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Abstract

This thesis presents a computation of the collapse-time distribution for large-scale
structures in the universe as well as a determination of the time evolution of that dis-
tribution given a precise, instantaneous, measurement of an horizon-limited volume of
the universe. The presentation begins with a simple review of the generation of cosmo-
logical perturbations during the inflation epoch. The description of the perturbations
is carried out to linear-order using the conformal Newtonian (zero-shear) gauge and as-
suming a %mzqﬁz potential for the inflaton field. A fully non-linear model for the collapse
of the cosmological fluid to a singularity is then developed using the Tolman-Lemaitre
line-element. This collapse model assumes that the cosmological fluid is irrotational and
that the time required for the collapse of the material is a monotonically increasing func-
tion of proper radius. Matching conditions are determined, allowing for the construction
of initial conditions for the Tolman-Lemaitre collapse model from the linear Newtonian
perturbations. Using the collapse model and current cosmological data, a distribution is
obtained for the proper collapse time of a shell of material as a function of radius. An
observer, located at the centre of the shells, is then considered and is imagined to be
able to determine exactly the collapse time of the material within some horizon-limited
volume of the universe. The time evolution of the collapse-time distribution for the
visible volume of the universe is then determined based on the increasing radius of the
horizon and the observation: It is found that the most concise expression of the result
of this analysis is the median of the distribution of proper collapse times for the visible
volume of the universe as a function of elapsed proper time for the centrally-located
observer. This function is found to have a near power-law behaviour at early and late

times, although its algebraic structure is somewhat complex.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table of Contents

1 Introduction
1.1 Road Map . . . . . . o o e

2 Cosmological Inflation
2.1 Friedmann-Robertson-Walker Model . . . . . . . . .. .. .. ... ....

2.2 Behaviour Of Scalar Fields . . . .. . . ... ... ... .. ... ...,
2.3 Application To Cosmology . . . . . . . . . ... L o .

3 The Description of Cosmological Perturbations
3.1 Gaussian Random Fields. . . . .. .. ... .. .. ... L.
3.2 Random Fields and Cosmology . . . . . ... ... ... .. ........
321 PowerSpectrum . ... ... ...
322 SpectralIndex ... ... ... .. o oL,
33 Units. . . . ot o e e
3.4 Properties of Gaussian Random Fields . . . . ... . ... ... ... ...
3.41 Smoothing . . ... . . . ... e
3.4.2 The Propertiesof f,PartI . . . . ... ... ... .........
3.43 The Properties of f ..........................
3.4.4 The Propertiesof £, Part IT. . . . . ... ... ...........
3.5 Matter Distribution . . . .. .. .. L L oL

4 The Behaviour of Cosmological Perturbations
4.1 Quantum Inflaton Perturbations . . . . . . . ... ... ... ...,
4.2 The Tranpsition to Classical Perturbations . . . . . . ... ... ... ...
4.2.1 The “Curvature Perturbation” . . ... .. ... .. ... .....
4.3 Geometry Perturbations — Description . . . .. . .. ... oL,
4.4 Geometry Perturbations — Behaviour . . . . . ... ... ... ... ...
4.4.1 Refinement of Inflaton Perturbations . . . . . . .. ... . ... ..
4.5 Comparison with Observation . . . . . .. ... ... ... .. ... ...
4.5.1 Fluctuation Amplitude . . . . . . .. ..o oL oL

5 Collapse
5.1 Spherically-Symmetric Model . . . . . . ..o oo oo
5.1 Overview . . . . . o o o e e e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

5.1.2 Tolman-Lemailtre Geometry . . . . . . . . .. . .. ... .. ... 77

5.1.3 Construction of ¢eonapse(r) From Invariant Scalar Expressions . . . 84

5.1.4 Construction of {coapse(r) By Geometry Matching . . . . . .. .. 89

5.1.5 Approximating the Velocity Perturbations . . . . . ... ... ... 96

5.1.6 Evaluating fcollapse « + + + c 0 0 v s e e e e e 97

5.2 The Collapse-Time Distribution . . . . . . .. ... ... .. ... ... 98

5.2.1 The Distribution of 2=®'(r) . . . ... .. ... ... L. 98

5.2.2 The Distribution of teoliapse(T) - - - -« -« oo oo 103

5.2.3 Commentary . . . . . .. . . 110

5.3 Incorporating a Cosmological Constant . . . . . ... ... ... .. .... 112

5.3.1 Dust Condensing out of an Inflating Background . . . . . . .. .. 112

5.3.2 Commentary . . . . . . . . ot e e e 116

5.4 The Evolution of the Collapse-Time Distribution . . . . . . .. .. .. .. 117

5.4.1 The Radial Two-Point Joint Collapse-Time Distribution . . . . . . 120

542 Commentary . . . . . . . . o . ot e e e e e e e e e 127

5.5 Comparison to the Press-Schechter Model . . . . . . . ... ... ... .. 132

5.5.1 Overview of the Press-Schechter Model . . . ... ... ... ... 132

5.5.2 Connection to the Formalism of this Document . . . .. . . .. .. 133

5.5.3 Collapse-Time for a Spherical Top-Hat Fluctuation . . . . . . . . . 134

6 Conclusions 136

6.1 SUummary . . ... o e e e e e 136

6.2 Recent Revisions of Cosmological Parameters . . . . .. . ... .. .. .. 137

6.3 Possible Extensions tothis Work . . . . . ... ... . .. 000, 138

Bibliography 141

A TUnits and Sign Conventions 149

B Numerical Parameters 151

C Derivations 154

C.1 Solving Einstein’s Field Equation for the Geometry of Space-Time . . . . 154

C.2 Christoffel Symbols for the RW Line Element . . . . . ... ... ... .. 155

C.3 FRW Mass Continuity Equationin (2.1.7) . . . . .. ... ... ... ... 156

C4 Equation (2.1.9) . . . . . . L e 157

C.5 Equation of Motion for the Scalar Field in (2.2.1) . . .. . ... ... ... 157

C.6 The Removal of the Phase Factor in (3.4.40) . . . . . ... ... .. .... 159

C.7 Solutionto (4.1.13) . . . . . . ... e 160

C.7.1 Notes on Bessel Functions . . . . . ... ... ... .. ... .. 164

C.8 The Derivationof (4.1.18) . . . .. .. . ... .. . .. ... ... 165

C.9 Linear Cosmological Perturbations . . . ... .. .. ... ... .. .... 166
C.9.1 Equations of Motion for the Newtonian Potential and Inflaton Per-

turbations . . . . . .. .o e 166

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

C.9.2 Equations of Motion for the Newtonian Potential and Dust Per-

turbations . . . . . . . L L L L 175

C.9.3 Spherical Co-ordinates . . . . . . ... ... Lo 179
C.10 The Derivation of (4.4.7) . . . . . . . .. . 180
C.11 Notes on Hypergeometric Functions . . . .. . .. .. .. ... ... ... 181
C.12 The Derivation of (5.2.14) . . . . . . . ... . .o 184
C.13 The Derivation of (54.10) . . . . . .. . .. .. 186
D Random Variables 187
D.1 Propagation of Distribution Densities . . . . ... . ... ... ... ... 187
D.2 Gaussian Random Variables and Processes. . . . . . ... ... ... ... 189
D.2.1 The Distributionof z=ax .. ... ... . ... ... 189
D.2.2 The Distributionof z=a+y . . . . ... .. ... .00 190

D3 TheDirac §d . . . . . o 0 i e 191

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Tables

3.1

3.2

4.1

6.1

B.1
B.2
B.3
B4
B.5

Some definitions of “power spectrum” found in the wild in terms of the
equivalent quantities used in this document. . . . . . . .. . ... ... ..
The units carried by the various quantities used to describe random fields
in terms of the units carried by the co-ordinates and the field itself. . . . .

Relationships between the perturbation variables used in this document
and those of [6] and [69]

Revised cosmological parameters from the WMAP. . . . . ... ... ...

Physical constants and conversion factors. . . . .. ... ...,
Derived physical constants and conversion factors. . . . .. ... ... ..
Additional conversion factors. . . . .. ... Lo oL Lo
Conversion factors derived from cosmological parameters. . . . . ... ..
Cosmological parameters. . . . . . . . . . Lo o0 e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Figures

1.1 Aristotle’s proof that we must be at the centre of the universe. . . .. .. 2
1.2 Determining the arrangement of the Sun, Earth and Moon by finding two
of the angles in the triangle. . . . . . .. ... ... .o Lo L. 2

2.1 Numerical integration of (2.3.11) and (2.3.12) showing the typical time
dependence of ¢ and H during and immediately foliowing the inflation
epoch. . . . L e e 19

3.1 The distribution of the modulus and argument of a single mode with a
spectral density of S; = 1 in the Fourier transform of a homogeneous

Gaussianrandom field. . . . . . . ..o L L oL 28
3.2 The radial behaviour of the two standard window functions. . . . . . . .. 36
3.3 Smoothing a realization of a random field in one dimension. . . . . . . .. 38
3.4 The frequency dependence of the two standard window functions. . . . . . 41
3.5 The behaviour of <?2> (02 / r”S”l) ! as a function of the spectral index

ns for two choices of window function. . . . . . . . . ... .. ... ... 43
3.6 The spectral behaviour of Wy, (1 - \/QE?’WE;T*) for r,/r = 10 illustrating

the long wavelength filkering. . . . . . . . .. ... .. ... ..., 48
3.7 The behaviour of <}‘-2> (02 /7’"5“1)—1 as a function of the spectral index

ns for four choices of ** using Gaussian windows. . . . .. . ... ... .. 51

3.8 The behaviour of <f2> (o2/ r“s“l)ml as a function of * for a fluctuation

spectrum with ng = 1 illustrating the logarithmic divergence of the mean
square with increasing m.. . . . . . . . . . L L e 51

5.1 The schematic relationship between conformal Newtonian co-ordinates

and Tolman-Lemaitre co-ordinates at the space-time event A. . . . . . . . 91
5.2 The mean square of a—lﬁ—i)' (raH) after smoothing ngs = 1 perturbations

using two techniques for choosing the smoothing scale. . . . . . . ... .. 102
5.3 The mean square of alﬁ‘i" (raH) as a function of ngs for several radii with

PoGH =10 o e e 103
5.4 The relationship between tcoliapse and S 106

5.5 Cumulative probability of collapse P (collapse €lr ,oo)) as a function

of raH for a spectral index of ngg = 1.01 and smoothing radius of roaH = 1.108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF FIGURES

5.6

5.7

5.8

5.9

5.10
5.11

5.12

5.14

5.15
5.16
5.17
5.18

5.19
5.20

C.1

The cumulative probability of collapse, P (colla.pse € [T"g,oo)), at the

smoothing radius, raH = rgaH = 1, as it depends on the spectral index,
TUgBe « =« o v e n e e e e e e e e e e e e e e e e 109
The median reduced inverse collapse time as a function of raH/roaH for
several choices of smoothing radius, and a range of spectral indices at each.110
The probability of condensation as a function of region size for matter
density spectral indices in the range 4 < ngs < 6, corresponding to 0 <

O 114
The probability of condensation as a function of region size for nss = 5.013:5.115
The radius to which an observer can see as a function of time.. . . . . . . 119
The increase of horizon radius as a function of elapsed time. . . . . . . .. 120

The cumulative probability of collapse P (collapse e [T“g(r), o0) }, con-

ditional on the material inside ryaH being critical, as it depends on radius.123
A plot of the median reduced inverse collapse time as a function of horizon
radius using the current best-estimate for the spectral index. . . ... .. 124

A plot of the median reduced inverse collapse time as a function of elapsed
proper time for a centrally-located observer using the current best estimate
for thespectral index. . . . . . . . . .. .. o e 125
A plot of the median reduced inverse collapse time as a function of elapsed
proper time for a centrally-located observer for several spectral indices. . . 126
The effect of reducing the smoothing radius on the behaviour of the me-
dian reduced inverse collapse time. . . . . . ... .. .. oL 127
The effect of changing the radius of initial observation on the behaviour
of the median reduced inverse collapse time. . . . . . . . . ... ... ... 128
A repeat of Figure 5.14 with both axes in Planck times. . . ... ... .. 129
A repeat of Figure 5.18 with a polynomial fit at small times. . . ... .. 132
The collapse time Hicgliapse (in Hubble times) for a spherical top-hat fluc-

tuation of initial proper radius r;aH (in Hubble radii) in an expanding,
critical-density, background normalized to the fluctuation’s initial density
COMETASE, Jiv v« o o o e e e e e e e e e 135

The result of the integral in (C.6.1) as a function of the upper bound,
kmax, for a Gaussian window. . . . . . . ... ... oo 159

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

Introduction

Throughout history, humanity’s view of how special we are in the grand scheme of the
cosmos has varied. Until the Copernican revolution, the most common view had been
that we were located at a very unique place.! Although the “we-are-the-centre-of-the-
universe” view might cause people to chuckle today, it is not actually unwarranted given
the limited data available to naked-eye astronomers.

Consider the stars, for example. The stars are clearly among the farthest objects
in the sky since clouds, birds, etc., can all obscure them and yet to the unaided eye
the stars do not appear to move. The two possible conclusions are that either the stars
are so far away that any hypothetical motion of the Earth cannot reveal itself in their
positions, or that the Earth’s location is fixed with respect to them. Not only is the
latter more plausible to the ancient mind, considering the phenomenal brightness with
which the stars would have to shine in order to be visible should the former be the case;
but the latter option also has the attraction of providing more information about the
structure of the cosmos. An example of the sort of conclusion that can be extracted from
the “close stars” model of the cosmos is shown in Figure 1.1. This is a sixteenth-century
woodcut illustrating the reasoning put forward by Aristotle for deducing our location in
the cosmos. The argument is quite simple: since, whenever we look up, we always see
exactly half of the heavens, we must be at the centre. This argument breaks down if the
stars are at a very great distance from us.

Now consider the moon. All one needs to do is assume that the Moon is a sphere
and it quickly becomes clear from correlating the Moon’s crescent with the apparent
position of the Sun that the Sun is the source of the Moon’s illumination. The position
of the day-night terminator on the Moon’s surface then indicates the angle between our
line of sight to the Moon and the Moon’s line of sight to the Sun. Combined with the
angle between our lines of sight to the Sun and the Moon, it is easy to draw the triangle
that is the Sun-Earth-Moon system. The arrangement is shown in Figure 1.2. The scale
of the triangle cannot be known without more accurate measurements but that is not
important. What is important is that by repeating these measurements and drawing the
shape of the triangle throughout the month it becomes apparent that the Moon is going

!See, for example, [9, Chapter 1].
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CHAPTER 1. INTRODUCTION 2

Figure 1.1: A sixteenth-century wood-cut illustrating Aristotle’s proof that we must be
at the centre of the universe: when we look up, we never see less than half the sky. Taken
from [35].

