Chapter 3
Quantifying the Effects of Dissolved Nitrogen and
Carbon Dioxide on Drying Pressure of Hydrophobic

Nanopores!

Chapter summary

The effects of a dissolved gas on the behavior of liquid in cylindrical nanopores were
investigated in the framework of Gibbsian composite-system thermodynamics and classical
nucleation theory. An equation was derived relating the phase equilibrium of a mixture of a
subcritical solvent and a supercritical gas to the curvature of the liquid—vapor interface. Both
the liquid and the vapor phases were treated nonideally, which was shown to be important for
the accuracy of the predictions in the case of water with dissolved nitrogen or carbon dioxide.
The behavior of water in nanoconfinement was found to be only affected when the gas amount

is significantly more than the saturation concentration of these gases in atmospheric conditions.

! Reproduced (including Appendix A), with minor changes, with permission from H. Binyaminov and J. A. W.
Elliott. Quantifying the Effects of Dissolved Nitrogen and Carbon Dioxide on Drying Pressure of Hydrophobic
Nanopores, J. Chem. Phys. 158, 204710 (2023). https://doi.org/10.1063/5.0146952 © 2023 American Institute of
Physics.
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Assuming a flat pore mouth surface, it can be calculated as AP* = 2¢V sin Ocq /Rp, Where

O'L

V is the surface tension of the liquid—vapor interface. This means that the inequality AP <
AP* should be satisfied for the vapor phase to stay confined in the pore.

It has been experimentally confirmed [71,72,118,119] that the capillary pressure
required to force the liquid into an initially dry pore (initially, the pressure is zero inside the
capillary) is well described by Laplace’s law of capillarity:

20 cos 0,

Pt = = ——— (-1

where Py, is the required intrusion pressure, and 6, = 6,4 is the advancing contact angle.
Notice that a positive intrusion pressure is required if the solid is nonwetting (i.e., if 8¢q >

90°).
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the saturation concentration at P;,¢. We consider three pore sizes: R, = 1, 1.5, and 2 nm; three
contact angles: 6. = 110, 120, and 130°. These are the typical sizes of the pores and the
typical contact angles of the materials used in the experiments. The advancing contact angle,
6., used to calculate the intrusion pressure is taken to be equal to the equilibrium contact angle,
Beq- This choice does not affect the results because slight incorrect estimation of the intrusion
pressure, which is only needed to estimate the gas concentration, is compensated for by varying
the gas concentration independently around this saturation value. The temperature is fixed at
T = 323.15 K (to avoid subcriticality and potential error in the phase description of carbon
dioxide below its critical temperature of 304.13 K).

The interfacial tension of liquid with vapor is taken to be constant and equal to the
surface tension of pure water at T = 323.15 K (6-V = 0.068 ]/m?). Studies on the effects of
dissolved gas have shown that the water surface tension is lower when the gas is present (as
low as oV =0.030]/m? for dissolved carbon dioxide at high pressures) [14,127]. The
adsorption of the gas at the solid-liquid interface would also decrease the solid—liquid
interfacial tension with both changes in o5* and o'V affecting the contact angle. Assuming
these effects are comparable in size, the inclusion of only one of them is expected to give worse
predictions compared to if both effects are neglected. Quantifying these effects is beyond the
scope of this chapter, with only the former effect being well-documented in the
literature [14,127] (and not at the nanoscale), we will assume that, in the presence of the gas,
the interfacial tension of the liquid—vapor interface and the contact angle are equal to those of
for pure water.

Assuming a localized nucleus, the free-energy plots [calculated using Equation (3-2)]
are given in Figure 3-4 for 6.4 = 110°, in Figure 3-5 for 6,4 = 120°, and in Figure 3-6 for
Heq = 130°. Only the region up to the transition to the two-disjoint-spherical-caps geometry
is shown. The intrusion pressures are calculated using Equation (3-1) for each pore size and
contact angle combination. In these three figures, each row of plots is for a different pore size,
whereas the columns are for different liquid pressures. For each plot, the x-axis is the volume
of the nucleus in nm3, and the y-axis is the energy in units of kgT. The AB = 35 kgT limit is
shown by the horizontal solid black line on each subplot for visual reference. The green lines

correspond to the pure-water case, while the orange lines are for nitrogen dissolved in water,
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and the light blue lines are for carbon dioxide dissolved in water. The lines are solid for S = 1,
dashed for S = 2, and dotted dashed for § = 0.5. All curves are highlighted in red around the
critical volume and the corresponding free-energy barrier, indicating an unstable equilibrium
in all cases. Overall, the presence of gas is seen to decrease the free-energy barrier significantly
in most cases: the higher the gas concentration the easier it is to nucleate. This is because of
the increased vapor pressure in the presence of the gas.
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Figure 3-4. Free-energy plots for 8.4 = 110° at different pore radii, liquid pressures, and
saturation ratios. The temperature is fixed at T = 323.15 K. The green lines are for pure water,
the light blue lines are for water with dissolved carbon dioxide, and the orange lines are for
water with dissolved nitrogen. Each row of subplots is for a different pore radius, while the
columns are for different liquid pressures. The solid lines are for S = 1, the dashed lines are
for S = 2, and the dotted dashed lines are for S = 0.5. The horizontal solid black lines
represent AB = 35 kgT for visual reference. All curves are highlighted in red around the
critical volume and the corresponding free-energy barrier.
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concentration in the pore was straight forward. Then, they calculated the gas concentration in
the bulk using the ideal Henry’s law and added the extra gas concentration to the pore gas
concentration. Since the pore volume and the pressure data are reported in reference [121], we
could recalculate the extra gas concentration using the nonideal model and determine the gas
concentration in the pore more accurately. At the highest gas concentration, we found that our
result is ~16% lower than the reported value calculated with the ideal Henry’s law.

The results are summarized in Figure 3-10 for 10° simulated pores (a large number for
smoother curves and reproducibility) sampled from the fitted distribution. In panel (a), the
simulated intrusion—extrusion cycles are shown. The x-axis is the normalized volume change
of the system, AV /AV,,.x, Where AV is the magnitude of the volume change of the system. The
black line is the intrusion curve, the green line is the extrusion curve for pure water, and the
orange lines are the extrusion curves for water with dissolved nitrogen. The solid orange line
is for x, = 1.518 x 1073, the dashed orange line is for x, = 1.055 X 1073, and the dotted
orange line is for x, = 7.695 X 10~*. These values are the concentrations of nitrogen in the
confinement as recalculated here using the data from reference [121]. In panel (b), the
simulated results (blue curve) are compared with the experimental results (green and orange
squares) in terms of the percentage of the total intruded pore volume recovered at the end of
the extrusion. Note that, in the experiments, the minimum pressure reached at the end of
extrusion was atmospheric, which is shown by the horizontal black dashed line in panel (a)
(precise value not reported; assumed to be 1atm). We treated the line tension, 7, as an
adjustable parameter. A constant value of T = —4.4 X 10711 J/m was chosen to best fit the
experimental data in terms of root-mean-square deviation from the reported data for the portion
of the recovered volume. This value of the line tension is reasonable and within the range of
the previously published results for pure water in hydrophobic nanopores [67,71,118,195].

