ὧȿȿ
ὗ

ὗ

τὯὗὗ

ρ Ὧὗὗ

ὗ

ὗ
  ( 2.59) 

where ὗ ‫ὒ Ὑϳ  and ὗ ‫ὒ Ὑϳ  are the loaded quality factors (Q factors) of the 

resonators, and ὗ ‫ὒȾὙ and ὗ ‫ὒȾὙ are the external Q factors of the resonators. To 

achieve the maximum transducer gain specified by ( 2.52), the following condition must be met  
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ὓ
ὙὙ

‫
 ( 2.60) 

or in terms of the coupling coefficient  

 
Ὧ

ρ

ὗὗ
  ( 2.61) 

The important conclusion to draw from this is that coupling does  not need to be 100% anymore 

in order to achieve maximum output power. For example, when Ὑ Ὑ υπ ɱ, ὒ ὒ

ρπ ʈ(, and ‫ ς“ ρπ -(Ú, we need a mutual inductance of ὓ χωφ Î(, which corresponds 

to a coupling of only Ὧ πȢπψπ, which is very small. This ability to transfer large amounts of 

power (larger than those achievable by inductive WPT) with small coupling coefficients is the 

greatest benefit of resonant WPT as it enables high power transfer over larger distances or 

alternatively, for a wider range of orientations between the two inductors.  

 

Next, the power gain Ὃ in ( 2.45) for inductive WPT can be re-written  for  resonant WPT as 

 

Ὃ
‫ὓ Ὑ

Ὑ Ὑ Ὦὢ ‫ὓ Ὑ
  ( 2.62) 

where it is clear that it  is not dependent on the resonant characteristics of the source resonator 

and that the only influence that the source resonator has on Ὃ is through the inductorôs 

resistance Ὑand mutual inductance ὓ. 

 

By differentiating (  2.62) with respect to and equating to zero, maximum power gain is ‫ 

attained when 

 

‫
ς

ςὒὅ Ὑὅ
  ( 2.63) 

It is  evident from ( 2.63) and Figure  2.10 that, unlike the transducer gain ȿὛ ȿ, power gain 

attains a maximum at a single frequency independent of ὓ. As well, from (  2.62) and Figure  2.10, 

it is easy to determine that maximum power gain continues to increase with increasing ὓ. 
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2.2.3.2 3-resonator system  
Consider the circuit in Figure  2.11 consisting of a source resonator, a relay resonator, and a load 

resonator, where all the resonators have the same resonant frequency (i.e., ὒὅ ὒὅ

ὒὅ ρȾ‫ ). It was seen in the 2-coil case that maximum power can be transferred when the 

individual resonators are operated at the resonant frequency. When all three coils are resonant, 

the transducer gain is given by [24]  

 

Ὓ ȟ

τὙὙ ‫ὓ ὓ ‫ὓ Ὑ

ὙὙὙ ‫ὓ Ὑ ‫ὓ Ὑ ‫ὓ Ὑ τ‫ὓ ὓ ὓ
 

ὗ

ὗ

τὯ Ὧ ὗὗὗ Ὧ ὗὗ

ρ Ὧ ὗὗ Ὧ ὗὗ Ὧ ὗὗ τὯ Ὧ Ὧ ὗὗὗ

ὗ

ὗ
 

 ( 2.64) 

 

For fixed resonator parameters (i.e., Ὑ, ὒ, and ὅ), the maximum power transfer is found by 

differentiating (  2.64) with respect to Ὧ  and Ὧ  (or ὓ  and ὓ ) and equating to zero to 

produce the condition  

 
Ὧ ὗ Ὧ ὗ έὶὓ Ὑ ὓ Ὑ  ( 2.65) 

 

  

 

Figure  2.10 Power gain for magnetic resonance WPT with Ὑ Ὑ υπ ɱ, Ὑ σ ɱ, Ὑ φ ɱ, ὒ ρ ʈ(, ὒ ςȢς ʈ(, ὅ

ςυσ Ð&, and ὅ ρρυ Ð&. 
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Substituting ( 2.65) into ( 2.64) produces 

 

Ὓ ȟ τ
ὗ

ὗ

Ὧ ὗὗ Ὧ ὗὗ

ρ ςὯ ὗὗ Ὧ ὗὗ τὯ Ὧ ὗὗὗ

ὗ

ὗ
  ( 2.66) 

If the 3-resonator system is converted into a 2-resonator system by removing the relay resonator 

in the middle (Ὧ Ὧ π), the maximum transducer gain [ obtained by differentiating (  2.64) 

with respect to Ὧ ]  will be 

 

Ὓ ȟ

ὗὗ

ὗὗ
  ( 2.67) 

which is identical to ( 2.52), as expected. It can be determined from ( 2.66) and ( 2.67) that a 2-

resonator system is capable of transferring more power than a 3-resonator system. Ὓ ȟ  

will approach Ὓ ȟ  when Ὧ ὗὗ ḻρ and Ὧ Ḻρ (i.e., non-adjacent coupling is 

negligible as in [25], [26] ), thereby emphasizing the importance of large Q factors. However, the 

benefits of the 3-resonator system over the 2-resonator system are its ability to transfer more 

power for a range of loads and the extension of WPT distance. Consider the condition for 

maximum power transfer for the 2 -resonator and 3-resonator systems with Ὑ Ὑ Ὑ π, 

Ὑ υπ ɱ, and Ὢ ρπ -(Ú shown in Table I . It is possible to see that the total distance in the 3-

resonator system can be set arbitrarily, whereas the distance between the coils in the 2-

resonators system is fixed. Moreover, because maximum power transfer in the 3-resonator 

system depends on the ratio of mutual inductances, a wider range of loads can be matched to the 

source. It can be observed in Figure  2.12 that the range of loads afforded to the 3-resonator 

system dwarfs the one available to the 2-resonator system. In fact, [24]  showed that if 

Ëρσ  
ρ

σρ σ

ËρσȟÃÒÉÔÉÃÁÌ

Ѝσ
 [where Ὧ ȟ  is given by ( 2.61)], the 3-resonator configuration 

performs better than the 2 -resonator one. 