Figure 1.2: Determining the arrangement of the Sun, Earth and Moon by finding two
of the angles in the triangle. One angle is found by direct measurement, the other by
observing the apparent location of the Moon’s day-night terminator.
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CHAPTER 1. INTRODUCTION 3

around the Earth, not the Sun. This only makes sense: if, ag revealed by the stars, we
are at the centre of the cosmos then anything that’s moving must be moving around us.

As ever more precise data was collected on the motions of the planets, the Ptole-
maic model of the cosmos, with us as the centre of it all, could be refined farther and
farther. Toward the end of the model’s life it had become quite complex but most
interestingly, and contrary to popular understanding, the Farth was no longer at the
centre. The centre of each of the circles along which the planets travelled was assigned
a time-dependant offset in order to allow the model to more closely (and easily) match
observation. Although the model still placed the Earth near the centre of the cosmos,
data had superseded philosophy and placed the Earth a little ways away from it. In
fact, as early as the third century BC, models of the cosmos had been proposed in which
Mercury and Venus were placed in orbits around the Sun?. These models were motivated
purely by the observation that Mercury and Venus are always seen to be close to the
Sun in the sky.

When people, most famously Galileo Galilei, first pointed telescopes at the sky
startling new data became available. Galileo Galilei in particular observed several re-
markable phenomena.® Firstly he observed that in increasing the magnification of his
telescopes, the apparent diameter of each of the planets would increase, however the stars
continued to appear to be just points of light. This made it much easier to believe that
the stars are perhaps at a very great distance from the Earth — potentially so great to
be of no use in deducing the Earth’s position or motion through parallax measurements.
He also observed “stars” orbiting Jupiter. It was clear that they were associated with
Jupiter since they moved with it from one night to the next relative to the background
stars. Finally, he also saw Venus exhibit phases like those of the moon. When one uses
the phases, as above, to repeatedly plot the Sun-Earth-Venus triangle one finds that
Venus is not orbiting the Earth at all; it is, in fact, orbiting the Sun.

The telescope, then, revealed that many objects are not orbiting the Earth, and in
fact of all objects about which there was then specific information the only object not
orbiting something other than Earth was the Moon. Our place in the cosmos began to
look decidedly less special.

More recently and on a grander scale, surveys of galaxy positions on the sky reveal
that they are isotropically distributed. In the absence of precise range information, just
enough to establish that galaxies are distant objects, one of two conclusions is possible.
The first is that we are sitting at the one special location in the universe where the
distribution of galaxies happens to look isotropic: the centre of a spherical, layered,
onion-like structure. The second possibility is that we are not at a special location; that
the galaxies are homogeneously distributed throughout the visible universe so that their
distribution appears isotropic from all vantage points, including our own. Unlike the
philosophical leanings of their predecessors, it is the second possibility, that we are in no
way special, that has generally been favoured by modern cosmologists.

This means that when attempting to come to an understanding of newly-observed or

2These models are often ascribed to Heracleides of Pontus (c. 390 — c. 310 BC) [35, Chapter 4].
33ee [35, Chapter 5].
4The original report of this phenomenon is in [36].
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CHAPTER 1. INTRODUCTION 4

predicted phenomena, it is often assumed that the investigation can only reveal that our
observations are as normal as possible.’ Observations don’t always make this an easy
position to take. Using the tool of general relativity to analyze the universe’s life cycle
reveals that our visible universe is not “uninteresting” at all but is actually extremely
special. Until recently, our understanding of physics did not provide any reason for the
initial conditions of the universe to have had any particular values. In the classical big
bang model, however, if the initial density of the universe differed from the universe’s
critical density — its gravitational balance point — by more than just one part in 105
within a Planck-time of its creation, the visible universe could not have grown as old as
it has while remaining as dense as it is.8 If it had been more dense then it would have
collapsed too quickly and if less dense it would have dispersed too rapidly. Differing by
less than one part in 10% from the only special value is a rather striking co-incidence
and has led researchers to look for reasons why the universe must have started the way
it did. The philosophical desire for our universe to be typical inspires the search for the
reasons why it must be so.

There is, however, the other possibility: perhaps the universe is special. This idea
has received some serious attention as the “anthropic principle.” Briefly, the idea is that
humans are not simply impartial observers of the universe but our existence, in fact,
plays a role in defining it. More precisely, consider that the universe was free to have
its initial parameters take on any range of values as described by some distribution.
The distribution might be broad or it might be very narrow depending on how much the
fundamental physics constrains the outcome but whatever it is we don’t know it and let’s
assume it’s not a é-function. Consider also the distribution representing the likelihood of
humanity’s eventual existence as a function of the early conditions of a universe. When
one asks the question “how likely is the universe to be the way we see it,” one is asking
for the product of these two distributions, not simply the first.

The anthropic principle is the statement that if the distribution of conditions accept-
able for our existence is sufficiently narrow then, regardless of the inherent distribution
of outcomes expected from the fundamental physics, the universe as we see it will always
be as expected. That’s not to say that the distribution conditional on our existence need
become a §-function. It’s fine if the resulting distribution allows for a range of possi-
bilities, even including those that are quite different from what we see. The anthropic
principle may still be taken as an explanation of our observations as long as within the
likely range of outcomes our own universe is no longer absurdly special in any way.

An analogy can be made with our planetary environment. One might wonder how
likely it is for us humans to have found ourselves living on a planet with abundant
liquid water at the surface. Tt would be inappropriate, although perhaps tempting, to
determine this probability by counting up all the planets in the universe with liquid
water on their surface and dividing by the total (assuming, for the moment, that such
numbers are available). The problem is that we have evolved as a species requiring
abundant liquid water on a planet where that was the case so the probability of us having

®See, for example, [8, Sections IIIA and IIIB].
5See Section 2.1.
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CHAPTER 1. INTRODUCTION 5

found ourselves on a such a planet is nearly 1 no matter how unusual such planets are.
Likewise, investigating why it is that we are lucky enough to have found ourselves living
in a universe that looks the way ours does may turn out to be equally uninteresting —
the coincidence might be a necessity.

There are two genuine difficulties with the anthropic principle. The first is that it
is very important not to use it to avoid the proper investigation of phenomena. The
anthropic principle does not explain how the Earth came to have so much water or how
our species developed, it only says that there was no luck in the two processes coinciding.
One certainly should not be deterred from attempting to understand them. The other
problem with the anthropic principle is that it finds itself on very thin ice unless there
are lots of chances for things to occur: there are, presumably, lots of planets out there
and we simply formed on one capable of supporting cur style of organism; we only know
of the one universe, however, so in the absence of a mechanism by which others could
have formed one is once again left saying “we were just that lucky.”

In an attempt to explain the early features of our universe, to provide a reason for
why they must have been the way they were, starting in the early 1980s researches
developed what have come to be known as inflationary cosmological models. In these
models the universe undergoes a period of accelerating growth which causes it to become
very smoocth and homogeneous — the requisite properties. One finds, however, that
this growth leaves the universe much much larger than what we can observe today
and so, ironically, cosmological inflation also provides a mechanism by which the early
characteristics need not have been anything in particular at all. By providing a final
scale so huge, inflation leaves us with many attempts at a suitable universe where each
attempt is a distinct visible-universe-sized patch left over after the inflation epoch. The
physics of the inflation epoch determines the distribution of initial conditions seen in
the patches so one can quantitatively discuss how normal our universe is, or equivalently
how different it could have been, in the context of various inflation models.

This document will present the calculation of the distribution of one characteristic
of these post-inflationary patches: the distribution of their collapse times. Although
inspired by the ideas of the anthropic principle, this computation does not impact on it
or the conclusions one draws from it in any way. Since the apparent time it will take
our visible universe to collapse is indistinguishable from infinity and this state is readily
achieved as a result of cosmological inflation, there is no need for cosmological models
to be constrained with regard to the collapse-time parameter; and in any case there can
really be no observations with which to constrain them since we will not be around long
enough to make them. The computation is, rather, an exercise in curiosity.

1.1 Road Map

Let me first explain the layout of this document. Overall, there are two parts. The
first few chapters contain background material, or material that lays the ground-work
for the computations to follow. These chapters, themselves, contain varying degrees of
detail with much additional material hidden in appendices. Following these chapters
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CHAPTER 1. INTRODUCTION 6

is the work that addresses the specific topic of this document: cosmological collapse.
The particular content of each chapter is as follows. The text will begin with a review
in Chapter 2 of cosmological inflation. Following this, Chapter 3 is devoted to setting
up the notation and relations to be used in describing random fields in general, and
cosmological perturbations in particular. A review of cosmological perturbation theory
is then presented in Chapter 4 with a description of the formation of super-horizon-size
curvature perturbations during the inflation epoch. Finally, Chapter 5 consists of the
development and analysis of several collapse models.

To be precise, the “cosmic structures” considered in this document are comoving
spherical volumes of the universe centred on a comoving observer, where the spherical
volumes have radii on the order of or larger than the Hubble radius. The time evolution of
the material within such a spherical volume is analyzed on the condition that it collapses
to a singularity. The “collapse time” of such a spherical volume is then defined to be the
proper time that elapses along the centrally-located comoving observer’s world line to
the event of that world line’s intersection with the collapsed singularity. The ensemble
of choices of centrally-located observers is used to construct an ensemble of collapse
histories from which the statistical properties of the collapse process can be analyzed.
What shall be obtained in particular is the way in which the distribution for the collapse
time evolves over time given a single horizon-limited observation of the universe by the
centrally-located observer.

Let me now give an overview of the computation by which the distribution of collapse
times will be obtained. What will be done in the chapters to follow will be to begin by
establishing a model for determining the collapse time for a spherical region of space.
The spectrum of curvature fluctuations expected to be present following a period of cos-
mological inflation will then be used to establish a distribution for the initial conditions
of such a spherical region and from that obtain a distribution for the collapse time. As
a second step, the collapse-time distribution will be generalized to the two-point joint
distribution, allowing us to see how knowledge of the collapse time at one radius affects
the distribution of collapse times for other radii. Finally a mapping will be introduced
converting the time elapsed along an observer’s world line to the increase in radius out
to which they can see. The result of all of this will be a statement about what it is our
descendants might perceive the universe’s properties to be, given what it is we currently
know about those properties.

The principle collapse model to be used in this document is based on the Tolman-
Lemajtre line element. This description of the geometry of space-time provides a fully
relativistic treatment of irrotational, spherically symmetric, cosmological perturbations.
This is not, however, the line element traditionally used to describe linear cosmological
perturbations of the sort generated during the inflation epoch. In this document, the
so-called linear Newtonian line element will be used for this and it will be necessary
to comstruct matching conditions to “connect” the final state of the Newtonian line
element to the initial state of the Tolman-Lemaitre line element for the purpose of
determining collapse times. The assumption of sphericity and the absence of rotation
in large cosmological perturbations limits the validity of the collapse model, and the
practical implications of this are addressed in Chapter 5.
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CHAPTER 1. INTRODUCTION 7

A second collapse model will briefly be used to study the effect of a cosmological
constant on the results. This model is appropriate for describing a spherical ball of dust
embedded in an inflating background. Observational evidence now suggests that our
universe is currently undergoing a period of inflation. This raises the question of how
this inflation influences the distribution of gravitationally bound objects.

Throughout this document, Planck units will be used. In this system of units, i =
G = ¢ = 1. The sign convention used is the Landau-Lifshitz space-like convention, or
(++) in the notation of Misner-Thorne-Wheeler, [65]. See Appendix A for more details
on the sign conventions and units used in this document.
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Chapter 2

Cosmological Inflation

2.1 Friedmann-Robertson-Walker Model

Let’s begin by reviewing the essential elements of cosmological inflation. Apart from
providing an introduction to the subject matter, this will provide definitions for the
quantities used throughout the rest of this document and also illustrate the relation-
ships between them. The first step in reviewing inflationary cosmology is to review the
Friedmann-Robertson-Walker model of the cosmos. We begin, of course, with Einstein’s
field equation,

Gy = 87T, (2.1.1)

which is a second-order non-linear differential equation defining the relationship between
the metric tensor for the geometry of space-time and the material content of space-time,
as described by the stress-energy tensor 7},,. Our task is to find a solution to this equation
which matches the observed gross features of our universe. Solutions to Einstein’s field
equation are terribly difficult to find so we will use some guessing to short-cut the process.
We will do two things: assume a form for the stress-energy tensor and assume a form
for the metric. In assuming forms for both we are, strictly speaking, over specifying
the solution and we run the risk of making inconsistent assumptions. The hope is that
there will be enough free parameters left over that the two assumptions can be brought
into agreement with one another. It will, of course, turn out that the assumptions
are consistent, which is why they are presented here. The first assumption, then, is in
regards to the form of the stress-energy tensor, T),,. We will assume that whatever it
is that’s going to fill our universe, it can be described as a perfect fluid. Perfect fluids
are characterized, at all points, by a four-velocity, u,, a mass-energy density, p, and a
pressure, p, and have a stress-energy tensor given by!

Ty = (p+ p)uuuy + P (2.1.2)

where g, is the metric tensor for the geometry of space-time. At this point, the four
velocity can be left as a free parameter of the fluid but it will be found that the Einstein

See [65, page T11].
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CHAPTER 2. COSMOLOGICAL INFLATION 9

tensor we obtain from our (to be) assumed metric is diagonal. In order to maintain
equality, all off-diagonal components of the stress-energy tensor must also be zero, which
forces the fluid to be co-moving — at rest with respect to the spatial co-ordinate grid.
For simplicity we will take this to be the case from the start. This restriction sets to
zero all but the time component of the fluid’s four velocity.

We next assume a form for the metric. Since on the largest scales our universe
appears to be spatially isotropic and homogeneous, we would like to use a metric with
these properties. It turns out that imposing these conditions significantly narrows down
the possibilities to just three metrics with each having a time-dependant scale factor as
their only undetermined parameter. The three metrics represent the three possibilities
for the curvature of the spatial slices — open, flat or closed — and can be put into
a common form by introducing a parameter, k, which is used to enumerate them. A
detailed derivation of the metric is given in [65, chapter 27]. The result is the Robertson-
Walker metric,

d 2
ds® = —dt? +a*(t) | 1 TW + 72 (d6% + sin? 0d¢?) | , (2.1.3)
where a(t) is the arbitrary scale factor and k = —1,0, +1 for negative, zero, and positive

spatial curvatures respectively (open, flat, and closed universes). Note that at this stage
we have yet to impose Einstein’s field equation — this metric was obtained through
purely geometric considerations. It will sometimes be useful to work with a time-like
co-ordinate other than ¢. By factoring out a?(t) we obtain the metric

dr?
1— kr?

ds® = a%(n) [— dn? + +r* (d6? + sin? 0d¢2) (2.1.4)
where 7, called the conformal time or arc-parameter [65, Section 27.9], is defined by
dn? = a-glm dt? or

t1

and in the form of the metric shown above, a(t) is indicated as being parameterized in
terms of 5.