In Figure 3-10 (b), it is seen that the simulated line does not exactly go through all
experimental points, but it is close and follows a similar trend. One of the reasons for the
deviation could be the accuracy of the reported data and the inherent uncertainties due to the
lack of experimental detail. Note that the results in reference [121] are given without isolating
the volume change purely due to the intrusion and extrusion of solution in and out of the
nanopores from other effects, such as the volume change due to the compressibility of the test

chamber and the compressibility of the solution itself. That such effects are important is
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Figure 3-10. Summary of the simulated experiments based on data from Li et al. [121]. (a)
simulated intrusion—extrusion cycles where the x-axis is the magnitude of the normalized
volume change of the system, AV /AV,,,.x. The black line is the intrusion curve, the green line
is the extrusion curve for pure water, and the orange lines are the extrusion curves for water
with dissolved nitrogen at the recalculated experimental gas concentrations. Note that air was
used in the experiments, which is modeled here with nitrogen. The solid orange line is for x, =
1.518 x 1073, the dashed orange line is for x, = 1.055 X 1073, and the dotted orange line is
for x, = 7.695 x 107*. The vertical black dashed line shows the maximum intruded volume
at peak pressure (0.92). The horizontal black dashed line shows the minimum extrusion
pressure in the experiments (1 atm). (b) comparison of recovered nanopore volume at the end
of the experiments when the pressure was brought to 1 atm (green square: pure water, orange
squares: water with dissolved air) with the simulated results (blue line). All calculations were
done for 0, = oq = 120°, T = 298.15K, 7 = —4.4 x 10~ J/m, ¢V = 0.072 J/m?, and
AB. = 35kgT. See the main text and Appendix A for more details.

3.8 Conclusion

In this chapter, we used Gibbsian composite-system thermodynamics with classical
nucleation theory to study the effects of dissolved nitrogen and carbon dioxide on the behavior
of water in hydrophobic cylindrical nanopores open at both ends. For this purpose, we derived
an equation relating the nonideal chemical equilibrium of a mixture made of a subcritical
solvent and a supercritical gas to the curvature of the liquid—vapor interface. The role of the
confinement geometry on drying pressure of a nanopore was highlighted. To summarize, in a
cylindrical pore, the surface of the energy-minimizing nuclei can be either negatively or
positively curved. It is due to this shape that small pores can empty at high liquid pressures.
Following previous works, we used Surface Evolver to calculate the nontrivial nucleus
geometry. Unlike previous studies, the possibility of symmetric nuclei as part of the nucleation

path was ruled out based on physical arguments.
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Chapter 4
The Role of Geometry on the Ease of Solidification

Inside and Out of Cylindrical Nanopores!

i Ty Py

Chapter summary

We investigated the role of a nanoporous particle on the formation of macroscopic solid
in the framework of equilibrium thermodynamics and from the free-energy perspective. The
model particle has cylindrical pores with equidistant circular openings on the particle surface.
We focused on two potentially limiting steps: (i) the solid nucleation from liquid inside a single
pore and (i) the bridging of multiple pores on the particle surface via vapor deposition. We
examined the nucleation near the liquid—vapor meniscus inside a pore by considering different
solid—vapor and solid—pore wall contact angles, as well as the liquid—vapor meniscus angles.
For bridging, we quantified the effects of the proximity of neighboring pores and the number
of participating pores where we considered two or three pores, placed two different distances

apart, and three contact angles of the solid with the particle surface. Except in special cases for

! This chapter and Appendix B of this thesis, with minor changes, have been submitted for publication as H.
Binyaminov and J. A. W. Elliott, The Role of Geometry on the Ease of Solidification Inside and Out of Cylindrical
Nanopores.
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which an analytical solution could be developed, we determined the equilibrium nucleus and
bridge shapes numerically using the Surface Evolver code. The geometry of these equilibrium
shapes was the key for correctly calculating the energy barriers. Our results indicate that the
meniscus angle can be an important factor in reducing the barrier for nucleation if the internal
angles of the solid nucleus satisfy a certain criterion. For the solid growth out of the pores, we
found that the barriers were significantly lower in the presence of multiple, closely packed
pores compared to the growth from a single pore. This chapter is deliberately written with no
reference to material properties or a specific process to highlight the generality of geometry-
controlled barriers. A direct application where our findings can be particularly valuable is the
ice formation in clouds, which is the subject of intensive research in atmospheric sciences for

its role in influencing precipitation patterns and hence the climate.

4.1 Introduction

Solid formation from liquids in confinement has been extensively researched starting
with experiments as early as the beginning of the 20th century, followed by an exponential
growth in the number of articles over the past few decades, thanks to the ability to now image
nanoscopic phenomena, make porous materials of desired characteristics in the lab, and access
to advanced computational tools such as atomistic simulations. The interest in these systems
stems from their abundance in nature as well as a plethora of technological applications.
Consequently, there are many theoretical, experimental, and simulation works in the literature
focusing on solid-liquid phase behavior in various confinements. Excellent reviews on this
topic can be found in references [58], [34], and [1]. Although the general effects of
confinement on phase transition have been well established, the influence of geometrical
features of porous media have stayed somewhat elusive. We discuss below some of the more
recent articles regarding the role of geometry, which have been the inspiration for our analysis
presented in this chapter. With water being, by far, the most studied fluid in literature due to
its importance, the majority of works mentioned here deal with water—ice systems.

The molecular simulation work of David et al. [38] showed that the pore condensation
and freezing process is responsible for ice nucleation in the presence of porous particles and
below water saturation. Using model porous particles with cylindrical pores in atmospherically

relevant conditions, they concluded that water vapor first condenses in the pores, and then
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freezes homogenously. However, the ice in the pores remained confined unless vapor pressure
was substantially increased, in which case the neighboring pores bridged and grew into
macroscopic ice on the particle surface. The same particle with a single ice-filled pore, or with
no pores did not grow bulk ice at the same conditions during the simulation time. Later,
experiments of David et al. [37] supported the ice nucleation via the pore condensation and
freezing mechanism and showed the importance of the pore size, water contact angle, and
surface functionalization. The researchers also observed solid nucleation above the
homogenous nucleation temperature of ice, which they attributed to the presence of so-called
active sites and/or to the effect of the surface functionalization. In another study, Campbell et
al. [27,28] experimentally investigated solid formation from water [27,28] and organic
vapors [28] inside and out of mica pockets with sharp wedges. By directly imaging the
crystallization within the pockets, they demonstrated that the acute angle of the pocket provides
extremely efficient nucleation sites. After the condensation of the liquid, the solid phase first
formed along the apex of the wedge and then proceeded to grow out of the pockets, if a
threshold vapor pressure was achieved. In the case of ice [27], the limiting step for bulk solid
formation was not the nucleation of the solid within the pockets but rather the growth of the
solid out of the pockets.

Molecular simulations of Bi et al. [13] with a coarse-grained water model revealed that
atomically sharp concave wedge geometries made of carbon can promote ice nucleation, with
or without a match between the wedge angle and the ice lattice structure. In a different study
by the same group, Cao et al. [30] observed temperature-dependent simultaneous ice formation
in hydrophobic slit pores and sharp wedges. In simulations with the wedges, the formation of
ice started at the intersection line of the wedge walls (i.e., at the wedge apex). Roudsari et
al. [175] performed similar simulations with model Agl pores, but they also used an atomistic
model of water in addition to the coarse-grained model. They found that, besides the effect of
the confinement, the ice nucleation efficiency of the slit and wedge pores depends on the
geometrical match between the slit width, wedge angle, and ice lattice structure. Furthermore,
a small amount of ice remained in the wedge apex even above the melting point of ice in their
simulations. They also demonstrated the inability of ice to grow out of the slit pores unlike for
the wedge shapes. While most of the findings of Roudsari et al. [175] were consistent with the

conclusions of Bi et al. [13] and Cao et al. [30], the discrepancies were attributed to the
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accuracy levels of the models used and the strong lattice match between Agl and ice compared
to that between carbon and ice. Another finding in favor of geometry-dominated heterogenous
ice nucleation was provided by Wang et al [200]. Their experiments with microscopic
kaolinite particles—a material whose basal plane has a good lattice-match with ice—showed
the emergence of ice crystals from the rough features (pits, cracks) on the particles rather than
from the smooth basal planes of the particles.