 

Figure  2.11 3-resonator WPT circuit.  
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Table I   Comparison of 2-resonator and 3-resonator systems 

 Case 1 (Ὑ Ὑ) Case 2 (Ὑ Ὑ) 

Load Ὑ ρπ ɱ Ὑ ςυπ ɱ 

2-resonator ὓ ( 2.60) ὓ συφ Î( ὓ ρȢχψ ʈ( 

3-resonator ὓ ( 2.65) 
ὓ ςȢςτ ὓ  

(Ὠ πȢχφ Ὠ 1) 
ὓ πȢτυ ὓ  

(Ὠ ρȢσπ Ὠ 1) 
1 Mutual inductance is approximately proportional to the inverse cubed distance between two coils, Ὠ. 

 

 

(a) 

 

(b) 

Figure  2.12 Range of load impedances available to 2- and 3-resonator systems with Ὑ υπ ɱ and ὒ ὒ ὒ ρ ʈ( at a 

resonant frequency of Ὢ ρπ -(Ú 
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Assuming that Ὧ Ḻρ, the power gain is given by [26]  

 

Ὃ
Ὧ Ὧ ὗὗὗ

ρ Ὧ ὗὗ Ὧ ὗὗ ρ Ὧ ὗὗ

ὗ

ὗ
  ( 2.68) 

It was shown above that Ὓ ȟ  maximizes with respect to both Ὧ  and Ὧ , but observe that 

( 2.68) maximizes only with respect to Ὧ . Thus, it is possible to optimize the coupling between 

the second and third coils for maximum power gain and then further optimize the coupling 

between the first and second coils to obtain maximum Ὓ ȟ  subject to the maximum 

power gain condition. It was shown in [25], [26]  that the 3-resonator system can achieve 

relatively high power gains and output powers simultaneously, whereas the 2- and 4-resonator 

systems can attain a maximum in one parameter to the detriment of the other. 

2.2.3.3 Frequency splitting  

Revisiting  the 2-resonator system, equations ( 2.60) and ( 2.61) describe the critical coupling 

condition ‫ὓ ὙὙ π. When ὓ ὓ , the resonators are under coupled and 

maximum power transfer can only be attained when both coupled resonators are operated at 

resonance ‫ , as described by the first case in ( 2.51). When ὓ ὓ , the resonators are said 

to be over coupled and ( 2.51) states that there are two reactance values for each resonator that 

produce maximum power transfer.  In other words,  there are two frequencies at which maximum 

power transfer is achieved [23], [27], [28] . This phenomenon is known as frequency splitting. 

 

In the special case of symmetric resonators (i.e., Ὑ Ὑ Ὑ and ὢ ὢ ὢ), differentiating 

( 2.50) with respect to frequency and equating to zero will give us the frequencies that produce 

the maxima and minima of the transducer gain 

 
‬

‬‫
ȿὛ ȿ

ψ‫ὓ ὙὙ ‫ὓ Ὑ ὢ ‫ὓ Ὑ ς‫ὢὢ ὢ

Ὑ ὢ ‫ὓ τὙὢ
π  ( 2.69) 

where ὢ ‫ὒ  and ὢ ‬ὢȾThen the locations of the minima and maxima are .‫‬ 

given by 

 
‫ ὓ Ὑ ς‫ ὢὢ ὢ π  ( 2.70) 

 
‫ ὓ Ὑ ὢ π  ( 2.71) 

Solving ( 2.70) and ( 2.71) for the frequencies produces 
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Ὢ Ὢ
ρ

ςρ Ὧ
ς ὗ ς ὗ ρςρ Ὧ   ( 2.72) 

 

Ὢ Ὢ
ρ

ςρ Ὧ
ς ὗ ς ὗ τρ Ὧ    ( 2.73) 

where ὗ ὗ ὗ . 

 

Examining ( 2.73), frequency splitting occurs when the discriminant ς ὗ τρ Ὧ π 

and the coupling coefficient at which this occurs is 

 

Ὧ
ρ

ὗ
ρ

ρ

τὗ
  ( 2.74) 

Note that when ὗḻρ, Ὧ Ὧ  and the two split frequencies are 

 

Ὢ
Ὢ

Ѝρ Ὧ
  ( 2.75) 

 

Ὢ
Ὢ

Ѝρ Ὧ
  ( 2.76) 

where the subscripts stand for even and odd and represent the resonant frequencies when even 

and odd excitation modes are applied to the circuit in Figure  2.13. 

 

When an even mode is excited (i.e., ὠ ὠ), the circuit in Figure  2.13(a) can be represented by 

the half-circuit in Figure  2.13(b), which has a resonant frequency equal to ( 2.75). When an odd 

mode is excited (i.e., ὠ ὠ), the circuit in Figure  2.13(a) can be represented by the half 

circuit in Figure  2.13(c), which has a resonant frequency equal to ( 2.76) [29] . 

 

There are a few things to note from the above analysis: (a) While these approximations are valid 

only for ὗḻρ, they are useful because from ( 2.50), in order to achieve high power transfer and 

large distances, ὗ must be very large. (b) When the resonators are not symmetric, the analysis 

becomes very complicated and involves solving an 8th-order equation [28] . 
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In general, an N-resonator system will have at most N resonant frequencies, which may deviate 

greatly from the resonant frequencies of the individual resonators. The factors that affect the 

systemôs resonant frequency include: the individual resonatorsô resonant frequency, the mutual 

coupling between all resonators, and the load impedances [30] . 