If we now substitute the metric in (2.1.3) and stress-energy tensor in (2.1.2) into Ein-
stein’s equation, we will obtain equations of motion for the scale factor, a(¢). This con-
stitutes the Friedmann-Robertson-Walker solution. While the calculations are straight-
forward, they are quite lengthy when done by hand. The result is?

. N 2
a a a
N 2
(f‘.) TSy (2.1.6b)
a a 3

*These can be found in [65, equations 27.39].
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CHAPTER 2. COSMOLOGICAL INFLATION 10

where a dot indicates differentiation with respect to t. These are sometimes called the
Friedmann equations and sometimes (2.1.6b) alone is called the Friedmann equation. We
have two equations in three unknowns: a(t), p(¢), and p(¢). A solution can be arrived at
when a third equation is supplied: the equation of state for the perfect fluid, relating p
to p. In any case, one can obtain (see Appendix C.3) an energy conservation law from
equations (2.1.6a) and (2.1.6b), namely3

) a
p—l—3(p+p)a = 0. (2.1.7)
Typical equations of state relating p and p are of the form
p = wp. (2.1.8)

Some examples: for non-relativistic cold matter, or “dust,” w = 0; while for an ultra-
relativistic noninteracting gas w = %.4 Substituting p = wp into (2.1.7), it is possible to
show that (see Appendix C.4)

p o g~ 30Fw) (2.1.9)

which, upon substitution into (2.1.6b), gives
8

&%+ k o —3’1@4”3@ (2.1.10)

As long as w > —%, the &k term can be made negligibly small next to the a term for

sufficiently small a so dropping & from (2.1.10) and taking the positive square root (for
an expanding universe) gives

d
—&% o g~ 3(143w) (2.1.11)
or .
a?1+3) dg o dt. (2.1.12)
Integrating gives
2
a « (t — tg) 5T+ (2.1.13)

where tg is an arbitrary constant fixing the origin of the time co-ordinate. Without loss
of generality, tg can be taken to be zero. Throughout this calculation it has been assumed
that w is a constant. In reality, one expects w to not be a constant. For example, at
early times the universe was probably filled with a hot ultra-relativistic gas which then
cools as the universe expands and eventually locks more like cold non-relativistic dust.
If w is not constant in time then the behaviour of a(t) is not that shown in (2.1.13).
The factor a/a that appears in equations (2.1.6a) and (2.1.6b) is the Hubble constant,
H. This describes the rate of expansion of the universe, being in units of rate of change of
length per unit length. For a flat, ¥ = 0, universe there is a simple relationship between

3Compare to [60, equation 1.3.8].
“See [60, page 14].
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CHAPTER 2. COSMOLOGICAL INFLATION ‘ 11

H and p given by (2.1.6b), namely

3
pe=p= §7;H2, (2.1.14)
which defines p. or “critical density”: the density one would observe in a flat universe.
It proves convenient to introduce the dimensionless parameter {2, being the ratio of the
universe’s actual energy density to the critical density,

p
Q== 2.1.15
£ @119
By writing p as
3 o
— Qp. = 2120 2.1.1
o = Qpc 87rH 3 ( 6)
(2.1.6b) becomes
-\ 2
a k
(E) (1-2+—5=0 (2.1.17)
with
k—sin(Q—l)—E (2.1.18)
= sig Tk 1.

Today, the evidence is that our universe is very close to being critical, @ ~ 1.> Using
(2.1.18) in (2.1.17) allows us to do a quick investigation of the behaviour of Q as a
function of time.

L\ 2
a 1 1-9Q
- - = 2.1.1
(&) a-o- = -0 (21.19)
or, for Q # 1,
Q-1 =42 (2.1.20)
(2.1.13) tells us that for |2 — 1] <« 1, a(t) x t3iliw5, 50 472 t%%, and so (2.1.20)
becomes
12— 1] o 3 550 (2.1.21)

From (2.1.13) we also know how the age of an | — 1| < 1 universe with a constant w is
related to the Hubble constant, namely

2

= ————.
3(1+w)H

Considering a universe composed entirely of cold non-relativistic gases, that is w = 0,
and using the data in Table B.5 for the Hubble constant we get®

2
T 3H

®See Appendix B for current numerical data.
SCompare to [60, page 14].

¢ = 14 Ga. (2.1.22)
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CHAPTER 2. COSMOLOGICAL INFLATION 12

This is in fairly good agreement with the observed lower bounds for the age of the universe
considering the coarseness with which it was obtained. Combining this age with (2.1.21)
tells us that 2 — 1 has increased by a factor of about 3 x 10% since £ = 1 #p;. This result
was obtained assuming a cold non-relativistic matter-dominated universe right back to
the big bang which, of course, is not realistic. A more thorough analysis considering
the effects of an early period of radiation domination suggests an increase on the order
of 10%.7 The significance of this is seen when one recalls that the observed value of §2
is very close to 1 today; in order for ) to be as close to 1 as it is today, the universe
had to depart from being exactly critical by no more than 1 part in 10%° at the time of
the big bang. Had the difference been much more either way, the universe would have
either re-collapsed long ago or have diluted so rapidly that the matter density would not
have been large enough, for long enough, for life as we know it to have developed. This
remarkable feat of fine-tuning suggests that perhaps there was a physical reason for (2
to have been so close to 1 at the outset.

Notice from (2.1.20) that if @ > 0, that is if & were to increase with time rather than
decrease, as above, then €} would be driven toward 1 rather than away from it. This
can be achieved if the equation of state for the dominant component of the cosmological
fluid differs from what we’ve used above. Any period of the universe’s life in which é¢ > 0
is now referred to as a period of “cosmological inflation.”

Since the Hubble constant determines both the age of the universe and its expansion
rate, it also determines the size of the observable universe by putting a limit on the
volume of space that can be causally connected to an observer. The boundary of this
volume is known as the particle horizon, and its distance from us is computed as follows.3
A photon travelling along a radial null geodesic in the Robertson-Walker geometry follows
a path described by

dr?
T
which is obtained by setting df, d¢, and ds to 0 in (2.1.3). For a k = 0 Friedmann-
Robertson-Walker universe in which a(t) = agt™ with n < 1,

todt 1 ¢
T(t):/(; e (2.1.24)

dt? = a®(t) (2.1.23)

This co-ordinate distance corresponds to a proper distance of
R, = a(t)r(t) = (1 —n) "'t (2.1.25)

Note that the computation of (2.1.24) relies on knowing the time dependence of a(t)
right back to ¢ = 0 which this simple power-law approximation does not model correctly.
In fact, for n ~ 1, the result relies very strongly on the time dependence while for n > 1,
R, becomes infinite.

We are living in a very flat, very old, yet relatively dense universe. In order for an

See [60, Section 1.5].
8This can be found in [72, Section 2.6].
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CHAPTER 2. COSMOLOGICAL INFLATION 13

FRW universe to appear as dense as ours does after being around for as long as ours has
it is necessary for the initial density to be equal to the critical density to better than 1
part in 10%5. Therefore, although it is possible to fit the big bang cosmological model to
observation, it seems to only be possible to do so through extraordinarily precise fine-
tuning of the initial conditions [48, page 266].° The problem of fine-tuning the initial
conditions can be eliminated to some extent by considering the effect of filling the early
universe with some material having a wildly different equation of state from that ones
considered above. The result is an accelerating scale factor — a period of cosmological
inflation.

2.2 Behaviour Of Scalar Fields

The early work on inflationary models of the cosmos was carried out, among others,
by Starobinsky [85], Guth [30], and Linde [58, 59]. The advantage of these models is
that they circumvent many of the problems of the standard hot big bang cosmology.
Specifically, in inflationary models the choice of initial conditions is almost completely
arbitrary as almost all choices rapidly evolve toward the conditions that we see in our
universe today.

A modern description of inflation begins with a discussion of scalar fields and their
behaviour under the conditions of the very early universe. Here I'll consider a massive,
real, scalar field with the simplest coupling to gravity which is described by the Lagrange
density*?

L=LVTg =3 [¢6.uds + me?) V5 (22.1)

where ¢ is the field variable, and m is the mass of the field quanta. Using the Euler-
Lagrange equation, one can obtain the equation of motion for this field. This is done in
Appendix C.5 and the result is

O¢ = m2¢ (2.2.2)

where O is the covariant d’Alembertian, D¢ = ¢i# .- We will also need the stress-energy
tensor for this field. This is given by!!

1. 1
Ty = &;0u050 — §¢’a¢;a9nv - —2—m2¢)2gw, (2.2.3)

So far we have been considering the behaviour of a universe filled with a perfect fluid
and the results obtained were quite simple and straight forward. It would be nice if these

®In the context of an initial cosmological singularity, the “initial conditions” are the conditions that
exist at the time when a classical description of space-time first becomes reasonable; typically a small
number of Planck-times after the singularity.

107he phenomenon of inflation does not rely on the field being a scalar. It can be achieved using other
models. See, for example, [47] and [60, Chapter 9].

H8ee [12, equation (3.190)] with £ = 0. It should be noted that although their final expression for the
tensor is correct, the variational identities Birrell and Davies claim to have used to obtain it are not all
correct.
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results could be used to study the behaviour of a universe filled instead with the scalar
field described by (2.2.1). The trick, then, is to find a way by which the scalar field’s
stress-energy tensor in (2.2.3) can be made to lock like that of a perfect fluid in (2.1.2).

If we assume that the scalar field is sufficiently uniform that spatial derivatives of ¢
can be neglected from (2.2.3), we are left with

. 1. 1
T = ¢2(5tu5t,/ + <§¢2 — ~m2¢2> Guv

2
. 1.
=&&ﬁ,+@&~V@0mm (2.2.4)
Comparing this to (2.1.2) one sees that this is the stress-energy tensor for a perfect fluid
with
1.,
p=5F+V(®), (2.2.52)
1.
p=35¢"=V(e). (2.2.5b)

For a sufficiently slowly varying field, this is equivalent to the equation of state

p=-—p=-V(¢), (2.2.6)

or w = —1. What sort of perfect fluid is this? Substituting this equation of state into
the energy conservation equation in (2.1.7) gives g = 0 so the energy density of such
a fluid, when filling an FRW universe, remains constant regardless of the behaviour of
the scale factor. In fact, from the equation of state in (2.2.6), one can see that such
a fluid should have this property since any work done against the pressure to change
the fluid’s volume exactly equals the change in total energy required to maintain the
fluid’s energy density at a constant level. Another property of perfect fluids is that they
have no viscosity. This stress-energy tensor, therefore, describes a substance that has
1o viscosity and an energy density that’s independent of its volume — properties of a

vacuum. For this reason, this kind of fluid is known as a “pseudo-vacuum.”!?

2.3 Application To Cosmology

Gross Features

Let us now imagine filling a Friedmann-Robertson-Walker universe with a sufficiently
uniform and slowly-varying scalar field — a pseudo-vacuum. The behaviour of the uni-
verse is given by (2.1.6b) with p set to a constant. This equation can be solved explicitly
for all three choices of spatial curvature: open, closed and flat. One can verify the

2Por a discussion of inflation starting from the assumption of a non-vanishing vacuum energy density,
rather than from the assumption of the presence of this or that scalar field; see [29].
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following results for k # 0 by direct substitution. If k = 1 then from (2.1.6b) we have
(%%)J—nﬁzl (2.3.1)

and this is solved by a(t) = H* ' cosh H*¢ with H* = /% p. Likewise, for k = —1
one finds that a(t) = H* !sinh H*¢ is the solution. The use of the symbol H* in these

solutions is suggestive of the Hubble constant but for the moment consider it to be merely
a constant whose value is as given above. More will be said about this below. Finally, if

k = 0 then (2.1.6b) becomes
= j:\/%ﬁp a. (2.3.2)

For an expanding universe, this is solved by a(t) = fef ? with the same expression for
H” as above and with 8 an arbitrary constant having the same dimensions as H e,
length.!® Choosing 8 = H *~1 for consistency with the other two cases, then altogether
we have
cosh H*t if k= +1,
a(t) = H*™1{ H't if k=0, (2.3.3)
sinh H*t if k= —1.

In all three cases, the solution of the equation of motion for a(t) is characterized by
exponential growth.'* These results are different from (2.1.13) because that result only
holds for w > —% while here w = —1.

Note that while the solutions given in (2.3.3) are exact, the H* appearing in the
solutions for the k = =1 cases is not exactly equal to the Hubble constant; that is for
k= =1,

H:%:Hﬂmmﬂwﬂ¢ﬂﬁ (2.3.4)

The choice of symbol is justified, however, because for H*t > 1, H for the k = +1 cases

30mne has to pay attention here. Clearly (2.3.2) cannot determine the dimensionality of A. Instead,
one must recall that (2.3.2) was originally RHS? — LHS? = k = 0 where k is dimensionless. It is from
this and the form of the solution for a(f) that we obtain the restriction on S. Despite this, one will
sometimes see other choices being made in the literature which result in minor changes in notation. By
giving a{t) the dimensions of H ~1 we are choosing the spatial co-ordinates to be dimensionless. This
means, for example, that the conformal time, 5, in (2.1.4) must also be dimensionless. In [60, Section
7.3] Linde instead gives 1 the dimension of length by saying the conformal time for & = 0 de Sitter space
is 7 = —H 'e~"* This means that he is implicitly choosing a(t) to be dimensionless. However, in
[60, Section 1.6], Linde had already given a(t) dimensions of length when he said a(t) = H 'e”*. This
inconsistency should cause him to pick up a factor of H 3/% in [60, equation (7.3.6)] which he does not so
he, himself, is being careful encugh to not get tripped-up by this inconsistency. By missing this subtlety
in choice of dimensionality one can pick up factors of H when mixing expressions from different authors
or from different points in the same author’s work.

HSee also [60, pages 34-35].
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can be approximated by

H = % = H* (tanhH"‘t):}:1 ~ H* (1 T 2e‘2H*t) (2.3.5)

respectively so for H*t 2 1, H = —g— quickly asyrmptotes to H*. More justification comes
from examining the rate of change of the Hubble parameter. Starting with the &k = £1
cases in (2.3.3),

a *2
-=H 2.3.
: (236)

©) - (@) - (oo, o

where (2.3.5) has been used, so
H _ 4 / @ g +4e2
H? \a a) ’

H
3 <1 (2.3.8)
for H*t > 115 H/H? is the fractional of change of the Hubble constant per Hubble
time -— the fractional change in the e-fold time per e-fold time — so this quantity being
much less than one implies the expansion is very close to exponential. Likewise, from
(2.3.7), the second time derivative of the Hubble constant is

- (0) <o) () -2 e

i
75 <1 (2.3.9)

for H*t > 1. The two relationships in (2.3.8) and (2.3.9) will be used repeatedly to
approximate expressions during the inflation epoch. Finally, since H approaches H*
very quickly, the condition H*t > 1 can be replaced with Ht > 1 for any of the results
above.