Experiments have also shown solid-like behavior in a nanomeniscus above the bulk
melting point of the solid. For example, Jinesh and Frenken [100] used an atomically sharp
tungsten tip with a friction force microscope and scanned over a graphite surface. They found
that water condensation between the tip and the surface and the subsequent formation of solid
at ambient temperature was responsible for the observed stick-slip motion of the tip during the
scanning. Using spherical noble-metal particles in contact with one another, Shin et al. [187]
demonstrated the existence of ice-like water near the contact points of the spheres in ambient
conditions. This behavior seemed to be unaffected by the temperature, material type, particle
size, and particle shape. In another study, by high-resolution imaging, Algara—Siller et al. [2]
reported “square-ice” at room temperature in samples of water trapped between two graphene
monolayers. Molecular simulations in the same work indicated that “square-ice” should be
present in any water inside hydrophobic nanopores, independent of the exact nature of the
confining atoms.

The role of the liquid—vapor interface in the formation of a solid phase has also been
the subject of many studies. For example, Haji-Akbari and Debenedetti [75] used a molecular
model of water to study the influence of the liquid—vapor interface on ice nucleation in free-
standing thin water films (4 nm in thickness). Since the liquid—vapor interfaces were flat,
curvature effects were not present. The authors observed seven orders of magnitude increase
in the ice nucleation rate compared to the bulk nucleation rate at the same conditions with the
ice nuclei starting in the subsurface regions of the film. Interestingly, the opposite trend was
observed by the same [76] or different researchers utilizing computationally less expensive
coarse-grained water models. For example, molecular simulations by Rosky et al. [171] of
water bridges confined between two hydrophilic walls with varying separations and well-
defined liquid—vapor interfaces showed no preference for the nucleation of ice at the meniscus.

In fact, the nuclei avoided the immediate vicinity of the interface and primarily formed near
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the walls. The predominant role of the meniscus in this study was to create a negative pressure
in the liquid, which facilitated an increase in nucleation rate. Simulations with a coarse-grained
water model by Moore et al. [143] in hydrophobic, filled cylindrical nanopores and by
Solveyra et al. [66] in hydrophobic or hydrophilic, partially-filled cylindrical nanopores
showed no evidence for heterogenous nucleation. In all cases, ice formed away from the
interfaces in the bulk-like regions of the liquid. In a recent study, Hussain and Haji-Akbari [95]
used a modified version of the coarse-grained model, which had surface propensity for
nucleation. Using this model, they investigated ice nucleation in water films of varying
thickness attached to flat solid substrates. They found that when the liquid—vapor interface was
close to the substrate (i.e., thin film; ~1 nm), the nuclei formed as hourglass shapes connecting
the substrate surface and the free surface of the liquid. When the film thickness was larger
(~3 nm), however, the nuclei formed on the surface of the substrate as spherical caps. This
topological change in the nucleus shape was partially responsible for the observed several
orders of magnitude increase in the ice nucleation rate in the thinner films.

Overall, these problems, at least to some extent, seem to be amenable to the framework
of classical heterogenous nucleation theory with a single reaction coordinate (nucleus volume).
To that end, Bai et al. [7] experimentally probed the critical ice nucleus size by including
graphene nanoparticles of different sizes in supercooled water droplets. They found that, if the
nanoparticles are smaller than a certain, temperature-dependent size, then the pinning of the
ice nucleus around the periphery of the particles results in suppression of the nucleation instead
of promotion observed for larger particles—consistent with the predictions of classical
nucleation theory. Furthermore, formation of a new phase at the three-phase contact lines (i.e.,
nucleation of a third phase at the intersection line of two phases and the confining wall) or in
the corners of a fixed confinement geometry, and even the barrier-limited growth from the
confinement into the bulk seem to be generic features of any system capable of criticality. For
example, simulations of Sear [181] with a three-spin system (three-state Potts model) in a two-
dimensional box showed orders of magnitude increase in the nucleation rate at the three-phase
contact line compared to nucleation in the bulk or heterogenous nucleation. In a similar study
by Page and Sear [156], the new phase of a two-spin system started in the concave corner of a

two-dimensional square well, and the growth of the new phase out of the well required
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overcoming a second energy barrier. Based on nucleation theory, the authors argued that these
findings equally translate to more complex systems such as ice or protein nucleation.

Our work here aims to provide insights, from the equilibrium thermodynamics
perspective, for the role of (i) liquid—vapor meniscus angle on the solid nucleation inside
liquid-filled cylindrical nanopores and (ii) the pore numbers and proximity on the ease of
growth of the solid out of the pores. Equilibrium thermodynamics has been previously used by
our group to investigate similar systems, such as the stability of liquid capillary bridges and
three-phase lenses [15,43], new phase formation in various geometries [17,215,217], and
stability of surface nanobubbles [218], among others. The first part of this study was motivated
by the growing literature providing evidence for the preferential solid nucleation in wedges as
well as near the liquid—vapor interface, some of which have been referenced above. The second
part of this study was mainly motivated by the simulation work of David et al. [38], where the
authors argued that pore proximity plays an important role in the formation of bulk solid out

of the pores.

4.2 System definition and free energy

A schematic description of the pore condensation and solidification process is given in
Figure 4-1 (a). Initially, a dry porous particle exists in a vapor environment. The model particle
is assumed to contain locally equidistant cylindrical nanopores with the same pore radii, Rp,
that have circular openings on the particle surface. The pore lengths are assumed to be much
larger than their radii, hence, they can be assumed to be infinitely long for our purposes. The
distance between the central axes of the pores is [. The particle surface is assumed to be flat in
the neighborhood of a collection of a few pores. The mechanism by which the porous particle
facilitates bulk solid formation has the following three stages: (I) condensation of liquid into
the pores, (II) solidification of the liquid in the pores, and (III) formation of bulk solid. Stage
() takes place due to the (inverse) Kelvin effect, and it has been thoroughly studied in the
literature [85,112,141,209,211]. Stage (II) starts with the nucleation of a solid, which then
grows to fill the entire pore. Similarly, in Stage (III), individual solid-filled pores should first
bridge—possibly a barrier-limited step, which is then followed by growth. In this chapter, we

study, from the free-energy perspective, first, solid nucleation inside a single pore at the liquid—
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vapor meniscus, and then, solid bridging of multiple pores. Nonequilibrium growth of the solid

in both Stages (II) and (III) is not discussed.
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Figure 4-1. Descriptions of the systems and processes of interest in this work: (a) schematic
depiction for the pore condensation and solidifcation process, (b) system defintion for the solid
nucleation at the liquid—vapor meniscus, and (¢) system definition for the solid bridging of the
pores. See the text for more details.

4.2.1 Solid nucleation at the meniscus

We consider nucleation of a solid phase in contact with the pore wall and the liquid—
vapor interface (meniscus), i.e., at the three-phase contact line. We assume that, because the
flux of molecules from the vapor into the solid phase can be shown to be negligible compared
to that from the liquid in the pore, the shape of the meniscus does not change upon the
formation of the nucleus. In other words, the liquid—vapor interface is treated as fixed during
this nucleation, which has been found to be the case for freezing of small domains of liquid
water in molecular simulations [93,101,128]. This also means that our findings would equally

apply if, instead of vapor, we had a fixed sphere (with potentially different chemistry than the
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pore wall) that blocks the pore. We will refer to this phase as vapor and the interface as the
meniscus throughout this chapter, although the thermodynamics would be the same if the vapor
phase were to be replaced by a fixed immiscible sphere.