 

 

(a) 

 

(b) 

 

(c) 

Figure  2.13 (a) Equivalent representation of a 2-resonator WPT circuit. (b) Even mode half circuit and (c) odd mode half circuit 

for the circuit in (a).  
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Chapter 3 The Sheath Helix and Single-Conductor Power 

Transmission 

Power transmission is most commonly performed using two or more conductors and ordinarily 

thought of in terms of circuits that have a source and a ground. However, the transmission of 

electrical energy may also be performed by employing only a single conductor (without a 

ground) ï as in the waveguide ï or without a conductor whatsoever ï as with antennas. 

 

In 1899, Sommerfeld discussed the possibility of electromagnetic field propagation along a 

single straight, cylindrical conductor  with a finite conductivity  in the form of surface waves [31], 

[32] . However, propagation in this manner is not very practical because a large portion of the 

power extends to a distance much greater than the diameter of the conductor  and thus, creates 

difficulties in launching the electromagnetic waves. Goubau continued the work and showed 

that the bulk of the power can be constrained to a small distance around the conductor either by 

modifying the surface of the conductor or by coating it w ith a dielectric  [31], [32] . That made the 

launching and reception of the waves more practical by means of a coaxial cable whose outer 

conductor has been flared out in the shape of a horn. The advantage of the single-conductor 

transmission  line is that it  exhibits less loss than traditional two -conductor transmission lines.  

However, the ñhornò launchers are still quite bulky, which makes the technology practical only  

at higher frequencies. 

 

Another  single-conductor medium of transmission is the helix (also known as the sheath helix), 

which was studied in 1898 by Pocklington [33] . The sheath helix may be regarded as a circular 

waveguide with fields both inside and outside it . Solutions to Maxwellôs equations for the sheath 

helix dictate that the fields outside it must be evanescent. Thus, power flows only along the 

surface of the helix and none flows radially outwards from it . Hence, the helix is a surface 

waveguide, too. Nikola Tesla experimented with such coils [5], [34]  in order to transmit power 

wirelessly over great distances. As noted in [5], [32], [34] , it is very straightforward to couple to 

and from the helix by way of a second inductively coupled coil (as in a transformer).  This makes 

the sheath helix more practical than the Goubau transmission line at low frequencies. 
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3.1 RESONANT MODES ON THE SHEATH HELIX 

As discussed in Section  2.1.3.1, the equation for inductance ( 2.8) is only an approximation that 

is valid when the inductor is electrically short (i.e., the AC current magnitudes are nearly 

uniform throughout the coil at all points in time). How ever, as the AC frequency is increased, 

the current distribution along the coil will become increasingly non -uniform. Moreover, in 

addition to the magnetic coupling between the individual windings of the coil, there is also stray 

capacitance between them (as shown in Figure  3.1). Thus, the coil will cease to behave purely as 

an inductor and will even attain self -resonance. 

 

Due to the failure of the quasistatic model to accurately predict the behaviour of the coil at the 

high frequency regime, it is better to approach it from the point of view of propagating waves. 

Using this approach, the characteristic equation governing the behaviour of the helix in 

cylindrica l coordinates is given by [35]  

 

Ὧ
ὑ †”Ὅ†”

ὑ †”Ὅ†”
†ÔÁÎ‪  ( 3.1) 

where Ὧ is the propagation constant in free space, Ὅ and Ὅ are the modified Bessel functions of 

the first kind, , ὑ and ὑ are the modified Bessel functions of the second kind, ‪ is the pitch 

angle of the helix, and † is given by 

 
† ‍ Ὧ  (3.2) 

where ‍ is the propagation constant of the fields of the helix. Two regimes arise from (3.1). A 

small number of turns per wavelength characterizes the first regime, whereby ( 3.1) can be 

approximated by [35]  

 
Ὧ ‍ÓÉÎ‪  (3.3) 

 

Figure  3.1  Stray capacitance between the windings of a coil. 
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from which it is possible to derive ὺ ὧÓÉÎ‪. This result demonstrates that the helix acts to 

slow down the field propagation from the speed of light in free space ὧ to ὺ, thus reducing the 

free-space wavelength ‗. The other regime is characterized by a large number of turns per 

wavelength, and (3.1) is approximated by [35]  

 

Ὧ
‍

ρ ρφπ
ὶ
ὴ‗

 

 (3.4) 

where ὶ and ὴ are the radius and pitch of the helix, respectively. In this regime, the field 

propagation slows down even further. This regime governs the helices discussed in this thesis. 

 

Although the sheath helix behaviour is better explained with propagating waves, it will be seen 

in  Chapter 5 that for the special case of resonant sheath helices, the use of an equivalent 

lumped-element circuit is very beneficial in the design of single-conductor systems. 

3.1.1 HALF-WAVE SHEATH HELIX  

In 2007, Kurs et al. [8]  presented their work on resonant inductive WPT in which they used four 

coils with two relay resonators, as illustrated in Figure  3.2. The relay resonators they used were 

helical coils with their ends left  open-circuited . Even though the ends of the helix are open-

circuited , current may still flow by forming a standing wave in the same manner that current 

flows on a dipole antenna [36] . 

 

Consider the helix in Figure  3.3, where the current at its ends must be zero. The helix has ὲ 

turns, a radius ὶ, and a pitch ὴ between the turns. I f the coil is electrically short (i.e. , ς“ὶḺ‗, 

where ‗ is the wavelength of the resonant mode) the current can be assumed to take on a 

sinusoidal distribution as described by [8], [35], [37] ï[40]  

 
Ὅᾀ ὍÃÏÓ

“

ὰ
ᾀȟ ὰ

ς ᾀ ὰ
ς  (3.5) 

where Ὅ is the maximum current magnitude  and ὰ ὲὴ is the length of the helix. Therefore, the 

helix is able to support a resonant mode, which has zero current and maximum voltage at its 

ends and maximum current and zero voltage at its centre ï as in a dipole antenna. In this 

manner, the coil is able to transmit electromagnetic energy despite not having a return path (i.e., 

a ground). 
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Using ( 3.4) and ὰ ὲὴ ς‗, the resonant frequencies supported by this coil are approximated 

by [39], [40]  

 

Ὢ
ὧ

ρσȢςφ
 
ά ὴ

ὶὲ
ȟ ά ρȟςȟσȟȣ  ( 3.6) 

where ά indicates the number of half -wavelengths supported by the coil. However, because 

higher frequencies introduce extra modes of propagation, only the mode corresponding to 

ά ρ is of interest. Given that an open-circuited  coil is able to resonate, it can be incorporated 

into the design of magnetic resonance WPT systems in place of the traditional LC resonators. 