In summary, if the universe is filled with a sufficiently uniform scalar field, then very
quickly (within a few multiples of H *“1) it does not matter if the universe is open,
closed, or critical; its behaviour is approximately the same and that behaviour is the
exponential increase of its size with time — the universe is approximately de Sitter.

The only difference between the three scenarios is a small correction to the exponential

or

or

or

BCompare this expression and the result that follows to the statements made in [60, page 35] but
note that Linde confusingly switches between H the constant quantity appearing in (2.3.3) and H the
Hubble “constant.” These are different quantities but sufficiently similar to warrant approximating them
as being equal in certain contexts. Of course, this is the point he is trying to make.
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growth.

Details

Now that we have a rough picture of the behaviour of this variant of the standard FRW
cosmos, let’s perform a somewhat more quantitative analysis. Using p = V(¢) + %¢2
from (2.2.5a) in (2.1.6b), one of the Friedman equations, gives

a\> k _ k8w 1,
(—) = H? 4+ 5= (V(¢>) + §¢2> : (2.3.10)

a

The field, ¢, must also satisfy its equation of motion, (2.2.2), which can be written as

. a4 av

- = ——. 3.1
See Appendix C.5 for the derivation. Clearly, if @ > 0 (i.e. the universe is expanding)
then eventually o will become large and the k/a? term can be dropped from (2.3.10)
giving

H? = %75 (V(¢) + %q’?) (2.3.12)

or, in the “slow-roll” approximation, ¢32 L V(¢),
8
H(¢) ~ 5 V(®)- (2.3.13)

Here, H has been written as H(¢) indicating that this relationship is intended to be
used as an approximate expression for the Hubble constant during the inflation epoch.
This approximation will be used repeatedly. From this point on in the document, it will
be assumed that our universe (or the background, once perturbations are considered)
is accurately modelled by a flat FRW cosmos so that where the choice would matter
in some expression, we will take the & = 0 one. Applying the slow-roll approximation,
¢ < dV/de, to (2.3.11) and substituting (2.3.13) into the result gives'S

1., 1 /dv?
—* = e 3.14
2¢ 487V ( dqb) (2.3.14)
which, for V « ¢™, is
L= v (23.15)
2 487 p? ' o
This expression shows for large ¢, i.e.
$> — (2.3.16)

¥Note the error in [60, equation (1.7.17)] and the fact that they are using units in which mp) # 1.
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that!? .
¢ L V(). (2.3.17)

Apart from being circularly-consistent with our specification that 7),, should be domi-
nated by V(¢) (assumption of homogeneity plus “slow-roll” approximation), this result
gives us some quantitative information regarding the domain of ¢ for which the slow-roll
approximation can be expected to hold.

At this point, we can also make a statement about how much the universe grows
during the inflation epoch while ¢ decays. Starting by rearranging (2.3.15) into the form

V(g) = gg—&iﬁz (2.3.18)

and substituting this into (2.3.13) gives

(9)2 = §1’__2_‘%ZE¢2(,;2

a 3 pn?

which can be integrated to give

oft) = awesp | Z (6% - 4°0) | (2319

where the negative choice of square-root has been made in order to get a(t) to grow as t
increases and ¢(t) decays.!® We see, then, that over the course of the inflation epoch the
Robertson-Walker scale factor increases by as many e-folds as the change in the square
of the field amplitude. One consequence of this is that regions with higher initial ¢g are
responsible for a strongly disproportionate fraction of the final volume of the universe.
An observer chosen at random, then, can be fairly certain that their visible patch of the
universe started out with a very large initial value for the inflaton field.

One final remark that can be made here is with regard to the value of ¢ at the end
of inflation. In order for the expansion of the universe to be quasi-exponential, it is
necessary for V(¢) to dominate over spatial and time derivatives of ¢ in T,,. We need
the range of values for ¢ for which the above is true and for this we will simply take
(2.3.16) to be a bound specification. In other words, inflation will be said to have ended
when

= (2.3.20)

¢ 44/37

An illustration of the behaviour of ¢(¢) is given in Figure 2.1 along with the corresponding
behaviour of H(t). As can be seen, in both models the Hubble constant experiences a
decline throughout the inflation epoch. In the m?¢? model, H decays linearly during
the inflation epoch while in the A¢* model the decay is exponential. The behaviour of
both models is plotted out to within the start of the “ring-down” phase of the system.
The accuracy of (2.3.20) in determining the end of the inflation epoch is clearly visible

Y Compare to [60, page 45].
'8 Compare to [60, equation (1.7.25)].
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Figure 2.1: Numerical integration of (2.3.11) and (2.3.12) showing the typical time
dependence of ¢ and H during and immediately following the inflation epoch. In all
cases, the system was started with the initial conditions V(¢) = 1, é=0and $ < 0.
The horizontal axis in each plot is time in units of #py and is marked off at the specific
time at which (2.3.20) is true. (a) @(2) for the $m2¢® potential with m = 1.18 x 1075.
(b) H(t) for the same model. (c¢) An expanded view of the curve in (a) at the end of
the inflation epoch. (d) An expanded view of the curve in (b) at the end of the inflation
epoch. (e) $(t) for the A¢* potential with A = 6 x 107!, (f) H(t) for the same model.
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in this plots.
To get an idea of the numbers involved, consider that in a —%—m2¢2 theory, the need for

the homogeneity of the universe, épﬁ, to be about 107° leads to a value of m = 107> (this
will be shown below but take it as given for now). This means that to have V(¢o) = 1
requires ¢g =~ 10°. Inflation ends when ¢ ~ 1, so over the course of inflation the scale
factor increases by about 100 e-folds. If the original patch is just 1 Planck length across,
the final volume will be 19" Jp| across.!® The Hubble diameter of our universe is only20
e p; so this hiypothetical patch will have inflated to a size that, in a statistical sense,
is practically infinite — the patch is so large that statistics taken over its final volume,
of properties measured on scales matching that of our observable universe, will differ
negligibly from those taken over a truly infinite domain. In other words, the final patch
is large enough to allow it to be taken as “ergodic.”?!

To summarize the results so far: if, by chance, some region of the initially random
universe looks sufficiently de Sitter-like,?? then a scalar field whose Lagrangian is given
by (2.2.1) will, within that region, behave like a pseudo-vacuum and the region will
experience exponential growth. This exponential inflation of space-time acts as a friction
term in (2.3.11), the equation of motion for ¢, preventing ¢ from “rolling” down its
potential to the true vacuum state. This allows the expansion to proceed for an extended
period of time.

The expansion does, however, slow over time and this reduces the friction term. As
the friction decreases, the rate at which the field approaches the true vacuum increases.
Eventually the field becomes close enough to the true vacuum that the expansion (and
friction term) becomes negligible. The field then oscillates at the minimum of its poten-
tial. To continue the analysis farther, it is necessary to consider the coupling that should
exist between the inflaton field and other particle fields. Through these couplings, the
inflaton oscillations will excite modes in the other fields. The energy originally stored in
the pseudo-vacuum is thus transformed into a bath of particles and the universe becomes
filled with an extremely hot gas.?> At that point the universe looks very much like the
early stages of the standard hot big bang model except that it has been stretched out to
an enormous size, typically much larger than the currently visible volume. In so doing,
it has become extremely flat and homogeneous and any relics from the original creation
have become exponentially diluted.

¥ The numbers are not quite as spectacular for the ;11-)\@54 model where the universe ends up being a

modest e’ Ip1 across.

208ee Table B.4.

1 Ergodicity is discussed in Chapter 3.

22Whether or not any such regions exist or are likely to exist depends on the initial quantum state of
the universe. For the inflation scenario to have a bearing on the early universe, one must assume that
the quantum state is such that the probability of such a region existing is non-negligible. The issue of
whether or not inflation can get started in an inhomogeneous universe is sometimes referred to as the
“problem of isotropization”. For analytic and numerical investigations of this problem, see for example
[17], [21], [26], and [27].

#The process by which energy from the inflaton field is dumped into other matter fields is called
“reheating” and is a subject of research unto itself. For more information, see the work by Kofman,
Linde and Starobinsky in [44], [45], and [46].
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Although very successful at explaining the initial conditions of the hot big bang
model, inflationary models come with their own problems. The most significant of these
is that in order to get the models to work right, one must often fine-tune the parameters of
the Lagrangian very precisely. This leaves the models open to the possibility that the only
parameter choices possible for inflation will be inconsistent with the parameter choices
required in order to bring the theory into agreement with particle physics experiments.

In fact, the particular choices of parameters required are often unrealistic [60, pages
38-39].
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Chapter 3

The Description of Cosmological
Perturbations

QOur discussion of cosmic structure will now turn to perturbations. Before dealing di-
rectly with perturbations to the Friedmann-Robertson-Walker cosmos, however, we must
develop some descriptive mathematics. The problem, here, is that there does not exist
in the cosmology literature a single uniform notation and nomenclature for describing
cosmological perturbations. One appears to be forming but at present the inhomogeneity
is quite severe and can lead to a great deal of confusion and error when comparing the
works of different authors. It is for this reason important that a detailed and consistent
framework be developed for use within this document and it is this task that we now
turn to.

This chapter is, roughly, split into four parts. At first, a generic introduction to
the theory of Gaussian random fields will be presented. This is followed by a brief
explanation of the mapping between the parameters used to describe random fields and
those found in the cosmology literature. Next, an analysis is presented of the effects of
smoothing random fields. Finally, some additional notation is introduced specifically for
cosmological matter fluctuations.

3.1 Gaussian Random Fields

The following discussion of the properties of Gaussian random fields follows information
found in [7], [39], [41], [92, Chapter I Section 6], and [93].! Unfortunately, in this subject
matter there are almost as many choices of notation as there are authors and so it is not
possible to write things down in a manner that is consistent with all of them. In some
cases, in fact, it appears to be impossible to come up with a choice of notation that is
even consistent with all of a single author’s expressions. Because of this, a great deal of
what follows differs from what is found in the literature. The presentation given here
is a hybrid treatment that has been tailored to the subject at hand, with a few original

YThe book by Vanmarke, [93], is particularly excellent and deserves special mention.
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CHAPTER 3. THE DESCRIPTION OF COSMOLOGICAL PERTURBATIONS 23

pieces added where required. I have attempted to construct a choice of notation that
either agrees with or is as similar as possible to the majority of the texts.

An n-dimensional random field, f(7), is a set of random variables, one for each point
7. The field and all of its statistical properties are entirely defined by the set of finite
dimensional joint probability distribution functions,

P, F(Fm)] AF (1) -+ dF (Pm), (3.1.1)

giving the probability that for the given 7, 4 = 1,...,m, the field f simultaneously takes
on values at the points 7; in the ranges f(7;) to f(7;) + df(7;). A Gaussian random field
is one for which all the m-point probability distributions are Gaussian in the f(75).

A Gaussian m~point joint probability distribution for the random variables z; is given
by?

1 1
Plxy,...,2m)dzy - daym = ——=—r—==—126X -——A;Z'TIB%_lA:?] dzy---dz, (3.1.2a
( 1 ) 1 ﬁ—gnm p[ 9 1 ( )

where B is the covariance matrix of the z;,

B;; = (Ax;Axy), (3.1.2b)
and Ag is the column vector of residuals

Az =z — (x5) . (3.1.2¢)

The elements of the covariance matrix are also known as the second cumulants of the
3
Z;:

(miz;) = (AziAzy) . (3.1.3)

Note that the above shows that for Gaussian random variables, any m-point joint dis-
tribution requires only the means and two-point covariance matrix for its construction.

For a random field, f(7), with continuous co-ordinates the covariance matrix gener-
alizes to the two-point covariance function,

B(75,75) = (FF) (TN (3.1.4)

and, as above, this contains all the information required to construct any m-point joint
distribution for the field.

A strictly homogeneous random field is one for which all finite-dimensional joint
probability distributions, (3.1.1), are left unchanged by a co-ordinate translation.? This

’See [93, equation (2.5.11)]. See also [92] for a different, although in this case less useful, representa-
tion.

®The double angle-bracket notation is not standard but is used by van Kampen in [92] due to its
convenience when dealing with multiple variables and I have chosen to carry the notation through into
the present document. For the definitions of cumulants, see {25, equations (2.7.4), (2.7.5)].

“In contrast to a homogeneous field in the “wide” sense which requires only the one- and two-point
distributions to be invariant under translation.
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implies that the joint distribution functions depend on the co-ordinate separations, 7;; =
7j~7;, called the lag factors, alone; and that the mean, {f(F)), and mean square, ( f2(7)),
are independent of 7. In this case, the two-point covariance function can be translated
to the origin without loss of generality,

B(ri,75) = (F(F)F (7)) = (F(O)F (75 — 7)) = (f(0) (7)) = B(P), (3.1.5)

thereby becoming a function of a single co-ordinate. If the mean, in addition to being
independent of 7, is also 0 then the covariance function reduces to

B(r) = (f(0)£(7) = (f(O) (7). (3.1.6)

In this case, this function is also sometimes denoted as £(0,7) = £(7), the (two-point)
correlation function.®

A random field is isotropic if the joint probability distribution functions are left un-
changed by rotations. For a homogeneous random field, isotropy means the distribution
functions depend only on the magnitudes of the lag factors, |7;| = |7; — 75|, not their
direction. Finally, a random field is called ergodic if a single realization of the field con-
tains sufficient information to completely determine all the joint probability distribution
functions.

It is important to understand that when dealing with random fields one is always
discussing the properties of the statistics of the field. This contrasts with classical fields
where one characterizes them by the properties of their values. For this reason, the
meaning of homogeneous and isotropic when used in the context of a random field is
not the same as when those same words are used in the context of classical fields. In
particular, a homogeneous classical scalar field is necessarily “isotropic” since a field that
is the same everywhere is left unchanged by a rotation. A homogeneous random scalar
field, however, can be “anisotropic” as long as the direction dependence of its statistical
properties is the same everywhere.