The hypothetical equilibrium state of the system is schematically depicted in Figure
4-1 (b). The reference state is chosen to be the liquid-filled pore at equilibrium with the vapor
at the end of Stage (I). The system with the nucleus is described by the pore radius, Ry, the
meniscus angle, a, the solid—liquid—vapor contact angle, 3, the solid—liquid—pore wall contact
angle, ¢ (all angles measured through the solid), and the nucleus volume. The pore is assumed
to be infinitely rigid and insoluble. The system is allowed to exchange mass, energy, and
volume with the vapor phase, which acts as a reservoir; that is, its chemical potential ,ux,
temperature Ty, and pressure P}| stay constant during the nucleation. However, because the
nucleus volume is negligible compared to the bulk liquid volume in the pore, the volume
change due to the difference in the densities of solid and liquid is assumed to be negligible
upon nucleation. This leads to a system in the uV'T ensemble for which, following the increase-
of-entropy principle for a spontaneous change around equilibrium subject to constraints, the

system free energy with respect to the reference state can be found as [15,43,202,215]

ABpye = =05tk Visie + oStASE  — oSt cos BASY. — oSt cosp ASE. (4-1)
where kp, ¢ 1s twice the mean curvature of the solid—liquid interface of the equilibrium nucleus
with the unit normals of the surface pointing from the solid to the liquid (simply curvature
hereafter). o5" is the interfacial tension between the solid and the liquid. ASL ., ASV ., and ASP.
are the areas of solid-liquid, solid—vapor, and solid—pore wall interfaces, respectively.
Equation (4-1) can be put in a dimensionless form by dividing both sides by RgaSL yielding

AByue = —KnucViuc + AR — cos B ARc — cos ¢ AR (4-2)
where AByye = ABnuc/RE0", Vive = Vituc/R3: Kiwe = KnucRp, Adtic = ARic/R3, ARvc =
ApVie/R3, and A}l = Aqnc/R3. Furthermore, we denote the energy of an equilibrium nucleus

by AB;,c, which is obtained when the volume and areas of an equilibrium nucleus are used in
Equation (4-2). In general, we denote the quantities corresponding to an equilibrium state by a

superscript asterisk.
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For solid-liquid equilibrium, the curvature, k;,,,, is dictated by the well-known Gibbs—
Thomson equation [45,46], which relates the degree of undercooling, AT, to the curvature of

the solid—liquid interface:

L,,S

= s
kpuco>v

— V _
AT—Tm—TH —m

(4-3)

where T}, is the melting point of the solid at the pressure of the liquid inside the pore, v® is the
molar volume of the solid, and s" and s5 are the molar entropies of the liquid and the solid,
respectively. Equation (4-3) shows that, for a given pore, setting the temperature, Ty, is
equivalent to setting k;,.. Therefore, for a comparative analysis, it is natural to investigate
how the dimensionless free-energy barrier depends on the angles, @, 8, and ¢ for a fixed k..

We emphasize that, Ty, in Equation (4-3) depends on the liquid pressure in the pore,
which is dictated by the Laplace pressure due to the curvature of the liquid—vapor
interface [171]. Consequently, it is a function of the meniscus angle «. This dependence is
complicated mainly because it is determined by the properties of the liquid as well (e.g., the
slope of the solid—liquid equilibrium line in the phase diagram). For this reason, we assume
that T, is independent of a. This simplification lets us isolate the direct effects of geometry

alone on the energy barriers, which is our goal here.

4.2.2 Bridging of the pores

Once sufficient time has passed and all the pores have frozen at the end of Stage (II),
the system reaches a new equilibrium state where each pore has a spherical solid cap pinned at
the pore mouth. This state can be shown to be metastable or stable. For generality, we assume
that the intensive properties of the reservoir may have changed, and that they take the new
values of ufy;, Tf;, and P{;. The curvature of the spherical caps at the pore mouth is dictated

by the (complete) Kelvin equation [41], written for the vapor—solid equilibrium:

\
fr = —2 | pry i (200) _ys(py — p,) (4-4)
cap — pSgSV 111 P, III o)

where Eéap = 2R, /Rc,p 1s the dimensionless curvature of the equilibrium cap with R, being
the radius of the cap, R is the universal gas constant, P, is the saturation vapor pressure with
respect to solid across a flat interface at T}y, and o5V is the interfacial tension of the solid—

vapor interface. We are only interested in scenarios where the vapor properties are such that it
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can be in equilibrium with a cap with positive curvature (i.e., convex, protruding into the

vapor). This limits the range of E;ap to 0< E;ap < 2, for the following reasons: If the
conditions are such that Eéap < 0, the solid—vapor interface is concave (i.e., depressed into the

pore) so it cannot grow out of the pores because no negatively curved solid geometry is possible

*

outside of the pore on a flat substrate. If Izcap > 2, the pinned caps are no longer equilibrium
shapes so the solid is expected to grow out of the pore spontaneously without a barrier. The
latter case will be shown by free-energy analysis in section 4.5.2.

The ease of formation of the bulk solid beyond the pore mouths depends on the growth
path and the corresponding free-energy barrier. One often-studied scenario is the growth from
a single pore where the barrier is calculated by following a path of a sequence of spherical caps
(first pinned, then not pinned). This is a reasonable assumption if the distance between the
neighboring pores is large. If, however, the distance between the neighboring pores is
comparable to the size of the pores, then the possibility of bridging of the pores should be
considered because these shapes might provide energetically more favorable growth pathways.
An example schematic of such a bridging scenario is depicted in Figure 4-1 (c). The bridging
is characterized by the number of pores participating, n [in Figure 4-1 (c), n = 2]; the radii of

the pores, Rp; the distance between the pore centers, [; the solid—porous particle surface—vapor

contact angle, 8 (measured through the solid); and the volume of the entire shape above the
plane of the particle surface.

Similarly to the nucleation at the meniscus, following the increase-of-entropy principle
for a spontaneous change around equilibrium subject to constraints, we can arrive at the free
energy, ABy., for the bridging of n pores by the formation of solid from the

vapor [15,43,202,215]. In a dimensionless form, the free-energy equation can be written as

AByyi = AByyi/R305V = —kiy Vi + (Apy; — n) — cos 0 AQr; (4-5)
for which the reference state is chosen as the state where n number of pores are covered with
flat disks of solid at the pore mouths at the same conditions (i.e., same chemical potential of
the solid). This is a convenient reference state because the volume and solid—pore wall area
above the particle surface plane are zero, hence the nondimensional free energy of the reference

state is simply nm. Note that the reference state does not need to be an equilibrium state. In

Equation (4-5), ks = kpriRp with ky; being twice the mean curvature of the equilibrium
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bridge with the unit normals of the surface pointing from the solid to the vapor (simply
curvature hereafter), and since the bridge forms at the same conditions, kj,; = Eéap. That is,
the curvature of the equilibrium bridge is also dictated by the solid—vapor equilibrium through
Equation (4-4). V5; = Viri/R305V is the dimensionless volume of the shape above the plane
of the particle surface, Ap%; = A3Y: /RSUSV is the dimensionless area of the solid—vapor
interface, Ajr; = ASY:/ R305V is the dimensionless area of the solid—particle surface interface
(i.e., the flat part of the shape covering the particle surface).