 

Figure  3.2  Four-coil system setup used by Kurs et al. [8]  with two relay resonators. 

 

Figure  3.3  Half -wave sheath helix. 
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If the  ends of the helix are instead connected to a source or a ground, the helix will behave like a 

half-wave transmission line with a low voltage/high current at the ends and a high voltage/ low 

current at the midway point.  Then the current profile will be given by 

 
Ὅᾀ ὍÓÉÎ

“

ὰ
ᾀȟ ὰ

ς ᾀ ὰ
ς  ( 3.7) 

3.1.2 QUARTER-WAVE SHEATH HELIX  

If one end of the helix is connected to ground (or a source) and the other remains open-circuited  

(as illustrated  in Figure  3.4), the helix will be able to support quarter -wave resonances, with a 

high current/low voltage at the grounded end and a low current/high voltage a t the open-

circuited  end. The current profile  is described by  

 
Ὅᾀ ὍÓÉÎ

“

ςὰ
ᾀȟπ ᾀ ὰ  ( 3.8) 

and the helix is reminiscent of the monopole antenna. Tesla coils [5], [34], [35]  are a famous 

example of these. 

Using ( 3.4) and ὰ ὲὴ τ‗, the quarter -wave resonant frequencies supported by these coils 

 

Figure  3.4 Quarter-wave sheath helix. 
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are approximated by [39], [40]  

 

Ὢ
ὧ

ςσȢπψ
 
ά ὴ

ὶὲ
ȟ ά ρȟσȟυȟȣ  ( 3.9) 

and again, only the ά ρ mode is considered to prevent the propagation of higher order modes. 

 

Again, because these coils are resonant, they can be used in magnetic resonance WPT in place of 

lumped-element LC resonators. Quarter-wave sheath helices can be used as transmitters or 

receivers [37], [41]ï[43]  by connecting one end to a source or a load, respectively. In [43] , a 

quarter -wave sheath helix was used as a transmitter, a half-wave coil was used as a relay, and an 

LC resonator was used as the receiver. 

 

3.2 SHEATH HELICES IN SINGLE-CONDUCTOR WPT 

Discussed above, quarter-wave sheath helices can be used as transmitters or receivers. However, 

they can also be used as relay coils [16], [18], [44], [45] . To be able to use quarter-wave sheath 

helices as relays, one end has to be grounded or alternatively connected to a large conductor.  

 

[44], [45]  discuss the possibility of using an arbitrarily shaped conductor to transmit energy. To 

achieve this, a quarter-wave helix is connected at one end to a conductor in order to couple 

energy into it, and a second quarter-wave helix is connected to it as well in order to couple 

energy out of it [shown in Figure  3.5(a)] . Care must be taken, as the size and shape of the 

conductor in the middle will affe ct the resonant frequency. As well, if the resistance of the 

conductor is large, the Q factor will be reduced ï reducing the amount of power that makes it 

through to the other end of the system while broadening its bandwidth [3] . While a broader 

bandwidth is beneficial for communication purposes, the increased loss will reduce the SNR and 

increase the bit error rate (as will be demonstrated in the next chapter). Hence, care must also 

be taken to ensure that the conductor has low loss. For example, if the coils are connected by a 

mere wire then the wire must be electrically short at the desired frequency of operation so that 

the system is not detuned from its designed resonance frequency and the loss is kept low. The 

difference in operation between this single-conductor system and a Goubau line is that the latter 

sustains a propagating wave and, as a result, can be of any length, whereas quarter-wave helices 

operate in resonance and require the conductor between them to be electrically short. 
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In [16], [18] , the conductive medium in the middle is replaced with two large capacitive plates 

[as in Figure  3.5(b)] . The addit ional capacitance shift s the resonant frequency. However, if the 

plates are made large enough, the large capacitance provides low impedance and does not 

significantly affect  the resonant frequency. In other words, the large plate provides a large 

conductive surface for charges to flow on (i.e., a ground) and, due to electrostatic induction, 

induces charges to flow on the second plate and the second quarter-wave helix. In this situation, 

the large capacitance is akin to a short circuit and the two quarter-wave helices behave as a 

single half-wave helix. Thus, it is possible to transmit energy across a metallic barrier, which 

would normally be impossible via inductive or resonant WPT . This system configuration will be 

considered in the following chapters. 

 

(a) 

 

(b) 

Figure  3.5  Coupling to and from (a) an arbitrarily shaped conductor and (b) a capacitive discontinuity using quarter -wave 

sheath helices. 
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Chapter 4 Communication for Wireless Power Transfer 

Systems 

In  Chapter 2, we have seen how power may be transmitted wirelessly via inductive coupling and 

enhanced by resonance, and the previous chapter introduced the sheath helix as a transmission 

medium that utilizes a single conductor. This chapter explores a resonant single-conductor 

system for the purposes of WPT and communication that utilizes sheath helices. The benefits of 

such a system include the reduction of systems from two wires to one, utilization of existing 

conductive infrastructure instead of de dicated transmission lines, and transmission to devices 

that are obstructed by conductive media such as buried sensors or biomedical implants. The 

applications of this technology could include the integration of a pipe for the transmission of 

power and data to underground sensors in a wellbore or the wireless charging of a device (e.g., 

cell phone) with a metallic encasing. 