The n-dimensional Fourier transform of the field is defined as usual and in this
document its precise definition is taken to be

—_ 1 » ik gn
F(A) = Vs /fke d"k, (3.1.7)
1 —ik-7 gn
fg:mzw’ /f(f")e kT gy, (3.1.8)

5Recalling that the covariance function, B(F) (along with the mean, (f(F)}), provides all the infor-
mation required to fully characterize a homogeneous Gaussian random field, one might be surprised to
read in cosmology literature the same statement being made about the two-point correlation function,
£(7). See, for example, Bardeen in [7] and Mukhanov et al. in [69, Section 12.1]. These statements are
not, strictly, correct. For a homogeneous field with a mean of 0 (as is most often considered in cosmol-
ogy), these are identical functions. When the mean is not 0, even if the field remains homogeneous, the
additional information carried by B is required. In the particular cases mentioned above, if one reads
carefully one finds that Bardeen does actually restrict his statement to the case of a field with 0 mean
and so while being somewhat misleading his statements are correct; but Mukhanov et al. do not make
this restriction.
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The Fourier transform, f}, is a complex random field — each f; has a random modulus
and argument. An important quantity is the two-point spectral correlation function.
For a homogeneous random field with zero mean we can obtain this by starting from the
Fourier transform in (3.1.8),

<f£fi::'> = (2711—)71, </f(Fl)e-iE’Flf(FQ)e+il—€"~Fz d"ry dn'r2>
" (27::’)" /<f(F1)f(F2)> e_i(ﬁﬂ—]glﬁ) d"ry d"rs.

Making the change of variables

7= —‘2_" —-’1,

- f s —

=73 Ty,
d"r;d"ry = — d"r d™r,

gives

)= {1 o) (i)

(R E-A-F49) goy goy'

Because the field is homogeneous, (f(71)f(72)) is translation invariant. This makes the
expectation of the product of the f’s independent of 7' thus allowing us to evaluate it
at whatever value of 7' we please. In particular, setting 7' = —7 gives

(efi) = gy | (1@ FERI 7 HER ey

= 5™ (E - E’) f B(P)e ™7 gnr (3.1.9)

where, because the field’s mean is 0, the mean in the integrand has been written in terms
of B(7). The presence of the Dirac d-function, 5 (Ig — K >, in this result is a statement
of the statistical independence of distinct Fourier modes. Notice that this J-function
arises from the ability to separate the two integrals which is in turn a consequence of the
homogeneity of the field.% Strictly speaking, this Dirac-§ means only that the two modes
are uncorrelated, which is necessary for statistical independence but not sufficient. The

5Some authors, for example Liddle and Lyth in [55, Section 4.3], claim that the statistical indepen-
dence of the Fourier modes of a field is a consequence of the field being Gaussian. This is not correct: it
is homogeneity that leads to independent Fourier modes; whether the field is Gaussian or not is clearly
irrelevant. It seems that in much of the cosmology literature it is believed that the term “Gaussian”
implies “homogeneous” which it does not. One must pay careful attention when reading such documents
to determine what, exactly, the restrictions on the field are and not assume the restrictions are as the
author claims.
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field, however, is Gaussian and it can be shown that two Gaussian random variables that
are uncorrelated are also independent [93, Section 2.5].
Let’s write (3.1.9) as

<fi3 E> =5t (’;“ E’) <|f;;|2> (3.1.10)
where

<!fz;|2> E/B(ﬂe‘i’z‘?d”r- (3.1.11)

In introducing this notation for <| f,;;l2> I am moving beyond the information I have
found in texts on the analysis of random fields. Another choice that would be more in
keeping with the notation used throughout this document would be to set < Iz f£,> =

V21" 8™ (k- k' <|f,g]2> where <|fi£|2> = :/5—1.:5 fB(F)e‘iE'Fd“r. Later this choice would

lead to B(0) = gy [ (ffg ) ¥ TPk d"H = —on [ (||} €7 d"k instead of the
expression one finds below in (3.1.14). Although this alternative choice would be more
in keeping with the notation used for Fourier transforms throughout this document, it
would result in a departure from the forms of the equivalent quantities one tends to find
in cosmology literature. In particular, the choice of notation I have made in (3.1.10)
leads to a form for (3.1.14) in which the placement of factors of 2n agrees directly with
[23], [48, equation (9.14)], [55, equation (4.16)] and [72, equation (5.19)] although it
disagrees in other respects with most of these.

The relationship given in (3.1.9) between the Fourier transform of the two-point spa-
tial covariance function and the two-point spectral correlation function for homogeneous
random fields with zero mean can be approached from the other direction as follows.
Starting with the definition of the two-point covariance function we get

B(r) = (f ()f(f‘)

B(F) = By / <f,;fi‘,>el’;"’?d“kd“k’. (3.1.12)

It is easily verified that substituting (3.1.9) into this results in the identity

B(7) = B(7)

demonstrating, at least, the mutual consistency of these two relationships. The relation-
ships in (3.1.9) and (3.1.12) constitute a generalization of the Wiener-Khinchine relations
that I have not found in texts on the subject. The more usual form of the relations can
be found in [93, equations (3.2.8) and (3.2.9)]. It is important to note that in addition
to generalizing the relations to off-diagonal parts of the spectral correlation function,
the factors of 2w appear reversed here compared to the references I have found. As
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can be seen above, their present locations are due entirely to the particular definition of
the Fourier transform and its inverse used here as found in (3.1.7) and (3.1.8). Further
comment on this discrepancy would require more information about the definitions for
Fourier transforms being used in the texts in question and this is not provided.

Setting # to 0 in (3.1.12) results in a relationship between the variance of f(F) and
the variance of the Fourier modes.

B(0) = (£%(0)) = (f*(7)) = (2——7%—,;/<f,;fg> d"kd™ k' (3.1.13)

and using (3.1.10),
1 N
(f(7) = (_27r—)’7/<|f’9‘ >d k. (3.1.14)

The form of the relation in (3.1.14) motivates the introduction of the spectral density
function,”

Se= (). (3.1.15)

This can be interpreted as the contribution to the variance of f(7) per unit volume in
k-space.

Let’s now consider the real and imaginary components of a field’s Fourier modes
along with their modulus and argument. If two independent Gaussian random variables,
#1 and 3, both have a mean of 0 and a variance of o2 then the derived random variable
r = /2% + 23 is distributed according to the Rayleigh distribution,?

r 172
The mean of r is
(r) = \/ga, (3.1.17)
and the mean square of r is
(r?*) = 20 (3.1.18)

The mean and mean square of r are, therefore, related by

(r)? = Ts2=C (r?). (3.1.19)

2 4
For a homogeneous Gaussian field, each mode of its Fourier transform, f;, will have
real and imaginary components that are independent Gaussian random variables with

means of 0 and a common variance.® From (3.1.18) above, therefore, their variances

“Compare to [92, equation (3.3)] and [93, equation (3.2.5)].
8See [93, Section 2.5].
“See [93, Section 3.4].
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Figure 3.1: The distribution of the modulus and argument of a single mode with a

spectral density of Sy = 1 in the Fourier transform of a homogeneous Gaussian random
field.

obey the relationship

<(§ng)2> = <(%f,;)2> = —;— <]f,;|2> = —;—S,;. (3.1.20)

This leads to the conclusion that the phase and magnitude of each mode are random

variables. The joint distribution for the phase and magnitude of each mode can be
obtained from (3.1.16) and is given by'®

914 12
P (|fg| arg fr) = -—gf—l exp [-%} 517; (3.1.21)

This distribution is illustrated in Figure 3.1. Given the distribution in (3.1.21), the mean
of | f,;l is obtained from the properties of the Rayleigh distribution above and is

(52)" = 7% (3.1.22)

Y Compare to [7, equation {2.6)] and note their apparent error in omitting the factor of -;— that must
be associated with Sp = <{f;[2>.
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3.2 Random Fields and Cosmology

In this section I will briefly make the connection between the notation and expressions
introduced above and the nomenclature used here and in the cosmology literature to
describe cosmological perturbations. Any number of fields are used to describe the dis-
tribution of the contents and structure of the universe. In all cases one decomposes any
quantity into its homogeneous background value and a perturbation away from it. For
example, there is the density contrast, § = (p — pp) /0b, the metric perturbation, ®, etc..
Often the perturbations are described by fields that are introduced in such a way as to
be dimensionless, as in the density contrast above, but this is not always the case. These
fields will all be defined precisely later but for now it suffices to say that they are all
taken to have been Gaussian random fields at the earliest stages of structure formation.
Historically this choice was motivated primarily for its mathematical simplicity but was
also justified with some heuristic arguments stemming from the galaxy number-density
distribution on the sky and the central limit theorem. Today, cosmological inflation
provides a somewhat rigorous mechanism for explaining why quantities like the metric
perturbation could be Gaussian random fields.!! The fields are also taken to be ho-
mogeneous and isotropic (in the random-fields sense of the words). The imposition of
these properties is motivated by the observational evidence that this is how our universe
is — distant objects being isotropically distributed on our sky and apparently devoid
of any significant long-range correlations. For a co-ordinate system for the fields, the
most convenient choice is to use the FRW co-moving (with respect to the background)
co-ordinates which makes the wave-number, k , appearing in a field’s Fourier transform
the “conformal” wavenumber, in units of radians per co-ordinate interval rather than
radians per physical distance. The means of the perturbation fields are all 0. Finally,
we will consider their domain of definition to be infinite. This is consistent with our
standing assumption of a k = 0 FRW universe.

Many authors take the fields to be confined to a finite box. This makes the fields’
Fourier transforms discrete and in the context of a & = 0 FRW universe, which has infinite
volume, is interpreted as simply imposing periodicity on the fields. The motivation for
formulating the problem in a box is that the resulting discrete spectrum is amenable to
numerical analysis on a digital computer.'? If the box is larger than any visible volume
(or just larger than the maximum correlation length), the periodicity has no impact on
physical observables.'® In this document, there is no advantage to this approach.

The remainder of this section will deal exclusively with homogeneocus isotropic Gaus-
sian random fields with means of § in three dimensions.

1yWhether the predicted fluctuations are or are not Gaussian depends on the specifics of the inflation
model. Inflation can be tuned to produce either. See, for example, [80].

123ee, for example, [14].

13See [74, Section 26].
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3.2.1 Power Spectrum

Following the discussion above, for homogeneous isotropic Gaussian random fields with
0 mean, very little information beyond just that is required in order to fully characterize
them. In particular the spectral density function, Si, as defined in (3.1.15), is suffi-
cient.'* In cosmology literature, this issue is somewhat confused. All authors agree that
some sort of object which they generically refer to as the “power spectrum” is sufficient
to characterize such a random field. What it is that each author means by “power spec-
trum,” however, is often not clear and when it is they are rarely in agreement. Before
investigating this further, it is useful to perform some manipulations of (3.1.14). For an
isotropic field, S; = Sy and we can perform the angular integrations in (3.1.14), pull a
factor of ™! out of the integrand, and write

(F3(r)) = (—2—17;)—?; / S, %k

4m 2
= (2#)3/Skk dk

:/(_2’“_;5,9) %. (3.21)

We are now in a position to compare expressions. In this document, P(k) will be used
to denote the power spectrum and when confusion might arise, the particular field for
which it is the spectrum will be indicated with a subscript, for example Pr(k).

Table 3.1 shows a comparison of the definitions of power spectrum used by some
authors. When —k appears on the right-hand side of one of the entries, it indicates a
reversal of the definitions of the forward and inverse Fourier transforms used in that
document compared to this. In general this is a significant difference but for real-valued
fields, as are usually investigated in cosmology, it is not since S_j = Sy for such fields.
Factors of 27 are, likewise, accumulated due to differences in Fourier transform definitions
and are very significant: a factor of 27 is nearly an order of magnitude; six factors of
27, as separates the definitions of some authors, introduces nearly 5 orders of magnitude
discrepancy in the definition of an object known experimentally to within 10%. Readers
must be very careful of this when mixing expressions from different authors. V is the
volume of the finite cube whose boundaries are used to discretize the Fourier transform
in the given document and is not, strictly speaking, significant since in this document
the box is infinite in size and the role of the volume factor is played by the é-function
in (3.1.10).'® There are, however, some discrepancies in the power of V that appears in
the various definitions. Overall, the texts by Coles and Lucchin, {20], and Liddle and

Looking at (3.1.11) one sees that the two-point covariance function B(r) can be obtained from Sy
through a Fourier transform. B(r), in turn, allows the construction of any of the m-point joint probability
distributions which are the defining properties of the field. Even for homogeneous anisotropic fields, S;
is sufficient but this is not true for inhomogeneous fields (isotropic or otherwise) where the definition of
Sy is ambiguous.

15See, for example, the expressions in Footnote 24 in Chapter 3. In any case, no physically relevant
quantity can depend on V so it should not appear in any “final results.”
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Author(s) Definition
Bardeen, Bond, Kaiser and Szalay [7] P(k) = (2m) 73Sy
Bergstréom and Goobar [11, Section 12.3] P(k) = Sk
Coles and Lucchin [20, Section 13.2] P(k) = S
Fan and Bardeen [23] P(k) =S_k
Kolb and Turner [48, Section 9.2.2] Pk)=V-18 4
Liddle and Lyth [55, equation (4.15)] Pk) = VIS,
Liddle and Lyth [55, equation (4.17)] Pk)=VS
Mukhanov, Feldman, Brandenberger [69, Section 12] P(k) = |6(n, k)|* = -L%Sk
Narlikar [70, Section 7.6.2] P(k) = F(k) = (2n)° S,
Padmanabhan [72, Section 5.3] Pk) = 5
Peebles [74, Section 41] Plk) =V 4

Table 3.1: Some definitions of “power spectrum” found in the wild in terms of the
equivalent quantities used in this document. Coles and Lucchin are the only authors I
have found who point out that their power spectrum is more correctly called the spectral
density function. For the second definition provided by Liddle and Lyth, they say this is
“used only for the matter density perturbations” and in a later footnote (page 75) explain
that this is the “older definition of the spectrum.” Mukhanov et al. in [69] do not actually
use the term “power spectrum” but introduce |8(7, k)|* which is equivalent and described
as “a measure of the square of the amplitude of fluctuations [...] at co-moving wavelength
1/k.” Likewise, Narlikar in [70] does not use the term “power spectrum” but introduces
F(k) which he calls simply the “spectrum.”
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Lyth, [55], give the most technically coherent treatments of cosmological random fields
in general and the power spectrum in particular.

In summary there are essentially two conventions for the meaning of “power spec-
trum”:

1. “power spectrum” is a synonym for spectral density function, Sk, modulo factors
of 2m, V, and 1.

2. “power spectrum” is the contribution to (f?) per logarithmic interval in wave-
number k.

For the purposes of this document, I will use the second of the two choices above. In
other words, for a homogeneous isotropic random field f(r), the power spectrum, P(k),
is defined by

/’P(k)dlnk = /P(k)—d;- =(f?), (3.2.2)
which, from (3.2.1), means that
k‘3

Some Other Relationships

We can obtain some other useful relationships from the expression for the power spectrum
in (3.2.3). Combining (3.1.11), (3.1.15) and (3.2.3) gives

\/gélip(k) = \/%/TB(T‘) sin (kr) dr. (3.2.4)

We see that /3 7xP(k) is the Fourier sine transform of rB(r) where the Fourier sine
transform and its inverse are given by'®

Fly) = @/Ooo f(z) sin(zy) dz (3.2.5a)
fly) = \/gfooo F(z)sin{zy) dy. (3.2.5b)

That fact isn’t too interesting, but using (3.2.5b) to invert (3.2.4) gives!”