Similarly to the nucleation inside the pore, we denote the dimensionless free energy of
an equilibrium bridge by AB;,;, which corresponds to using the volume and areas of an
equilibrium bridge in Equation (4-5). We also denote the quantities corresponding to an
equilibrium state by a superscript asterisk when studying bridging. Furthermore, we define the
dimensionless distance between the pores as [ = 1/ R,. Since setting the temperature, T}, and
the vapor pressure, Py, for a given pore is equivalent to fixing Egri through Equation (4-4), it
is natural to compare the energy barriers for different values of parameters, n, I, and 6 for a

fixed k..

4.3 Methods

The volumes and areas in Equations (4-2) and (4-5) need to be quantified to compute
the free energies of nuclei and bridges, respectively. To that end, we use the Surface Evolver
(SE) code [21,22] to find the nontrivial equilibrium geometries. Surface Evolver is an open-
source software designed for complex variational problems involving surface and other forces
(e.g., gravity). The surfaces in SE are discretized and represented by a union of triangles,
including their edges and vertices. The equilibrium shapes are calculated by first providing a
rough mesh of the expected shape (e.g., a cube to represent a sphere), which is then refined
and moved towards the minimum-energy shape by the built-in gradient descent or conjugate
gradient methods. Constraints can be put on the system such as the conservation of the volume,
and fixed boundaries can be used with specified contact angles. For stability and to reduce the
computational cost, the portions of the shape to be evolved that lie on the constraints are
omitted and replaced by appropriate compensating integrals. The details of SE calculations

used in this chapter are given in Appendix B.
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where f' = df/dx and y; = dys/dx. Substituting Equation (4-10) directly into Equation
(4-12) and taking the derivative of Equation (4-7) and then substituting into Equation (4-12),
Equation (4-12) can be numerically solved for x,. Once x,, is found, ys(x,) can be found from

Equation (4-7), and since f(xy) = ys(x,), this leads to

dx + ys(xo) (4-13)

g
fx) = fx oﬁ

Substituting Equation (4-11) into Equation (4-13) and integrating it numerically, we
obtain f. We use MATLAB’s (v. 2023a, Natick, MA, USA) built-in symbolic solver
vpasolve() and integrator vpaintegral() for this problem.

The geometries in all the remining cases (i.e., asymmetric nuclei and all cases of
bridges) are calculated numerically with SE.

The rest of the chapter is organized as follows: In section 4.4, we summarize all the
cases considered in this work, give examples of the nucleus and bridge shapes, and discuss
their features. In section 4.5, using the results of the geometry calculations, we determine the
minimum-energy nucleation and bridging paths and calculate the energy barriers for nucleation

and bridging. In section 4.6, we summarize the main findings of this study.

4.4 Results: Geometry

In this section, we discuss different nucleus and bridge geometries, analyze their

features, and give examples.

4.4.1 Geometry of nuclei at the meniscus

For the nucleation at the meniscus, we consider three meniscus angles: @ = 5, 30, and
60°, three solid-liquid—vapor contact angles: f = 45, 90, and 135°, and three solid—liquid—
pore wall contact angles: ¢ = 45, 90, and 135°. All cases studied in this work for the nucleus
angles are listed in Table 4-1. The remaining columns of Table 4-1 will be discussed later in
the chapter.

Table 4-1. Summary of all cases considered for nucleation at the meinscus.

o o o Nucleus | =, ~ ~
o ( ) ﬁ ( ) (P ( ) type knuc,maX I/;1suc,max Vnsuc,tran NOtGS
5 45 45 sym —1.2371 | 1.9647 1.8896
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5 45 90 sym | 0.3555 | 1.3639 | 1.2989
5 45 135 | asym-l - 145 | 1.0928
5 90 45 sym | —0.7045 | 2.4968 | 2.3067
5 90 90 asym-1 — 2.5 1.8154 | Figure B-1
5 90 135 asym-2 — 3.15 2.7874
5 135 45 asym-1 - 4 2.7690
5 135 90 asym-2 - 3.8 3.0953
5 135 135 | asym-2 - 3.7 3.3814
30 45 45 sym | —1.2213 | 1.7451 | 1.6694
30 45 90 sym | 0.4494 | 1.1460 | 1.0804
30 45 135 | asym-1 - 155 | 1.0409
30 90 45 sym | —0.5858 | 2.2939 | 2.0994 Eﬁﬁﬁiﬁ
30 90 90 asym-1 - 245 | 1.7602 Egﬁigj:g
30 90 135 | asym-2 - 3 2.6237
30 135 45 asym-1 - 3.9 2.7193
30 135 90 asym-2 - 3.75 | 3.0310
30 135 | 135 | asym-2 | - 37 | 33685 Egﬁiig
60 45 45 sym | —1.1548 | 1.3858 | 1.3057
60 45 90 asym-1 - 1.1 0.7537
60 45 135 | asym-1 - 1.05 | 0.8975
60 90 45 asym-1 — 2.45 1.6502
60 90 90 asym-1 - 215 | 1.6724
60 90 135 | asym-1 - 245 | 2.0708
60 135 45 asym-1 — 4 2.7367
60 135 90 asym-1 - 3.4 2.7191
60 135 135 | asym-2 - 3.65 | 3.3045

(@)

symmetric nucleus: if ¢ + f + ¢ < 180°
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Depending on the angles, three qualitatively different nucleus types were identified:




(i1) asymmetric nucleus of type 1: ifa + f + ¢ > 180°and f + ¢ — a < 180°
(i11)  asymmetric nucleus of type 2: ifa + f + ¢ > 180°and f + ¢ — a > 180°

These nucleus types are separately discussed below.

4.4.1.1 Symmetric nucleus

As mentioned, when a + f + ¢ < 180°, the nucleus forms as a symmetric shape
around the pore axis at the three-phase contact line, and the nucleus shapes in this case are
calculated analytically.

It was found that the analytical method yields one solution when —oo < ki <
—2cos¢ and two solutions when —2cos@ < ki < Kfucmaxs Where Kiucmax iS a
numerically determined constant (for every given set of angles satisfying @ +  + ¢ < 180°)
above which no solution exists. Furthermore, each combination of angles allows a maximum
volume of the nucleus, which we denote by Ileuc’maX. These constants for the symmetric case
are given in Table 4-1. Note that the point of maximum curvature and the point of maximum
volume do not coincide.

Example solutions of the symmetric nuclei for angles ¢ = 30°, § = 90°, and ¢ = 45°
are given in Figure 4-3. Two-dimensional slices of the nuclei geometry are shown for four
different k}:,.’s in Figure 4-3 (a). Here, the small, blue-shaded area in the left-most panel of
Figure 4-3 (a) is a solution from the range where only one solution is possible with k. = —2.
The orange-shaded areas in the second panel are for k', = —1.414 (just above —2 cos ¢) for
which there are two solutions, shown in dark and light orange, respectively. Note that one of
these solutions—the larger light orange area—almost represents a spherical cap (deviations are
not noticeable in the figure). If k};,,. is exactly —2 cos ¢, one solution would be practically the
same as the dark orange region together with infinitely many spherical cap solutions spanning
the pore length and all having the same spherical solid-liquid interfacial area but different
volumes and solid—pore wall interfacial areas. The areas and volumes of these shapes are easily
calculated using the formulae for a spherical cap and will be important in section 4.5. Another
set of solutions is given in the third panel in yellow for k,c = —1.0732, the larger of which

corresponds to the maximum possible nucleus volume, V3¢ max. Note that in the second and

third panels of Figure 4-3 (a), the light-colored areas contain the smaller, dark-colored areas as
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well. Finally, the purple-shaded area in the right-most panel represents the two overlapping
solutions corresponding to E;uc’max.