 

This chapter builds on concepts introduced in [16], [17], [44], [45] . As the aforementioned 

literature  focuses on power transmission, this chapterôs focus is on the data transfer 

performance of the single-conductor system. Specifically, it explores the ability of the system to 

be used with sensors that employ RFID and NFC communication protocols. In addition, a novel 

method for the improvement of asynchronous envelope detection is presented to assist in WIPT. 

4.1 THE CHANNEL FREQUENCY RESPONSE AND MEASUREMENT SETUP 

A channelôs frequency response dictates its limits of communication such as the bandwidth of 

communication, maximum error -free data rate, frequencies of operation, and more. A channel 

whose frequency response is flat over the frequencies of interest is known as a flat channel and 

one that varies with frequency is known as frequency-selective. As can be expected, a frequency-

selective channel is not desired since the variations in channel gain (i.e., ȿὛ ȿ) alter the shape of 

the signal, which may introduce intersymbol interference (ISI, i.e., pulse shapes from past 

symbols that alter the pulse shapes of future symbols) and degrade performance. 

 

Discussed in the last chapter, a WPT system may be constructed using quarter-wave sheath 

helices with a capacitive discontinuity to couple between them. It was shown in [16], [18]  that in 

addition to the benefits of magnetic resonant WPT, the capacitive plates provide immunity to 

misalignments.  
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The single-conductor system used in this thesis is shown in Figure  4.1. The transmitter and 

receiver consist of a single-turn coil with a compensation capacitor placed in parallel and the 

relay consists of two quarter-wave sheath helices that are coupled to each other via large 

conductive plates. Hence, although the system utilizes a single-conductor transmission medium, 

power and data are transmitted wirelessly via magnetic coupling in order to couple to and out of 

the medium and via capacitive coupling between the conductive plates. 

 

(a) 

 

(b) 

Figure  4.1  (a) System diagram. (b) System implemented in the lab with the transformers used in the inset. 
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As discussed in Section  3.1, the sheath helix is a slow wave structure, allowing it to be highly 

compact. Additionally, because the sheath helix is electrically short, it does not radiate, ensuring 

that the bulk of the power coupled to it is transmitted. For these reasons, the sheath helix was 

employed as the medium of transmission. The physical properties of the system are listed in 

Table II . Given these parameters, the resonant frequency of the relay can be calculated by ( 3.2) 

to be approximately 6.45 MHz. 

Table II  System dimensions and component values 

Parameter Description  Value 

ὲ  Sheath helix number of turns 55 

ὶ  Sheath helix radius 42 mm 

ὥ  Sheath helix wire diameter 0.51 mm (24 AWG) 

ὴ  Sheath helix turn pitch  1.51 mm 

ὶ  Feed coil radius 42 mm 

ὥ  Feed coil wire diameter 1.29 mm (16 AWG) 

ὰ  Edge length of capacitive plates 30 cm 

ὸ  Thickness of capacitive plates 90 µm 

Ὣ Gap between capacitive plates 10 mm 

Ὠ  Separation between coil and sheath helix 1 mm 

Ὠ  Separation between sheath helix and capacitive plate 10 mm 

ὅ Feed coil compensation capacitor 1.68 nF 
 

 

The frequency response of the WPT system (henceforth also known as the channel) was 

measured with a Rohde & Schwarz ZVL13 VNA due to the equivalence between the Ὓ  

parameter and the frequency response. However, the Ὓ  was highly variable when the VNA or 

the coaxial cables were touched, making the measurement unreliable. A similar effect has been 

discussed in [46]  while measuring monopole antenna parameters when the antenna was directly 

connected to a measurement device via a coaxial cable. To remedy this, the authors isolated the 

antenna from the feed cable by a cascade connection of four 1:1 low-loss transformers. This 

isolation proved to be beneficial in the measurement of the WPT system described here, as well, 

where the transformers were added to both the input and output ports (see Figure  4.1). Four 

transformers were used here as well because it was observed to be the minimum amount to 

satisfactorily stabilize the response (see  Appendix A). In order to obtain the frequency response 

of the channel alone, the effect of the isolation transformers was de-embedded from the 
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combined systemôs frequency response in MATLAB by converting the measured S-parameters of 

the cascaded transformers and the combined system to T-parameters. The frequency responses 

of the channel with the transformers and of the de-embedded channel are plotted in Figure  4.2. 

As observed in Figure  4.2, the maximum channel gain for the de-embedded channel occurs 

around 5.96 MHz and represents a deviation of only 7.7% from the value predicted above by 

( 3.2). The difference can be explained by noting that: ( 3.2) is an approximation, the capacitive 

plates do not accurately represent an infinite ground plane (and introduce a non -zero 

impedance), the combination of the single-turn coil and shunt capacitor may not resonate 

exactly at the design frequency, and the system may be coupled to other objects due to the 

charge buildup at the helicesô open ends. 

4.2 COMMUNICATION ON A SINGLE-CONDUCTOR CHANNEL 

A MATLAB simulation was used to test the communication capability of the channel. The 

channel S-parameters were converted to an IIR channel filter used to filter a simulated 

baseband signal that was upconverted to 6.01 MHz. The reason 6.01 MHz was used instead of 

5.96 MHz is to be able to predict the response when the actual channel is used, which requires 

the transformers in the measurement setup. Before being filtered by the channel filter, additive 

white Gaussian noise (AWGN) was added to the passband signal. Finally, the noise-corrupted 

and filtered signal was processed by a software-defined receiver (SDR) meant to mimic the 

 

Figure  4.2 Frequency response of the channel. 
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operation of an envelope detection receiver. 