B(r) = /6 oop(k)smk(f’")fl; (3.2.6)

which is a much cleaner relationship. It is important to note that when using the
definition of power spectrum chosen here, it and the field’s two-point covariance function

*63ee [15, equation {4.68), Section 4.4.2.1].
"Identical to [55, equation (4.20)] and [69, equation (12.13)] with a reminder that for a random
homogeneous field with 0 mean, the covariance function is equal to the correlation function, i.e. B{r) =

&(r).
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(or correlation function — remember we're dealing with fields of 0 mean) are not merely
the Fourier transforms of each other as is frequently claimed by authors of cosmology
texts.!® When an author makes that claim, it is a sure sign that they are using the other
convention, the first listed above, for the meaning of power spectrum.

Another very important relationship is obtained by substituting (3.2.3) into (3.1.15)
and then into (3.1.10) to get!®

<fz; ;g> =50 (’_5* ’Z') gg—ﬂiﬂ), (3.2.7)

giving the field’s two-point spectral correlation function in terms of its power spectrum.

Although, throughout this document, the power spectrum will be used as the object
of choice for describing the statistical properties of cosmological random fields, this is
done with a reminder that there are almost as many definitions of “power spectrum” in
the literature as there are places where its definition is written out. Unless the power
spectrum is carefully defined, it really should be the spectral density function that is
taken as the description of a field’s statistical properties when moving from one author’s
work to that of another.

3.2.2 Spectral Index

Often the power spectrum is approximated by assuming it to be proportional to some
power of k. This power-law structure for the power spectrum is parameterized by a
quantity called the “spectral index,” denoted ng, but here again authors have used many
different ways to turn the exponent of &k into a parameter. Most authors choose to define
the spectral index so that their definition of power spectrum and their definition of
spectral index are related to one another by P(k) x k™s. There are, however, exceptions
to this rule and this document is one of them!

The particular definition of spectral index that will be used in this document is the
same as that used in [48, Section 9.4], [72, Section 4.7] and [87]. In particular, for any
power spectrum, P(k), as defined in (3.2.3),

d
For a pure power-law spectrum, ng(k) is independent of k and related to the power
spectrum by

P(k) o k™1, (3.2.9)

For the curious, the two standard meanings for the term power spectrum differ by
k®. So when an author is using the spectral density function as the power spectrum, and
using a ns that is related to it by P(k) oc k™, their spectral index is the spectral index
used in this document minus 4. For example, the “scale-invariant spectrum” that is
described by ng = 1 in this document would be described by ngs = —3 for those authors.

*8See [74, equation (41.10)].
¥Identical to [55, equation (4.26)].
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“Scale-Invariance” 7}

The ns = 1 power spectrum mentioned above is sometimes called the “scale-invariant”
spectrum. This term will be avoided in this document because this is yet another aspect
of cosmological random fields for which there is more than one common meaning. In
the particular case of the ng = 1 spectrum above, the idea of scale invariance can be
understood by recognizing that the operation of rescaling the spatial co-ordinates means
a rescaling of k which corresponds to a translation on a logarithmic scale, and so from
(3.2.2) a “scale-invariant power spectrum” — one that is left unchanged by a co-ordinate
rescaling — is one for which P(k) is independent of k.

One will also see authors describing a random field for which Sy o« k as having
a “scale-invariant” spectrum.?® Confusion ensues when the same authors who do this
choose to define the power spectrum as P(k) = Sj, so that their “scale-invariant” spec-
trum is also described by their ng = 1. Such a field has ng = 5 using the conventions
in this document. The reason this spectrum is called “scale-invariant” is that this is
the spectrum of matter density contrast fluctuations one sees in an expanding dust-filled
Robertson-Walker universe when the primordial density fluctuations all have the same
amplitude as they enter the horizon. This spectrum is also called the Harrison-Zeldovich
spectrum.?!

Curiously, and even more confusingly, in the context of cosmological perturbations
these two types of random fields are closely related. This will all be discussed in detail
later but for now imagine one introduces a perturbation to the geometry of space-time
parameterized by a field ® that is interpreted as a generalized Newtonian gravitational
potential. At the same time imagine introducing a perturbation to the matter density
parameterized by a random field §. It will be seen below that for appropriately defined
& and § they are related by § o« V2@ which means their Fourier transforms are related
by 8; o k2®; and so their power spectra are related by Ps(k) = k*Pa(k). Finally, this
means that ngs = ngp + 4 or in other words for a single realization of the cosmological
perturbations both ® and § can be “scale-invariant” simultaneously where in the case of
the former we have ng = 1 and in the case of the latter we have ng = 5. It is then left as
an exercise to the reader to keep track of which is which and for what reason.

If this wasn’t enough confusion, under certain approximations, the relationship be-
tween § and ® reduces to § oc ® which gives ngs = nsg and so once again the two can
be “scale-invariant” simultaneously but now for entirely different reasons.

3.3 Units

One last comment that should be made before moving on is with regard to the units
carried by the quantities introduced thus far. If the co-ordinates, 7, carry units of
[co-ordinate units] and the field, f(), carries units of [field units] then Table 3.2 shows
the units carried by other things.

208ee [11, Section 12.3] and {20, Section 13.4].
*18ee [20, Section 13.4], [33], [99].
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Quantity Units

T [co-ordinate units]

f(7) [field units]

Iz [field units][co-ordinate units]®
B(7) [field units]?

Sz, <lf ,;;|2> [field units]?[co-ordinate units]?"
P(k) [field units]?

Table 3.2: The units carried by the various quantities used to describe random fields in
terms of the units carried by the co-ordinates and the field itself. The parameter n is
the number of dimensions in the space in which the field is defined.

3.4 Properties of Gaussian Random Fields

In this section we will study some of the properties of Gaussian random fields. We will
continue from above considering homogeneous isotropic Gaussian random fields with
means of 0 in three dimensions. We will change notation slightly, though: from now
on & will be used to dencte field co-ordinates instead of 7 since r will now be used to
indicate a smoothing radius.

3.4.1 Smoothing

Imagine that we wish to obtain the spatial average of f within a region of radius r (to
be measured in a manner described below) centred on Zj. Specifically, we take each
realization of the field and compute the average value of the field over some volume; an
ensemble of such averages is then constructed from the ensemble of realizations of the
random field. The result is a random variable whose distribution is the distribution of
averages over the specified volume. By repeating the process for each possible choice
of volume centre a new, smoothed, random field is constructed. The spatial average
will be performed according to a weighting function, W(Z; r), often called the “window
function” or “window profile.” The weighting function has dimensions of [volume]~!
and, in this document, is normalized so that its integral, or “volume,” is 1.22 The mean
value of f averaged over a region of characteristic radius r centred at g is

F(F037) = / W(E - 3g;7) £(7) . (3.4.1)

We will call this the smoothed field. The smoothing procedure is linear so the smoothed
field is also a Gaussian random field and is easily shown to be homogeneous and isotropic

223ome authors, for example [55, Section 4.3.3], do not normalize W (%;r) which results in them
carrying around a factor of V, the window function’s “volume”; not to be confused with V, the volume
of the finite unit cell in which they perform Fourier transforms. It is often left as an exercise for the
reader to remember which V is which.
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Figure 3.2: The radial behaviour of the two standard window functions. The short
dashes illustrate the Gaussian window while the long dashes show the top-hat window.
The the vertical axis is normalized to the top-hat window at the origin. Note that the
apparent discrepancy in normalization is due to the omission of the angular contribution
to the volume element — the volume integral of each function really is 1.
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like the underlying field. In the analysis that follows, the window function is left un-
specified but there are two standard choices and they are the “top-hat” window given

by
273 for |2 <
W(gr) =W orlEsm, (3.4.2)
0 for |Z| > r
and the “Gaussian” window given by
1 1|2
W(Z;r) = exp | —=— | . (3.4.3)
\/271'37'3 2 r?

It is important to realize that we are using a radius as the parameter for the window
functions, not a diameter. Throughout this document, terms like “smoothing length,”
“smoothing size,” “characteristic size,” etc., will be used interchangeably and in all cases
it is the parameter 7 that is meant. The radial dependence of the two window functions
above can be compared in Figure 3.2.

The interpretation of the top-hat window is the most straight-forward since an av-
erage computed using it is clearly simply the unweighted mean value within a ball of
radius 7. The reason one considers the conceptually less transparent Gaussian window
is that its Fourier transform is much more localized in frequency space than the top-hat
window’s. How the smoothing procedure relates to a field’s spectral behaviour will be
investigated in detail below but it is helpful, here, to lock at a simple example. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE DESCRIPTION OF COSMOLOGICAL PERTURBATIONS 37

effect of smoothing a random field with both top-hat and Gaussian windows is shown
in Figure 3.3. The field shown is one realization of a ny; = 1 random field. As can
be seen, the two types of smoothed fields are broadly similar although it is clear the
top-hat window retains more small-scale structure for the same smoothing radius. This
phenomenon is easily understood: because the top-hat window has sharp edges, a large
fluctuation can sit just outside it and then just inside it when the window is slid over a
short distance; this can’t happen with the Gaussian window since a large Huctuation will
be gradually felt more and more strongly as the window is moved closer to it. Because
of this phenomenon, it will be found that the Gaussian window function allows us to
work with fields whose spectral behaviour would otherwise give divergent results due to
high-frequency modes when smoothed with the top-hat window.
For both window functions listed above, W (Z; r) is invariant under reflection through
the origin,
W(E;r) =W(-2;r). (3.4.4)

All window functions considered in this document will possess this property which allows
the mean density from (3.4.1) to be rewritten in the equivalent but more useful form?3

F(Foyr) = / W (& — & 7) £(7) . (3.4.5)

Within the region centred on Zgy, we can describe the field in terms of its departure
from the local spatial average. First of all we introduce a set of co-ordinates, &, for use
within the region. The origin of these co-ordinates is set to the centre of the window
function, 7y,

F=To+ 7. (3.4.6)
We can then write 3
F(@o + &) = F(Zo;r) + f(&) (3.4.7)

which defines f , the “local” field — the underlying field represented as a perturbation
away from the local spatial average.
It should be noted that while

(fi=20 (3.4.8)
is true by definition, it is also true that

(fy=0 (3.4.9)
and ~

<f> =0, (3.4.10)
and alsc that ~

<W(a?’;'r') f(a‘:")>_” = 0. (3.4.11)
T

%37This can always be done anyway, regardless of the parity-invariance or otherwise of the window
function. It’s only necessary to define the window function to be the mirror image of whatever it is you
actually want.
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Figure 3.3: Smoothing a realization of a random field in one dimension. At the top-left,
the random field. At the top-right, the random field after being smoothed using a top-
hat window (long dashes) and a Gaussian window (short dashes). At bottom, all three
curves superimposed. The scale indicator above the curves in the bottom image shows
twice the smoothing radius — the “width” of the window functions in one dimension.
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Throughout this document, a subscripted quantity attached to the averaging brackets
indicates that the procedure is to be performed over choices of that given parameter.
If no parameter is indicated then the average is to be performed over the ensemble of
realizations of the random variable in the brackets.

We'll define the Fourier transforms of the random field, the window function, and
the smoothed field (as a function of #p) in the usual way, namely>?

1 7
f@) = —\/T?Tg/fﬁelk'““ 4’k (3.4.12)
s
1 _
W(&r) = —= [ Wi, e*7d% (3.4.13)
2m '
- 1 o
f(&o;r) = ————-—3-/]‘,;, %o 3k, (3.4.14)
Vo d

The convelution theorem states that if given a convolution product,

Fra@= [ f@aa-v)dy, (3.4.15)

then the Fourier transform of the convolution is (to within factors of v/27) equal to the
product of the Fourier transforms of the separate factors. More precisely,?’

I ;
= /_ (f  g)()e™ dz = VIR F(y)G(y). (3.4.16)

The convolution theorem can now be seen to be the motivation for having rewritten the
original definition of the averaging procedure in (3.4.1) as (3.4.5). In doing so, we can
now use the convolution theorem to perform the averaging procedure in frequency space.
Applying the convolution theorem to (3.4.5) gives

— 3
fE;r = V2’/T WE;rfﬁ (3.4.17)

as the relationship between the Fourier components of the smoothed field and those
of the underlying field. From this and the relationship in (3.2.7) between a homoge-
neous isotropic field’s two-point spectral correlation function and its power spectrum,
we can obtain a relationship between the power spectrum of the field and its smoothed
counterpart, namely

Pelk) = (2m)* Wi, Py (k). (3.4.18)

?41n many texts, the universe is considered to be a large box. This results in a discrete spectrum and the
integral definitions of the Fourier transform become sums. If one wishes to do so, the equivalent definitions

: ea: . 1 +o00 EZ, g, . _ 1 No—ikE 33, .
for the Fourier transform and its inverse are: f(x) = W= fee™ " fr= Wor=id [y F(@)e d°z;

k= A5 ngy iy, 1, € Integers.
*5See [15, Section 4.4.2.1].
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In general, if two fields, f and g, are related by g; = X; f; then
Py(k) = X2Ps(K). (3.4.19)

The Fourier transform of the top-hat window function is

r 3 .
Wi, = Nl (sinkr — krcoskr) (3.4.20)

— -\-/-5_73?]; 5, (k7) (3.4.21)

where j; is the spherical Bessel function of order 1,2
. 1.
ji{z) = e (sinz —zcosz). (3.4.22)

Note that the Fourier transform is real-valued. In general, W(Z;r)’s property of being
invariant under ¥ — —% means that its Fourier transform will always be real-valued. It
is useful to comment on the Bessel function’s asymptotic behaviour. For small z, we
have

) 1 z3 z? x
Jl(:c<<1)=F(m—~§?+---ox+?ﬂ+~->zg, (3.4.23)

while for large x
cos T

iz > 1)~ - (3.4.24)

The short and long wavelength asymptotic limits of the Fourier transform of the top-hat
window function are readily obtained from these results and for small kr,

W, ~ _Lg (3.4.25)
Vo
while for large kr,
Wy, ~ 7}%%;’“; (3.4.26)
The Fourier transform of the Gaussian window is?’
Wi, = —Lg- exp <—1k2r2> . (3.4.27)
T o 9

For small kr this is also ~ 1/+/ 77 while for large kr it drops off exponentially rather
than polynomially. This is the key to the Gaussian window being able to handle less

*$See [3, equation (11.154)]. Note that this definition appears to differ from that given in [15, Section
3.3.1.3.4]. I cannot explain the discrepancy but since this is the more convenient form, it will be the one
I use.