In Figure 4-3 (b) and (c), the energy of the equilibrium shape, AB},., is plotted vs. the
curvature, k¢, and equilibrium volume, V3%, respectively. In Figure 4-3 (d), k. is plotted
vs. V55 In panels (b), (c), and (d), the points corresponding to the solutions in Figure 4-3 (a)
are shown with the same color. Note that, in these plots, each point corresponds to a different
value of k}\,., hence, different equilibrium. Therefore, the extrema on these plots do not have
stability meaning. Other combinations of angles with a + f + ¢ < 180° yield qualitatively
similar results to what is illustrated in Figure 4-3.

We note that the analytical method used for calculating the symmetric nucleus
geometry takes k. as an input and finds the stationary points of the energy. Surface Evolver,
on the other hand, is a numerical tool that uses gradient descent to find the minimum of the
energy, and it was run with 35 as the input for stability. Hence, the high-energy branch
between the yellow and orange dots in Figure 4-3 (c¢) [and the corresponding portions of the
plots in panels (b) and (d)] would not be accessible with SE. However, we will see in section

4.5.1.1 that this branch cannot be a part of the nucleation path anyway.
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Figure 4-3. Examples of the symmetric nuclei at the meniscus. (a) 2D views of some symmetric
nuclei solutions. (b) Energy vs. curvature plot. (c) Energy vs. volume plot. (d) Volume vs.
curvature plot. All calculations are for « = 30°, f = 90°, and ¢ = 45°. In panel (a), the vapor
meniscus is shown in red, and the solid nuclei are shown with the colored areas. The colored
points on the plots in the bottom panels correspond to the nuclei shapes shown in panel (a).

4.4.1.2 Type-1 asymmetric nucleus

Whena +  + ¢ > 180°and f + ¢ — a < 180°, the nucleus forms on one side of the
pore, and it contains a portion of the meniscus—pore wall intersection circle (i.e., there is no
gap between the solid nucleus and the meniscus—pore wall intersection line). The nucleus
shapes in this case are calculated numerically using SE. Example 3D nuclei profiles for this
case, calculated with SE for @ = 30°, f = 90°, and ¢ = 90°, are given in Figure 4-4 (a).
Furthermore, in panels (b), (c), and (d) of Figure 4-4, like in Figure 4-3, we plot the energy vs.
curvature, energy vs. volume, and volume vs. curvature, respectively. It is seen that, unlike in
the symmetric case, these plots are simpler in the sense that they are single-valued functions.
For all combinations of angles satisfying the criterion a + f + ¢ > 180°and f + ¢ —a <
180°, qualitatively similar results were obtained. Note that in Figure 4-4 (b), (¢), and (d), each
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point corresponds to a different value of k;,., and therefore, corresponds to finding an
equilibrium state for a different system, so relative free-energy values do not have a stability
meaning.

E;uc_max is not defined for the present case because the nucleus can be made arbitrarily
small increasing k;,. indefinitely. However, there exists Vnsuc,max, which is defined as the
maximum volume of the nucleus calculated with SE. These values are listed in Table 4-1. If
the set volume of the nucleus is larger than I7nsuc,max, then the solid-liquid interface of the solid
nucleus forms a spherical cap (concave, convex, or flat disk, depending on ¢), with the solid
covering the entire meniscus on the other end [see Figure 4-4 (a), last illustration]. Note that
we use a volume increment of AVS: = 0.05 when computing asymmetric geometries.

Therefore, the maximum volumes listed in Table 4-1 for the present case are only accurate to

0.05.
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Figure 4-4. Example of type-1 asymmetric solid nuclei at the vapor meniscus. (a) The first
three panels: 3D views of the type-1 asymmetric nuclei; the last panel: an example where
VS =3> I7nsuc,max. The meniscus is shown by the red mesh, and the solid—liquid interface of
the nucleus is shown in transparent grey. The contact line of the shape with the pore wall is
shown in green. (b) Energy vs. curvature plot. (c) Energy vs. volume plot. (d) Volume vs.
curvature plot. All calculations are for @ = 30°, f = 90°, and ¢ = 90°. The plots in panels
(b), (¢), and (d) are up to Vnsuc,max'
4.4.1.3 Type-2 asymmetric nucleus

Finally, when a +  + ¢ > 180° and f + ¢ — a > 180°, the nucleus forms on one
side of the pore, but it does not contain any portion of the meniscus—pore wall three-phase
contact line (i.e., there is a gap between the solid nucleus and the meniscus—pore wall
intersection circle). The nucleus shapes in this case are calculated numerically using SE.
Example 3D nuclei profiles for this case calculated with SE for ¢ = 30°, § = 135°, and ¢ =
135° are given in Figure 4-5 (a). Again, in panels (b), (¢), and (d), we plot the energy vs.
curvature, energy vs. volume, and volume vs. curvature, respectively. It is seen that these plots
are similar to the plots for the type-1 asymmetric nuclei. For all combinations of angles

satisfying the criteriona + f + ¢ > 180°and ff + ¢ — a > 180°, qualitatively similar results

were obtained. Note that, in panels (b), (¢), and (d), each point corresponds to a different value

105



of k¢, and therefore, corresponds to finding an equilibrium state for a different system, so
relative free-energy values do not have a stability meaning.

Similar to the type-1 asymmetric nucleus case, E;uc,max is not defined for the present
case becuase the nucleus can be made arbitrarily small increasing k.. indefinetly. However,
again, there exists V3, max» Which is defined as the maximum volume of the nucleus calculated
with SE. If the set volume of the nucleus is larger than this value, then the shape forms as a
spherical cap on one end (convex or flat disk, depending on ¢) covering a circular middle
portion of the meniscus on the other end with a gap between the nucleus and the meniscus—
pore wall intersection line [see Figure 4-5 (a), last illustration]. The values of lleuc'maX for the
type-2 asymmetric nuclei are also listed in Table 4-1. Like the type-1 asymmetric case, we use
a nondimensional volume increment of AVS .= 0.05 when computing type-2 asymmetric
nucleus geometries. Hence, the maximum nondimensional volumes listed in Table 4-1 for the

present case are only accurate to 0.05.
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Figure 4-5. Example of type-2 asymmetric nuclei at the meniscus. (a) the first three panels: 3D
views of the type-2 asymmetric nuclei; the last panel: an example where V3 = 4 > VS max-
The meniscus is shown by the red mesh, and the solid—liquid interface of the nucleus is shown
in transparent grey. The contact line of the shape with the pore wall is shown in green. (b)
Energy vs. curvature plot. (c) Energy vs. volume plot. (d) Volume vs. curvature plot. All
calculations are for « = 30°, § = 135°, and ¢ = 135°. The plots in panels (b), (¢), and (d) are
up tO I/I'ISLIC,I’IIEIX'
4.4.2 Geometry of bridges

To calculate the bridge geometries, we use SE, the details of which are given in
Appendix B. For bridging of the pores, we consider two or three pores: n = 2 or 3, three
contact angles: 8 = 45, 90, or 135°, and two different nondimensional distances between the
two adjacent pores: [ = 8/3 or 10/3. The summary of all cases considered in this work is

given in Table 4-2. The remaining columns of Table 4-2 will be discussed later in the chapter.

Table 4-2. Summary of all cases studied for bridging of pores.