 

The structure of the SDR consisted of the following blocks ( Figure  4.3): 

1. fifth -order Butterworth band -pass filter (BPF) 

2. envelope detector 

3. Schmitt trigger  

4. Sampler 

4.2.1 ENVELOPE DETECTOR 

An envelope detector consists of a rectifying device (e.g., a diode) and a low-pass filter (LPF). 

Rectifying devices are inherently non-linear and as a result produce outputs whose spectrum 

consists of intermodulation products of the spectrum of their input s [3] . Consider the diode, 

where the current flowing through it is given by [47]  

 
Ὥ ὍὩ ϳ ρ  ( 4.1) 

where Ὅ is the saturation current (the current when the diode is reverse biased), ὠ  is the 

thermal voltage (approximately equal to 25 mV at room temperature), and ὺ ὸ ὠ ὺ ὸ is 

the voltage across the diode, which is composed of a DC voltage ὠ and an AC voltage ὺ ὸ. 

Using a Taylor representation for the exponential, ( 4.1) becomes 

 

Ὥὸ Ὅ Ὡ ρ
Ὡ

ὠ
ὺ ὸ

Ὡ

ςὠ
ὺ ὸ Ễ   ( 4.2) 

For an amplitude -shift keying (ASK), the amplitude of a sinusoidal  carrier  signal is modulated 

such that ὠ π and the AC voltage is 

 
ὺ ὸ ὠ ρ Ὧάὸ ÃÏÓ‫ὸ  ( 4.3) 

 

Figure  4.3 SDR block diagram. 
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where ὠ and ‫ ς“Ὢ are the carrier signalôs amplitude and angular frequency, άὸ is the 

message signal that satisfies ȿάὸȿ ρ, and Ὧ is the modulation index such that π Ὧ ρ. 

Substituting ( 4.3) into ( 4.2) 

 

Ὥὸ Ὅ
ὠ

ὠ
ρ Ὧάὸ ÃÏÓ‫ὸ

ὠ

ςὠ
ρ Ὧάὸ ÃÏÓ‫ὸ Ễ  

Ὅ
ὠ

τὠ
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ςὠ
Ὧάὸ

ὠ

τὠ
Ὧά ὸ

ὠ

ὠ
ρ Ὧάὸ ÃÏÓ‫ὸ 

ὠ

τὠ
ρ Ὧάὸ ÃÏÓς‫ὸ Ễ    

 ( 4.4) 

Given that the message signal has its own spectrum with a dominant frequency component at 

Ὢ , ( 4.4) dictates that the diode current will have frequency component at DC, Ὢ , ςὪ , Ὢ, 

Ὢ Ὢ, ςὪ, ςὪ Ὢ, ςὪ ςὪ, and so on. To recover the message άὸ, the output in ( 4.4) can 

be passed through a filter that will remove the components that are greater than Ὢ  (see 

Figure  4.4). 

 

However, practical filters are far from ideal and do not have sharp cutoff frequencies. As a 

result, filtered intermodulation products also make it through to produce a r ipple voltage at the 

 

Figure  4.4 Spectra of the rectified signal as given by ( 4.4) and an ideal low-pass filter. 
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output. For a first -order LPF, the ripple voltage is approximated by [47]  

 

ὠ
ὲ“ὠὪ

Ὢ
  ( 4.5) 

under the condition that ὲ“Ὢ Ὢϳ Ḻρ where ὲ ρ for a full -wave rectifier and ὲ ς for a half-

wave rectifier, Ὢ is the cutoff frequency of the LPF, and ὠ is the peak of the envelope. 

Henceforth, a full -wave rectifier is assumed. 

 

The SDR was implemented in MATLAB with a square -law envelope detector as shown in 

Figure  4.5. The output of the square operation to the input signal in ( 4.3) produces 
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ρ ςὯάὸ Ὧά ὸ

ὠ

ς
ρ ςὯάὸ Ὧά ὸ ÃÏÓς‫ὸ  ( 4.6) 

Examining  ( 4.4), the ÃÏÓ ‫ὸ term has a smaller factor than the DC and ÃÏÓ ς‫ὸ terms and 

can be neglected. Hence, ( 4.4) and ( 4.6) are approximately equivalent within a factor of Ὅ ςὠϳ . 

 

The cutoff frequency of the LPF was chosen so that the pulse shape of the symbols is retained. 

For a rectangular pulse shape, it is necessary to maintain sharp transitions and as a result the 

rise time of the LPF is considered. Rise time Ὕ is defined as the time it takes for the signal to go 

from 10% to 90% of the final value and for a first-order LPF is approximated by [48]  

 
Ὕ

πȢσυ

Ὢ
  ( 4.7) 

To maintain sharp transitions, a rise time of at most on e tenth of the symbol duration has been 

chosen, where the symbol duration is given by Ὕ ρȾὪ . Substituting into ( 4.5) and solving for 

Ὢ, 

 
σȢυὪ ὪḺ

Ὢ

ὲ“
  ( 4.8) 

where the right inequality ensures a small ripple voltage and that the carrier signal is filtered out 

[49] . 

 

Figure  4.5  Square-law envelope detector. 
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4.2.2 FIFTH -ORDER BUTTERWORTH BAND-PASS FILTER 

The purpose of the input BPF is to remove as much of the unwanted components of the 

incoming signal. The BPF was centred on Ὢ and designed to be a fifth-order Butterworth filter 

in order to have extremely sharp transition s and a flat passband that will not distort the 

incoming signal.  

 

To determine the appropriate passband, it is necessary to know the equivalent noise bandwidth. 