2TObtaining this requires the Fourier sine transformation found in [15, Section 4.4.2.2].
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Figure 3.4: The frequency dependence of the two standard window functions. The short
dashes show the Gaussian window, while the long dashes show the top-hat window. The
horizontal axis has the reciprocal smoothing radius indicated at k = 27 /r. The vertical
axis is normalized to the top-hat window at the origin.

well-behaved fluctuation spectra. A plot of the frequency-space representations of the
two window functions is shown in Figure 3.4.

3.4.2 The Properties of f, Part I

In this section we will investigate the statistical properties of f. We already have its
mean in (3.4.9). Its variance can be found by substituting (3.4.17) into (3.4.14) which
gives an expression for the smoothed field in terms of the Fourier decomposition of the
background,

Faoir = / W;;;Tf,;eig'f‘) d’k. (3.4.28)
From this and using (3.1.10), the mean square is
<f (fvoﬂ“) </ W,;,.rf,;f;ei(ﬁ_p)'% a3k d3k’>
/ St ) SR @ (3.4.29)
= /W Wy, S (K — B)el(F-F)% g%k 4%k

<72(550;r)> = / W Spdk. (3.4.30)
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Remember that f(#o;r) is a Gaussian random variable so the first two moments are all
that are needed in order to fully characterize it. Because its mean is 0, its distribution
is given by

P(f;r) = —1——exp L (3.4.31)

—2
2 < f >
which is the probabili_j;y of__observing a given region of size r to have an average field
value between f and f + df.

Let’s investigate the variance more closely. Since the field is isotropic, S; = S which
allows us to perform the angular integrations in (3.4.30) giving?®

<Tf'2> - / W2 Sk dk d2).

o0
=dr | Wi, Sek?dk
k=0

3 % 2 dk
= (27) Wi, P(k)—. (3.4.32)
k=0 k

This result could have been obtained without first deriving (3.4.30). Had we simply

substituted (3.4.18) into (3.2.2) the result would have immediately been (3.4.32). Given

the confusion that exists in the literature surrounding these sorts of relationships, it is

useful to verify for ourselves that the expressions we are using are all internally consistent

by checking that the same result can be obtained by combining the relationships in more

than one way. Continuing, let’s assume a standard power-law spectrum for the underlying
field such that

P(k) = o?k™" (3.4.33)

where ns is the spectral index and o2 is some constant for setting the amplitude of the
power spectrum. With the top-hat window function, the variance in (3.4.32) becomes

2
(7) = [~ (72—_7{%;3'1@7“)) K2 dk

2 00
= 9/ 2™ 8 (sinz — zcosz)? da. (3.4.34)

- ps—1 -0

8 This result differs from all manner of expressions found in the literature. In [63], for example, in
their equation (33) they have a prefactor of %5 rather than the 47 that appears in the second line here.
In order to explain the discrepancy it would be necessary to examine the form they are using for the
Fourier transform for which they provide, immediately subsequently, two conflicting definitions. For this
reason I cannot comment on such differences beyond pointing them out.
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Figure 3.5: The behaviour of <f2> (02 /r”s“l)~1 as a function of the spectral index ns

for two choices of window function. The large dashes correspond to the top-hat window,
the short dashes to the Gaussian window. The solid curve gives the ratio of the two
results.

Repeating the integration of (3.4.32) for the Gaussian window gives

2
<T2> = (2#)302/ [\/51_3 exp (——;—k%ﬂ)} k™2 dk
k=0 s

= o /oo ™2 exp (»a:z) dx
,,.'n.s~1 2=-0
and for ng > 1 this is
2
-2 o 1 ng — 1
<f > - rns_lé_r( > ) . (3.4.35)

A comparison of the effects of the choice of window function is shown in Figure 3.5
which, for both (3.4.34) and (3.4.35) is a plot of <f2> (02/7"”5—1)~1 as a function of the

spectral index ns — in other words, that part of <?2> which depends only the choice of

window function. As can be seen, as ng increases from a value of 1 the choice of window
function becomes more and more significant. The differences between them become
most acute for ng > 5 where the smoothed density contrast cormaputed with the top-hat
window diverges while the Gaussian window still gives well-behaved results. This is the
result of the Gaussian window’s suppressed sensitivity to high-frequency modes. In fact
the smoothed density contrast computed using a Gaussian window, although increasing
without bound for large ng, remains finite for all spectra with ng > 1.

The problem with a ns = 1 field is that its spectrum contains too much power at
long wavelengths: P(k) does not fall off rapidly enough (indeed not at all) as & — 0.
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Of course, this problem exists regardless of the choice of window function since the two
differ only in their sensitivity to short wavelength fluctuations, not long.

The problems encountered with the ng = 1 spectrum would be neither here nor there
except that the observational evidence points to this, or even ng < 1, being exactly the
sort of fluctuation spectrum the perturbation fields of our universe started out with,
so we really do need to take a closer look at this problem. As stated above, it boils
down to there being too much power in long wavelength modes. Examining (3.4.32),
it is evident that the variance of a smoothed field will be finite if P(k) —» 0 as k — 0,
even if it only does so rather abruptly at some small wavenumber. What about these
long wavelengths? In the context of inflation and the inflaton field, the very longest
wavelength perturbations are those that left the de Sitter horizon at the very start of
the inflation epoch so their description requires knowledge of the physics at that time.
We do not have this knowledge so it is impossible to say what the spectrum of inflaton
perturbations really does as & — 0. In other words, at least in the case of the inflaton
field and its perturbations, there is no rigorous mechanism for solving the problem of
the divergence of the variance of f for ns < 1.

At the same time, the very longest wavelengths are invisible. In practise, one way or
another, there is always a limit to the physical volume of space that can be observed;
even a limit to the volume one is interested in theoretically. Any fluctuations whose
wavelengths are much longer than the diameter of that volume cannot be distinguished
from the (presumably) homogeneous background and can be considered to be part of
it. If the radius of the largest volume we could be interested in is r. and we assign
perturbations with wavelengths longer than that to the homogeneous background of
such regions, then the background itself becomes a random variable that differs from one
region to the next. The uncertainty in the background can be incorporated into one’s
model or it can be thrown out. In this document we will discard this uncertainty by
choosing r,-size regions that look like the underlying field, i.e. for which the smoothed
field on that scale equals 0,

?(£O§ re) = 0.

In order to proceed, we must examine the properties of perturbations away from the
apparent homogeneous background inside a region of size r.. The notation for doing so
was introduced in (3.4.7) where the local field f was defined. Let us now momentarily
suspend our investigation of f and discuss f some more.

3.4.3 The Properties of f

In this section we will examine the properties of the random field, f(&), when described
as a departure from the local spatial average, f(Zo;7«). The underlying field, f, is
decomposed into two components: one component forms the spatial average or “local
homogeneous background,” f, which was studied in the last section while the other
component forms the fluctuations away from the local average, f , to be studied here.
In frequency space, one can imagine a split being made between long wavelength fluc-
tuations of the underlying field which go into forming the local apparent homogeneous
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background and short wavelengths which contribute to the local fluctuations. How this
will occur can be seen by considering the window functions described in Section 3.4.1
and noting that they exhibit a localization about kE=0in frequency space. The conse-
quence in (3.4.17) is that f; By WLl fall off for large k — only long wavelength fluctuations
contribute to the ba,ckground In this way, it is our choice of the window function used
to define an average that determines the split between wavelengths that contribute to
the background and those that contribute to the foreground.

Let’s do this precisely. We begin by rewriting (3.4.7) for f as the departure of the
underlying field from the local spatial average,

F(@&) = f(&o + &) — F(Zo; ). (3.4.36)

Expressing both sides in terms of their Fourier transforms,

1 ;i 1 oz @ = i
— | fr*T Pk = — [ / Frelk (ot ) @3 / i, eF® d?’k}, (3.4.37)
v 73/ V2r e

and using (3.4.17) for _f_g_r* gives

1 ~ B 1
—s / f’_c,elk'w Bk = -
v ar v 2r

[ / frF @) P / Vo Wy, fre® d3k].
_ L / Freifdo [1—\/27T3Wﬁ e—i’?‘f’] FE Bk (3.4.38)
\/’2—7‘_3 k k;"‘*

At this point it would be helpful if the phase factor multiplying Wy~ in the second
term in the brackets in (3.4.38) could be dropped as everything remaining would then
be independent of Z'. Qualitatively this operation can be justified by noting that wave-
lengths smaller than the region in question, kr, > 1, should not contribute significantly
to ?(fo; T+), the origin of the second term, since their positive and negative contributions
within the region will tend to cancel. For this reason, introducing (or dropping) a phase
factor that only becomes significant for kr. = 1 should not be a problem. This is, in
fact, equivalent to the approximation

F(@o+3'57.) = [(Zo;7) (3.4.39)

which is not unreasonable since we have necessarily that |Z'| < r,, with r, being the
scale over which the smoothing was done to obtain f. Making the approximation turns
(3.4.38) into

1 / ; ika g3 1 3 k3 13
e | Fd T Bk = — [ £ (1= V2T W )el a3k (3.4.40)
\/5;(_3 k \/57?3 k ( k,‘l'*
and taking the inverse Fourier transform of both sides leaves the result

- 3 i
fi=1z (1 —Vam WE;T*) e, (3.4.41)
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Examining this relationship, we see that the spectrum of fluctuations, f,;, against
the local background differs from the spectrum of fluctuations of the underlying field,
fz» by a (frequency-dependent) phase factor that originates in the change of co-ordinate
origin in moving from the over-all background to the local region. In addition to this
phase factor, however, there is a quenching, through the factor (1 — \/5?3 W ), of the
long-wavelength modes which went into defining the local background. With ;egard to
the frequency-dependant phase shift, since the phases of the f;; are uniformly distributed
random variables and are not correlated with k, one can drop the additional phase factor
as it has no effect on the statistical properties of the fluctuations. In other words,?®

( — V3 W, r*> 3 (3.4.42)

This is the key result of the present section.

Reconsidering the phase factor that was dropped in obtaining (3.4.40), some nu-
merical tests are presented in Appendix C.6 to quantitatively demonstrate the safety of
removing it. At the same time, one could instead state that what we are doing here is
introducing the frequency-domain filter in (3.4.42) and that the preceding calculations
merely provide the reader with an interpretation of that filter as some sort of local-
structure extraction tool. In that sense, the phase factor that was dropped is not giving
us an approximate spectrum, rather the spectrum is exact and its interpretation is only
approximate. The reader is free to understand this operation in whichever way makes
him or her most comfortable.

From the filtered spectrum in (3.4.42) we can now determine the statistical properties
of f,; The mean of f,; is easily calculated and is simply

(Fey=(1-vawg, ) (f) =0 (3.4.43)

as one should expect.3® The two-point spectral correlation function is

(efp) = (= vEwe,,) £ (1- VB Wy, ) )
= (1-vawg, ) (1-vawg,) <f,; %)
(I_V—Wq ) (k ;u) (3.4.44)

where the realness of WE""* has been used.

One last point to make before moving on is that while f is a Gaussian random
variable, as was pointed out at the end of the last section we are only interested in
regions that appear identical to the underlying field on average. This means that we are
only interested in regions for which f = 0. Within such regions, (3.4.36) tells us that

29We are really only making use of the field’s homogeneity: its statistical properties are the same
everywhere, so we might as well compute them at the one spot where the phase factor is equal to 1.
39This result holds without the constraint on the value of f.
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the local and underlying fields are identical, i.e. f= f- Let us now make the following
replacement: take f to be the underlying field and examine the statistics of smoothed
regions within it instead of within f. What we have accomplished in doing this is the
replacement of the underlying field with a version of it that has had long wavelength
fluctuations filtered out. This is similar to the idea of placing the field in a large box
to impose a longest wavelength to its structure but in this case the spectrum remains
continuous and the resulting large-scale periodicity is only approximate.

3.4.4 The Properties of f, Part II

We now have the statistical properties of the random field when it is expressed with
respect to its mean value smoothed over a region of radius r.. We have called this
field f. If, as discussed in the previous section, we use f rather than f in (3.4.29) and
reconsider the variance of the smoothed field we find

_ -’L"o,T) / fkf ,> i(F—F')-%0 431, 431/
/ Wi, W, S (1 - Var Wy, ) 5 (B F) ()% g a?n
= / w2 (1- \/ﬂ W,;;r*) S; dk. (3.4.45)
Again, let us use the field’s isotropy and do the angular integration to get
<72(a-:’0; r)> = 4r / W2, (1 - \/%3Wk;r*)2 Sik? dk
= (20)° / w2, (1 - mswk;,,*)QP(k)%’?-. (3.4.46)

Compare this last result to (3.4.32). In doing so, there are two view points one can
take. On the one hand we can consider gurselves to have introduced an alternative
power spectrum given by (1 - \/Q?SWk;r*) P(k); or, on the other hand, we can say
that we have introduced a new window function whose Fourier transform is given by
Wi.r (1 — ﬁ?wm). This window function has two parameters: 7., the size of the
smoothing done to establish the local effective background, and r, the size of the smooth-
ing done to generate f with » < r,. The spectral behaviour of this window function is
shown in Figure 3.6 where its logarithmic amplitude is shown as a function of kr for
r+/7 = 10 for both top-hat and Gaussian windows.

The question is now that of what r, should be. There are several criteria by which a
selection can be made. On the one hand, one could base one’s choice on an analysis of
the accuracy of the model for perturbations and set r. to the length scale beyond which
the model is not valid. If considering inflaton perturbations, for example, one could set
7+« to the current size of the mode that left the de Sitter horizon at the earliest time for
which the perturbation model is accurate.

On the other hand, one could set 7, to the length scale beyond which one believes it
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Figure 3.6: The spectral behaviour of WE;r (1 — \/_2;3WE;”) for ri/r = 10 illustrating
the long wavelength filtering. The short dashes show Gaussian windows while the long
dashes show top-hat windows. The horizontal axis is kr with the reciprocal smoothing
radii indicated, from left-to-right, at & = 27 /r. and k = 2x/r. The vertical axis is the
same as that in Figure 3.4.

should no longer matter what 7, is. This second choice is based on the ergodicity of the
perturbation field — the property that a single realization of the field contains sufficient
information to fully characterize the ensemble — and the belief that at some large scale
there will be a genuine cut-off to the fluctuations. When a field is ergodic, ensemble
averages are equivalent to spatial averages over a single realization. An infinite Gaussian
random field is ergodic so our perturbation field has this property. This means that one
can replace the ensemble average of ?2(55'0;7“) with an average over choice of centre, Zo.
Now, although our perturbation field has been taken to be infinite, we are asking if it
is really necessary to preform an average over the whole thing in order to determine the
statistics of some quantity or if, instead, there is some size beyond which one can say
an average is close enough to the true expectation value. It is possible to quantify how
much an average over a limited sample size can be expected to deviate from the true
average and this is called the standard deviation of the mean.