= o Transition ~ =
n l 0 ( ) type Vbsri,min Vt;sri,tran Notes
2 8/3 45 pinned 1.2 1.2850
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Considering the piecewise free-energy path described above, when ki, < —2 cos ¢
[dark red lines in Figure 4-7 (a) and (b)], there is only one stable equilibrium state at the small
volume of the nucleus. k};,. = —2 cos ¢ [light blue lines in Figure 4-7 (a) and (b)] represents
the case where the transition to the spherical-cap geometry has the same energy as the spherical
cap itself, irrespective of the volume of the cap [note the horizontal dashed line in Figure 4-7
(a)]. When —2 cos @ < ke < E;uc’max [green, purple, and yellow lines in Figure 4-7 (a) and
(b)] the plots have energy barriers besides the local minima at the small volume, meaning that
the pore can solidify if these barriers can be crossed. For the present example, when k. =
—1.2 [green lines in Figure 4-7 (a) and (b)], the energy barrier corresponds to Vnsuc,trana and
when k. = —0.75 (yellow lines), the energy barrier corresponds to a volume smaller than
Vrf’uc'tran. k. = —0.9 [purple lines in Figure 4-7 (a) and (b)] marks the point where the free-
energy plot of the symmetric nucleus becomes flat at the transition volume V3, tran- Finally,

when k. > E;uc'max [orange and blue lines in Figure 4-7 (a) and (b)] the energy barrier and

the local minimum disappear, meaning that the pore is expected to solidify spontaneously at

these conditions.
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Figure 4-7. Symmetric nucleation at the meniscus. (a) Example free-energy plots for
symmetric nuclei for « = 30°, f =90°, and ¢ = 45° (solid lines), and the corresponding
spherical-cap geometries (dashed lines of the same color). (b) The free energy vs. the distance
of the solid-liquid—vapor contact line of the symmetric nucleus from the pore wall. In panels
(a) and (b), the vertical dashed lines represent the transition volume. (c) Schematic of the
expected nucleation path for symmetric nucleation.

4.5.1.2 Free energy of asymmetric nucleation
We found similar transitions for both types of the asymmetric nucleus as well. In Figure
4-8 (a), we show the free-energy profiles plotted at fixed values of k. vs. V3, for the type-1
asymmetric nuclei corresponding to the case discussed in section 4.4.1.2 (i.e., for angles a =
30°, B =90°, and ¢ = 90°). Furthermore, in Figure 4-8 (b), we show the free-energy profiles
for the type-2 asymmetric nuclei with angles @ = 30°, f = 135°, and ¢ = 135°. In both
panels, the solid lines are for the asymmetric nuclei calculated with SE and the dashed lines
are for the corresponding spherical-cap geometries (note that for ¢ = 90° the cap is a flat disk).
Similar to the symmetric case, we see that there exists a transition volume, Vnsuc,tran,

above which the nucleus with a spherical cap has smaller free energy. In all cases studied, this
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volume was always smaller than the maximum volume calculated with SE. This was the case
for all the different combinations of angles studied in this work if @ +  + ¢ > 180°. That is,
both type-1 and type-2 asymmetric cases had qualitatively similar free-energy profiles, the
only difference being their geometry as discussed in section 4.4.1. Therefore, based on the
principle of minimum-free-energy path, as the nucleus grows past this point, it is expected to
transform into a shape with a spherical cap on one end and the entire meniscus on the other
end. The numerically determined transition volumes are given in Table 4-1. We show
schematics of the expected nucleation paths for type-1 and type-2 asymmetric nuclei in Figure
4-8, in panels (c) and (d), respectively. Note that these schematics are not to-scale and they do
not necessarily represent equilibrium states.

The general feature of the free-energy plots for the asymmetric nuclei is that there are
no metastable states unlike for the symmetric case. Considering the type-1 asymmetric nuclei
example, when k. < —2 cos ¢ [blue lines in Figure 4-8 (a)], the liquid is stable in the pore
as there is no finite energy barrier. At k. = —2 cos ¢ [orange lines in Figure 4-8 (a)], the
transition to the spherical-cap geometry has the same energy as the spherical cap itself,
irrespective of the volume of the cap (note the horizontal dashed line). When k. > —2 cos ¢,

there always exists a free-energy barrier for the nucleation of the solid. Note that this contrasts

with the symmetric case where the barrier ceases to exist for k. = l?;uc'max. In this example,
the barrier corresponds to the transition volume when —2 cos ¢ < ki, < 0.95 [yellow lines
in Figure 4-8 (a)], and a smaller volume of the asymmetric nucleus when &, > 0.95 [green
and light blue lines in Figure 4-8 (a)]. If k%, = 0.95 [purple lines in Figure 4-8 (a)], the free

energy of the asymmetric nucleus becomes flat at the transition volume.
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Figure 4-8. Asymmetric nucleation at the meniscus. (a) Example free-energy plots for the type-
1 asymmetric nuclei for « = 30°, § = 90°, and ¢ = 90° (solid lines), and the corresponding
spherical-cap geometries (dashed lines of the same color). (b) Example free-energy plots for
type-2 asymmetric nuclei for o = 30° f = 135° and ¢ = 135° (solid lines), and the
corresponding spherical-cap geometries (dashed lines of the same color). The vertical dashed
lines represents the transition volume. (c) Schematic of the expected nucleation path for the
type-1 asymmetric case. (d) Schematic of the expected nucleation path for the type-2
asymmetric case.
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4.5.1.3 Comparison of the energy barriers for nucleation
In Figure 4-9, we plot the energy barriers, Aéguc, for nucleation at the meniscus for all

angle combinations considered in this work. For the symmetric cases, AE’JuC is calculated as
the difference between the local maximum and the local minimum at the small volume
considering the path illustrated in Figure 4-7. For the asymmetric cases, it is simply the height
of the local maximum following the path described in Figure 4-8. It is seen that all curves start
at a minimum curvature (— 2cos ¢) below which the liquid is stable in the pore. In all cases,
as the curvature increases, the energy barrier decreases as expected. However, as mentioned,
the barrier for the symmetric cases ceases to exist if k. = E;‘,uc,max.

Based on Figure 4-9, the effects of a on the nucleation barriers can be summarized as
follows: If by decreasing a the value of @ + [ + ¢ can be made less than 180° resulting in
symmetric nuclei instead of asymmetric, then the energy barrier can be significantly reduced
or completely eliminated. Clearly, both f and ¢ need to be less than 90° for this to be possible.
Otherwise, a can slightly reduce (see the middle panel of Figure 4-9), slightly increase (see
the top two panels on the right of Figure 4-9), or can have no practical effect on the barrier (see
the bottom panel on the right of Figure 4-9), depending on f and ¢. Note that, in most cases,
the amount by which & reduces the barrier for nucleation also depends on ke

Comparing the plots in Figure 4-9 across the rows and columns and noting the different
y-axis scales, we see that the energy barriers have much stronger dependence on both  and

@. The barriers significantly increase with increasing f and ¢.
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Figure 4-9. Comparison of energy barriers for nucleation at the vapor meniscus as a function
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4.5.2 Free energy of bridging

VS. Vbsri for bridging of two pores (n = 2) with & = 90° and [ = 8/3. The solid lines
correspond to the bridge shapes calculated with SE, the dotted lines correspond to the growth
of two pinned spherical caps simultaneously (i.e., the volume, areas, and energy are twice those

for a single cap), and the dashed lines correspond to the growth after the caps unpin. The caps
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unpin when the pore mouth can no longer accommodate the cap because it would require
contact angle larger than 8. We see that there exists a transition volume, Vt;sri’tran, larger than
the minimum stable volume calculated with SE, and the bridging of the pores past the transition
volume is energetically more favorable. Therefore, following the principle of minimum-free-
energy path, the shapes are expected to start as separate spherical caps and eventually form a
bridge and grow. In this example, the transition volume is smaller than what is required for the
caps to unpin. In two of the cases studied in this work, whenn = 2 orn = 3 for [ = 10/3, and
6 = 45°, this transition to the bridge happens after the caps unpin and grow a small amount in
the unpinned state. The transition volumes for bridges are listed in Table 4-2.