For any filter, the equivalent noise bandwidth is defined as the double-sided bandwidth of a 

brickwall (ideal) filter that passes the same white noise power as the non-ideal filter and is given 

by [50]  

 

ὄ
Ὄ‫

Ὄ
Ὠ(4.9 )  ‫ 

where Ὄ‫  is the frequency response of the non-ideal filter and ȿὌ ȿ is the maximum value of 

the non-ideal filterôs response. For a first-order Butterworth filter ὄ “Ὢ. For a fifth -order 

Butterworth filter ὄ ςȢπσὪ. In order to not affect the output of the envelope detector, the 

BPF was designed to have the same noise bandwidth as the LPF as follows 

 
ὄ “Ὢȟ ςȢπσὪȟ   ( 4.10) 

With the lower limit  of Ὢȟ  given in ( 4.8) and using ( 4.10), the cutoff frequency of the BPF was 

chosen to be Ὢȟ ρȢυτὪȟ υȢτςὪ (but was set to Ὢȟ υȢυὪ in the SDR). Figure  4.6 

demonstrates the validity of ( 4.10) (though it shows that Ὢȟ τȢυὪ  would also be quite 

suitable).  

4.2.3 SCHMITT TRIGGER  

For on-off keyed (OOK) messages (a type of ASK) the transmitter sends a HIGH value or a LOW 

value (ὃ and 0, respectively) corresponding to the transmission of bits 1 and 0. The probability 

of error for an envelope detector under OOK modulation is (see  Appendix B) 
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where ᾀ is the detection threshold above which the detector detects bit 1 and below which it 

detects bit 0, ὔ  is the power spectral density of the white noise, and Ὅ is the modified Bessel 

function of the first kind and zero order. 
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Eq. ( 4.11) represents the probability of error for a d etector with a single threshold, but  

performance can be improved with a Schmitt trigger. Figure  4.7 shows that a Schmitt trigger 

utilizes two threshold levels (ᾀ and ᾀ) with hysteresis to improve the noise immunity. In a 

single threshold detector the test is very simple: if the signal is above the threshold, output bit 1, 

otherwise, output bit 0, as shown in  Figure  4.8. In a Schmitt trigger, two conditions must be 

met: (a) if the signal was originally LOW and is now higher than threshold level ᾀ, output bi t 1, 

and (b) if the signal was originally HIGH and is now lower than threshold level ᾀ, output bit 0, 

otherwise, maintain the original bit value , as shown in Figure  4.8. To accommodate the extra 

threshold level, ( 4.11) is modified to  

 

Figure  4.7  Hysteresis loop of Schmitt triggers. 

 

Figure  4.6 Combined effect of an LPF and various BPFs with different cutoff frequencies with Ὢ ρ -(Ú. 
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Figure  4.9 compares the performance of the two detectors via a BER vs. SNR curve with ᾀ ὃȾς 

for the single threshold detector and ᾀ ὃȾσ, ᾀ ςὃȾσ for th e Schmitt trigger. It is  evident 

that the Schmitt trigger provides an improved performance with a 2.5 dB improvement over the 

single threshold detector. 

 

 

Figure  4.8 Schmitt trigger vs. a single threshold detector. 
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4.2.4 LINE CODES 

OOK and modified Miller coding (MMC) were used in the investigation . OOK was chosen due to 

its simplicity in encoding and decoding and MMC is commonly used in RFID  [51] and NFC [52]  

In MMC, the bits are represented by the position of a zero pulse within the bit duration as 

illustrated in Figure  4.10. As shown, there are three code words for: a bit 0 following a bit 0, a 

bit 0 following a bit 1, and a bit 1, each consisting of four symbols per bit. Hence, for an OOK 

message, Ὢ  is equivalent to the data rate, but for an MMC message, Ὢ  is equivalent to the 

symbol rate (which is four times the data rate).  

 

In applications where the receiver is battery-less, the transmitter must also provide power. 

However, in order to send data on the same frequency simultaneously, the power signal (i.e., the 

carrier) must be modulated , and that reduces the maximum achievable amount of transmitted 

 

Figure  4.9 BER vs. SNR for a single threshold detector and a Schmitt trigger. 

 

Figure  4.10 Modified Miller encoding as specified in [51] 
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power. It was shown in [53]  that there is a trade-off between achieving maximum power 

transmission and maximum data rate. MMC is an attempt at minimizing the amount of 

amplitude modulations to ensure high power transfer. The power s associated with each bit 

transmission are 
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where ὃȾς is the unmodulated carrier power  and the notation  ὼȿώ represents bit ὼ following  bit 

ώ. Then the total power transmitted is given by 
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whereas for OOK the transmitted power is ὃ τϳ . But because in MMC four symbols are used to 

represent a single bit, the data rate is a fourth of the OOK rate. Hence, while MMC transmits 

more power than OOK, its data rate is lower. 

4.2.5 SIMULATION AND MEASUR EMENT  RESULTS 

The performance of the channel was tested by creating data streams of 10,000 bits encoded with 

OOK and MMC, which were upconverted to 6.01 MHz, fil tered with the MATLAB channel filter, 

and processed with the SDR described above. Note that the RFID and NFC standards [51], [52]  

specify a carrier frequency of 13.56 MHz, whereas the channel operates at 6.01 MHz. 

Nevertheless, a data rate of 106 kb/s and MMC were used as in [53] . To confirm the results, the 

same data streams were imported to a Rohde & Schwarz SMW200A vector signal generator, 

which upconverted them to 6.01 MHz and added white Gaussian noise to them. The signal 

generator was connected to the single-conductor system via the transformers  (as described 

above) and the output was captured on an oscilloscope. The oscilloscope signals were then 

processed with the same SDR used in simulation. 

 

BER versus SNR plots were produced for both the simulated and measured outputs to evaluate 

the performance. To measure the SNR of the measured output, a separate noise measurement 

was made and the SNR calculated as follows: 
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 ( 4.15) 
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where ὉϽ is the expectation function,  ὴ, ὴ, and ὴ are the received signal, transmitted signal, 

and noise powers, respectively, and Ὑ, Ὓ, and ὔ are the random variables that represent them, 

respectively. From ( 4.15), the SNR was calculated as 
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where ὴ and ὴ were measured at the output of the BPF. 