Consider some process that generates an infinite sequence of independent Gaussian-
distributed samples, z;, whose mean value is (z), and where the samples are spread about
the mean with a variance of {(z; — (z))?) = 0. Now consider computing an average of
n of the samples starting at randomly-chosen sample number 4y,

1 in+n—1
Tio = {Tigs -2 Tigan—1) = — D T (3.4.47)

=i

Of course, generally this average will not equal the true mean of the sequence but one

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE DESCRIPTION OF COSMOLOGICAL PERTURBATIONS 49

can easily determine its distribution over choices of ig. Its expectation value is clearly
the mean of the samples,

(Zig)i, = (2) (3.4.48)

while its variance is3!

<(fio - <50'¢o>z~0)2>i0 = —71;02. (3.4.49)

In our case, we have a process, namely choosing &g, that generates samples of ?2. Aver-
aging this over n samples will result in a Gaussian random variable with an expectation

value of <?2>, the true mean square for the field, and a variance of % <_f4> — <-f2>2>

For Gaussian random variables, the fourth moment is related to the first and second
moments by3?

(3:4) =4 (3 <:1:2> (z) ~ 2 (m)3) (z) +3 <:c2>2 - 12 <a:2> (z)? + 6 (z)*
=3(z?)? - 2(z)* (3.4.50)

. =< . . ., . -2
so since the mean of f is zero, the variance of the distribution for the average of n f’s

is

1/ /-4 =2\ 2 2 j2\2

L)) -2 a5
The standard deviation of the distribution as a fraction of the expectation value is, then,
simply \/g .

For example, if one wishes the standard deviation of the mean to be 1% of the mean
then 20000 samples are required while if it is acceptable that the standard deviation
be 10% of the mean then only 200 samples are required. In the latter case, a volume
with a radius 4 times the size of the region smoothed to get f would suffice while in the
former case the radius must be 17 times as large. In any case, it is clear that r, need
not be much more than one or two orders of magnitude larger than r in order to get
reasonable statistics for f if, and this must be emphasized, there is truly a largest scale
to the fluctuations.

The reason it is important there be a largest scale to the fluctuations becomes clear
when one considers that for a ny = 1 power spectrum, the true mean of ?2 is infinite.
In that case it is not clear what one is saying when one asserts that an average over
a limited sample will not differ from the true average by more than some percentage.

Below, for example, we will succeed is obtaining a finite result for <72 — a result that
differs from the true, infinite, value by an infinite amount. The argument is that choosing

311t is in obtaining this result that the samples need to be independent otherwise the cross terms cannot
be neglected. We have also used the ergodicity of infinite Gaussian processes to replace the average over
choice of starting index, ip, with an ensemble average.

%2This is obtained from the last two equations in [92, equation (2.9)] and also using the fact that the
third and fourth cumulants for a Gaussian distribution are 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE DESCRIPTION OF COSMOLOGICAL PERTURBATIONS 50

r+ in the manner being described here is not intended to give results that are close to
those obtained from the ideal ng = 1 spectrum, which they clearly are not, but rather
close to those obtained from the anticipated physical spectrum.

Returning to (3.4.46), choosing the same power-law spectrum as in (3.4.33) and
taking both window functions to be Gaussian gives

() = amret [ [ Lo ()| [1- e (-Jpor?) 1o

2

a o 17,2 2
= a1 / exp (—2z7) [1 — €Xp (—5 > x2>} g™ 2 dz. (3.4.52)
® z=0

This proves to be tricky to integrate. The results given in the tables of integrals I
have examined are arrived at by expanding the [1 — exp(- - )]2 term using the binomial
theorem and then performing the entire integral term-by-term. This is fine for ng > 1
where the integral of each term converges individually and, of course, this is quoted as
a condition in the tables. Since the original unfiltered spectrum for 72 converged for
ng > 1 anyway, it does not help us to only know the result of the present integral in that
regime. Our concern is how the result behaves for ny < 1 where, it should be noted,
this integral does still converge. The domain of spectral indices for which the integral
converges at small k& can be found by checking

0 ,ns > ’_2
2
1 1= a2 ns—2 2 _
w}g]l_;[ exp(—az?)| a* ,ns 2,
o ,ng < —2

which tells us the integral converges at small k for all ng > —2.

Shown in Figure 3.7 is the result of using Mathematica’s numerical integration rou-
tines to evaluate the integral. This figure shows a repeat of the analysis displayed in
Figure 3.5 but this time comparing the effects of long wavelength smoothing at different
scales. It is clear that smoothing the long wavelength modes has had the desired effect

. —2 . .
of bringing < I > under control for ng < 1. It is also important to note that at ng = 1,

going from 2+ = 10 to %+ = 100 introduces a change in <_f2> of only about a factor of
2. It is good that the result is not overly sensitive to our choice of r, within the range
of useful values. A more detailed examination of the behaviour of <T2> as a function
of = specifically for ng = 1 is shown in Figure 3.8. This clearly shows the logarithmic
increase of <f2> with increasing *. Of course, the result never stops increasing in this

case since it must diverge as %+ — oco. One has postulated, however, the existence of
a length scale at which the fluctuation spectrum drops off. In reality, then, one will
eventually reach this length scale at which by which point the curve shown in Figure 3.8
must have levelled off. The choice of 7, should be made, then, based on how far one feels
one needs to go before things are “close enocugh.”
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1000

Figure 3.7: The behaviour of <?2> (o /rm=—1) ~! a5 a function of the spectral index ng for
four choices of Z* using Gaussian windows. The four dashed curves in order of increasing
dash length show the results for 2+ = 1,10, 100, and 1000 respectively. The solid curve

shows the result for ™ = co which recovers the behaviour shown in Figure 3.5 for the
Gaussian window.
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Figure 3.8: The behaviour of <72> (o2 /r”s—l)_1 as a function of “* for a fluctuation

spectrum with ns = 1 illustrating the logarithmic divergence of the mean square with
increasing 7.
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3.5 Matter Distribution

Taking p(Z) to describe the distribution of the material content of the universe’s energy
deusity on a spatial 3-surface, we will decompose it into a background and perturbation
by writing

p(Z) = pp [1 + 3]4] (3.5.1)

where py, is the background energy density averaged over the entire hyper-surface and
d is called the density contrast. The density contrast is position dependent but since
the notation §(&) is too easily confused with a Dirac-§ function, the position dependence
of the §’s will either remain implied or be indicated via the “evaluated at” operator as
above.

We can construct a smoothed version of the density contrast field, 8, and this smooth-
ing can either be performed on the energy density itself or on the density contrast. The
equivalence of these procedures is easily demonstrated. Using (3.4.5) to construct the
smoothed density contrast field we find

Slio'r = /W(a’:’o —#r)d|; &Pz
’ 3
1+8], .= /W(:E’g — &) &z + / W (%o — &;7) 6|z &z
’ T z
poll + 3], ] = / W (@0 — &) po[l + 6|5 dz
T
pol1+ Bl ) = [ Wi = 51) @) 4% = pl@oir)
x
where the normalization of the window functions is used to get the second line. The last
line shows that the smoothed energy density and smoothed density contrast are related
to one another in exactly the manner of (3.5.1).

Within the region centred on Zg, we can introduce a local density contrast, é, as in
(3.4.7) to describe the true density contrast as a departure from the smoothed value at

507
Olagrar = Oz, + 9|, (3.5.2)
Substituting (3.5.2) into (3.5.1) shows that
plZo+ ) = py [1 + 3|, + 9 -,} (3.5.3)
T
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Chapter 4

The Behaviour of Cosmological
Perturbations

Returning to the analysis in Chapter 2, the field that drives inflation has, thus far, been
considered to be a homogeneous field. We must now introduced perturbations to this
field. In addition to describing the perturbations to the inflaton field itself, however, we
will also need to describe how the geometry of space-time becomes distorted as a result of
fluctuations in the material content of the universe. Not only are these two perturbations
related to one another but their time evolutions are, of course, inexorably intertwined
with one-another via the Einstein field equation, (2.1.1), and the field’s Euler-Lagrange
equation, (2.2.2).

The equations governing the behaviour of the perturbations are quite complex and,
in general, cannot be solved analytically. We must approximate the solutions. The
most important approximation is to assume the perturbations are small. With this
approximation, the behaviour of the perturbations will only be studied to first order
in the fields. We are still left with the problem of obtaining solutions for the inflaton
perturbations and the geometry perturbations that are consistent with one another.
Geometry perturbations affect the solution for the inflaton field via the form of the
derivative operators in the Euler-Lagrange equation, (2.2.2). Inflaton perturbations, in
turn, affect the geometry of space-time via the Einstein equation, (2.1.1).

We will approach the consistency problem in stages. To begin with, solutions for
the inflaton perturbations will be obtained ignoring back-reaction on the geometry of
space-time. In other words, we will solve for the behaviour of inflaton perturbations
in the unperturbed Friedmann-Robertson-Walker background. We will then take the
inflaton perturbations and use them as a source term in determining the perturbations
to the geometry of space-time. In principle this process could be iterated, each time
refining the solutions for the two perturbation fields but this will not be done here. The
procedure is illustrated in the following diagram.
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6¢
Use inflaton perturba- Use geometry perturba-
tion as source term and tion to determine O and
solve for geometry per- solve for inflaton per-
turbation, ®. turbation, d¢.

d

The actual perturbation fields have not yet been defined but this is a purely schematic
diagram so their precise definitions are unimportant at this stage. We will start at
the bottom of the diagram with the metric perturbations assumed to be 0 and make
one complete cycle; thus, we will not be left with a fully consistent solution for the
perturbations, even to first order, but alas this is all we can afford.

The purpose of discussing the details of the generation and behaviour of cosmological
perturbations in the present document is to explain exactly how the fluctuation spectra
that will be used in analyzing the distribution of collapse times are obtained. In principle
these could simply be quoted but due to the wide array of notations and gauge choices in
the literature, it is once again useful to establish a common ground at this point. This is
not only the case for the perturbation spectra but also for the equations of motion which
will be needed for the collapse-time calculations. Finally, since the collapse calculations
involve extrapolating observed spectra to length scales much larger than those used in
determining them, it is important to see why it is reasonable to do this.

4.1 Quantum Inflaton Perturbations

As advertised, then, the first step is to determine the behaviour of inflaton perturba-
tions in the unperturbed Friedmann-Robertson-Walker background. This treatment has
been presented by many different authors in many different forms for various models of
inflation. See, for example, [8], [31], [32], and [55, Chapter 7.

We have been treating the inflaton field classically. As far as the gross behaviour of
the field is concerned, classicality is reasonable since it is assumed that the field initially
takes on some tremendously large value within the region of interest — the large value
corresponding to a macroscopic number of field quanta. The fluctuations, however, must
be small in order for linear perturbation theory to hold so we must consider them to be
a quantum system. The quantum treatment of fluctuations in the inflaton field will be
accomplished by considering the field, ¢, to be composed of two parts:

¢ =¢o+ . (4.1.1)

The field is assumed to be dominated by a background field ¢p which is treated classically.
The fluctuations, @, are assumed to be small perturbations to the classical field and are
treated quantum mechanically. Substituting this expression for ¢ into (2.2.1) gives for
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the Lagrangian
1 '
L=~5g"(¢o+9);,(d0+9);, = Voldo + ). (4.1.2)

The potential for the field has been relabelled Vj to associate it with what is now the
background field, ¢g. In order that ¢ be a solution of the equation of motion, the action
must be stationary under small (linear) perturbations to it. Discarding these terms from
the Lagrangian leaves

L= l:_ ';‘Q”V%;Méﬁo;y - VO(¢0):' + [_'l‘guy(P;u‘P;u - V(‘P)}

2
= Lo+ L(p,
where
V(p) = Vo(do + ¢) — V(o).
Also,
1 d*VW,
Vip)~ = 2 4.1.3

the classical potential for the field ¢, has been introduced and is obtained from the
lowest order contributing term (the second order term) in the Taylor expansion of the
background potential.! The Lagrangian for the classical homogeneous background com-
ponent of the field ¢ (the behaviour of which has thus been the topic of consideration so
far) is
1 v

LO = _Eg'u ¢0 ;;1,¢O;l/ - %(¢0)7 (414)

while

1 17
L,= “59” Pipfiv — V() (4.1.5)

is the Lagrangian for the quantum field ¢ describing the fluctuations. By comparison
with (2.2.1) and (2.3.11), the Euler-Lagrange equation of motion for ¢ is

1 dv
s p— =N = ——. 1.
¢+ 3Hy plals i (4.1.6)
If the potential for ¢ is assumed to be relatively flat, then d?Vy/ d¢? from (4.1.3) is small
in (4.1.6) so the right-hand-side is
dv
— = 0. (4.1.7)
dy
Also, since we are considering Robertson-Walker space with k& = 0, the 3-dimensional
covariant Laplacian, 4\, is simply the Euclidean Laplacian, V2. The result is

1
¢+ 3Hp— ;v% = 0. (4.1.8)

'Recall the linear order term was discarded from the Lagrangian.
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The problem of studying the quantum behaviour of the inflaton field ¢ is thus reduced to
studying the behaviour of the massless scalar field ¢ whose equation of motion is (4.1.8).
We will assume that H is approximately constant so that space-time has approximately
de Sitter geometry.

The quantization of fields in the de Sitter background is treated in detail in [16] and
the applications of the results to inflation can be found in [60, Section 7.3, [75, Section
17], and [94] among others. The scalar field operator ¢(Z,t) can be decomposed into
modes as follows.

o(@,t) = [ @ [w@.tha] + (@ e
1
Vo

where the mode functions have been separated into the form

/ d3k [¢k(t)ei~'£a2 - '(,b}‘;(t)e”“;'fak] (4.1.9)

1

v 271'3

and k is the conformal momentum of the modes? which is related to the physical mo-
mentum of the modes, 7, by the Robertson-Walker scale factor®

Pr()e*?, (4.1.10)

Up, (f, t) =

L 1=
1
d¥p= *k. 4.1.12
p aS(t) d’k ( )
Substituting (4.1.9) into (4.1.8) gives
U(t) + 3Hy(t) + H2k2e 2Hbp (1) = 0 (4.1.13)

as the equation of motion for the mode functions, 1 (t).* This can be solved in closed
form which is done in Appendix C.7. The solution is

Pr(n) = @H n3 [Cl(k) HE), (kn) + ca(k) Hff/g(;m)] (4.1.14)

where 7 is the conformal time co-ordinate, Hg}Q are the Hankel functions of the first and

second kind of order 3/2, and the solution is normalized by requiring ler]? = oo = 1.3

2From (4.1.9) we see that E is in radians per co-ordinate interval not radians per physical length which
is why E is called “conformal.”

3Not to be confused with the annihilation operator, ay.

“Compare to [60, equation (7.3.5)] and note that Linde is using an a(t) that is dimensionless.

5The normalization condition arises from demanding that each particle have unit probability of being
found somewhere on any given space-like hyper-surface and, therefore, for the divergence of its four-
current to be 0.
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