 

Equations ( 4.8) and ( 4.10) were derived to ensure that the extracted envelope of the incoming 

OOK signal maintains the sharp rising and falling edges of the rectangular pulse shape. 

However, they are valid only for flat channels. Because frequency-selective channels (of which 

the single-conductor system is an example) introduce ISI (i.e., increase Ὕ), the combinatio n of 

the channel and the LPF increases Ὕ above what ( 4.8) and ( 4.10) were designed to achieve. The 

LPF and BPF were designed to produce Ὕ πȢωτ ʈÓ for 106 kb/s OOK messages and a flat 

channel, but the channel limited Ὕ to a minimum of 1.3 µs. Via simulation, it was discovered 

that an Ὢȟ  of nine times the symbol rate (Ὢȟ ωὪ) decreased Ὕ sufficiently and resu lted 

in better BER performance. The LPF and BPF parameters are listed in Table III . Table III  shows 

that the relationship between Ὢȟ  and Ὢȟ  does not adhere to ( 4.10) any longer, and the 

BPFôs cutoff frequency remains Ὢȟ υȢυὪ . Since the BPFôs bandwidth is larger than the 

channelôs, and the channel is responsible for most of the signal distortion, the BPF does not 

appreciably distort the signal further . 

Table III  LPF and BPF parameters 

Parameter Case 1 Case 2 Case 3 

OOK Data rate, Ὑ  (kb/s)  106 424 1000 

MMC Data rate, Ὑ  (kb/s)  26.5 106 250 

LPF cutoff frequency, Ὢȟ  (MHz)  0.954 3.816 9 

BPF bandwidth, ὄ ςὪȟ  (MHz)  1.166 4.664 11 
 

 

4.2.5.1 On-off keying  
The BER performance of the channel for  OOK data is shown in Figure  4.11 for both the 

simulated and measured outputs. The data rates used were 106, 424, and 1000 kb/s. These 

results were compared to the performance of a flat channel with only AWGN present. 
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Observe in Figure  4.11 that as the data rate is increased, the BER increases as well and the 

channel performance deviates from the flat channelôs. Examining the eye diagram for 106 kb/s 

in Figure  4.12(a), the signal shape is unambiguous, with sharp transitions, a small ripple 

voltage, and a wide-open eye. This is expected because the bulk of the signal spectrum is 

captured within the channel bandwidth  (approximately 530 kHz). For 424 kb/s [ Figure  4.12(b)] , 

the transitions widen, the ripple voltage is increased, the rise time is increased (i.e., more ISI is 

introduced), the signal begins to resemble a triangular wave more than a rectangular one, and 

the eye begins to close as the channel filters more of the signalôs spectrum. At 1000 kb/s 

[Figure  4.12(c)], the channel filters almost all of the signalôs spectrum and causes the transitions 

to be very wide, the rise time to greatly increase (such that a single symbol interferes with the 

next three symbols due to ISI), and the eye to close almost completely. Moreover, the Ὢȟ  no 

longer satisfies the right inequality of ( 4.8) so that a large ripple voltage is present, which 

produces errors at the output of the Schmitt trigger . 

 

At 106 kb/s, the performance does not exactly match that of the flat channel because, as 

mentioned previously, a higher Ὢȟ  is required to combat the increased Ὕ produced by the 

channel. This higher cutoff frequency introduces a higher ripple voltage, whi ch is detrimental to 

performance. 
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(a) 

 

(b) 

 

(c) 

Figure  4.11 BER vs. SNR for OOK modulated signals with varying data rates: (a) 106 kb/s, (b) 424 kb/s, and (c) 1000 kb/s. 
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(a) 

 

(b) 

 

(c) 

Figure  4.12 Eye diagrams for the demodulated OOK signals with data rates: (a) 106 kb/s, (b) 424 kb/s, and (c) 1000 kb/s.  
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4.2.5.2 Modified Miller code  
The BER performance was also investigated for MMC data as it was for OOK data. The data 

rates used were 26.5, 106, and 250 kb/s to maintain  the same symbol rates as those used for 

OOK. 

 

Figure  4.13 shows that as the data rate increases, the BER increases as well. The results can be 

explained in the same manner as for  OOK because the pulse shape is the same (26.5 kb/s MMC 

is analogous to 106 kb/s OOK, 106 kb/s MMC is analogous to 424 kb/s OOK, and 250 kb/s 

MMC is analogous to 1000 kb/s OOK). However, the case of 250 kb/s MMC is of note as 

evidenced by the eye diagram in Figure  4.14(c). Because MMC has short durations in which the 

signal is low, the signal does not reach that level at this high rate. Thus, the eye not only closes 

from the top but also from the bottom , as opposed to its corresponding case of 1000 kb/s OOK 

shown in Figure  4.12(c). Therefore, message recovery is further degraded, as compared to the 

recovery of OOK messages. 

 

Comparing Figure  4.11 and Figure  4.13, it can be seen that the BER for OOK flattens at 0.5 but 

for MMC it flattens above 0.5. As well, the successful recovery of MMC messages requires higher 

SNR than their corresponding OOK messages. The reason is that MMC uses four symbols to 

encode a single bit and all four must be recovered correctly as opposed to the single symbol per 

bit used in OOK. Additionally, the MMC BER for the single-conductor channel is higher than 

that of the flat channel, which is most likely due  to ripple voltage and ISI. 
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(a) 

 

(b) 

 

(c) 

Figure  4.13 BER vs. SNR for MMC modulated signals with varying data rates: (a) 26.5 kb/s, (b) 106 kb/s, and (c) 250 kb/s.  
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(a) 

 

(b) 

 

(c) 

Figure  4.14 Eye diagrams for demodulated MMC modulated signals with data rates: (a) 26.5 kb/s, (b) 106 kb/s, and (c) 250 kb/s.  


















































