In Figure 4-10, the local minima of the free-energy paths correspond to metastable
pinned caps at the pore mouths. There exists a k;,; where the minimum in the free energy
corresponds to the transition volume (sz,ri = 1.92 in this example; purple lines in Figure 4-10).
If the curvature is higher than this value, the solid is expected to grow spontaneously without
a barrier. For all the other positive curvature values, there always exists a free-energy barrier
(not all visible in Figure 4-10). If the required size of the nucleus is large, the barrier
corresponds to a single large spherical cap encapsulating all the pore mouths instead of the
bridge [see the last illustration in Figure 4-10 (b)]. At negative curvature values (=2 < kj,; <

0), pinned concave caps at the pore mouths would be stable.
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Figure 4-10. Bridging of pores. (a) Example free-energy plots for the bridging of the pores for
n=2,60=90°and [ = 8/3 (solid lines), and the corresponding profiles calculated for the
growth of n number of spherical caps (dotted lines pinned; dashed lines not pinned). The
vertical dashed line represents the transition volume. (b) Schematic of the expected bridging
path.

4.5.2.1 Comparison of the energy barriers for bridging

Assuming the growth path described above, we plot the energy barriers for bridging,
AB ltri’ in Figure 4-11. The barriers are calculated as the difference between the local maximum
and the local minimum of free-energy profiles. The solid lines represent the cases where the
maximum of the free energy is at some volume of the bridge. The dashed lines are where the
required volume is large, so the maximum of the free energy is instead at some volume of a
large spherical cap encapsulating the pore mouths [see the last illustration in Figure 4-10 (b)].
For comparison, we also show, by dotted lines of the same color, the barriers calculated for the
growth of a cap from a single isolated pore.

From Figure 4-11, we see that the bridging of pores often provides a significantly lower

free-energy barrier compared to growth from a single pore at the same conditions. In general,
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the difference in the barriers increases with more pores and closer pore proximity. If the pores
are far apart and/or there are not many pores in the close vicinity of each other, at large ki, ;,
single-pore growth might be more favorable (e.g., see the yellow lines in the right panels of
Figure 4-11). Comparing the plots in the same panel by color, smaller contact angle also

reduces the barriers significantly. If E;ri is larger than the intersection points of the plots with

the AB f;ri = 0 line, then the solid is expected to grow spontaneously without a barrier.
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Figure 4-11. Comparison of free-energy barriers for bridging of pores (solid and dashed lines)

as well as growth of a cap from a single isolated pore as a function of curvature (dotted lines).
Each row corresponds to a different number of pores n, and each column corresponds to a

different pore spacing I. Colors in each panel corresponds to different contact angle 6 as
indicated in the first panel. Note that the dotted lines are the same in all panels since the growth
from a single pore does not depend on n or [.

4.6 Conclusion
In this chapter, we investigated two of the limiting steps in pore condensation and

solidification in a model porous particle with cylindrical pores: (i) solid nucleation inside a

single pore at the liquid—vapor meniscus, and (ii) solid bridging of multiple pores above the
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particle surface. We approached these problems from the thermodynamic-free-energy
perspective with the main goal of computing the free-energy barriers for nucleation and then
for bridging. By considering many cases of geometrical parameters—the internal angles of the
solid (a, B, and ¢) for nucleation and the distance, number of pores, and contact angle (I, n,
) for bridging—we compared the energy barriers. One of the challenges was the calculation
of nontrivial equilibrium geometries of the nuclei and bridges that arise in these systems. We
employed the Surface Evolver code in all cases, except for the symmetric nuclei for which an
analytical solution could be developed. We showed that the correct calculation of the interface
shapes (both for the nuclei and bridges) can be a key factor in sorting the equilibrium states as
well as calculating their energies. Additionally, based on the analysis of the free-energy
profiles, we determined the volumes where the transition from one type of shape to another
happens, which was important for properly computing the barriers. We formulated the
problems in a nondimensional framework to highlight the general features of these systems
rather than focusing on the specifics, such as the liquid or solid properties, pore size, etc.

The findings of this study regarding the nucleation at the meniscus suggest that
geometry in confinement can influence the liquid-to-solid transition by facilitating low-energy
sites where the onset of phase-change is expected to take place. Specifically, besides the effects
of the competition among the interfacial tensions of various interfaces (represented by angles
B and @), the presence of sharp corners, (represented by the meniscus and its angle @) can play
a role in reducing the energy barriers for nucleation in cylindrical pores. However, significant
reduction is only predicted if the corner is such that the condition @ + f + ¢ < 180° is met.
If this is the case, not only can the barriers be reduced but also, the barriers can be completely
eliminated meaning that the solid can spontaneously fill the entire pore. Furthermore, such
corners can hold a small amount of solid in a metastable or stable equilibrium, because it would
have lower free energy than the liquid at the same conditions. We found that, in some cases,
somewhat counterintuitively, decreasing the meniscus angle results in slightly higher energy
barriers. This is ultimately related to the complex relationships among all solid angles, the
volume and areas of solid, and the curvature of the solid—liquid interface.

When it comes to the bridging of the pores, we found that besides the well-known effect
of the affinity of the new phase to the particle surface (represented by 8), the presence of

multiple pores in the vicinity of each other and their relative proximity determine the height of
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the barrier that prevents the formation of bulk solid. Increasing the number of pores and
decreasing the inter-pore distance resulted in significant reduction in the energy barriers
compared to those for growth from a single, isolated pore. For example, putting a second pore

next to a single pore 8/3R,, distance apart reduced the energy barriers by about as much as if

the contact angle was decreased from 135° to 90° for an isolated pore (see the solid yellow
and dotted red lines in the lower left panel in Figure 4-11). If the pores are not close enough,
the single-pore growth might still be favorable at high supersaturations. At large pore
separations, we expect no bridging, and the bulk solid should form following the growth from
a single pore, regardless of supersaturation.

We emphasize that, although we presented our results in the framework of the pore
condensation and solidification process, this chapter highlights the importance of both
confinement geometry as well as the geometry of the interfaces in all related systems. The
general features of the shapes analyzed in this work remain valid for other types of phase
transitions. For example, the results for the solid nucleation at the meniscus can equally be
interpreted for a vapor-to-liquid transition in a cylindrical pore ended by a hard sphere instead
of the meniscus. Similarly, the properties of the bridges and the corresponding reduction in the
energy barriers should be the same for a vapor-to-liquid (when studying bulk liquid formation
from a porous particle) or liquid-to-solid transition (in the case the porous particle is
surrounded by a liquid instead of a vapor). Additionally, bridging would be the same if the

cylindrical pores were to be replaced by, for example, spherical pores with circular openings.
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Part I1: Multicomponent solutions
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Chapter 5

Multicomponent Solutions: Combining Rules

Multisolute Osmotic Virial Coefficients!
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Chapter summary

for

This chapter presents an exploration of a specific type of a generalized multicomponent

solution model, which appears to be first given by Saulov in the current explicit form. The

assumptions of the underlying theory and a brief derivation of the main equation was provided

preliminarily for completeness and notational consistency. The resulting formulae for the

Gibbs free energy of mixing and the chemical potentials are multivariate polynomials with

'Reproduced (including Appendix C), with minor changes, with permission from H. Binyaminov and J. A. W.
Elliott. Multicomponent Solutions: Combining Rules for Multisolute Osmotic Virial Coefficients, J. Chem. Phys.

159, 164116 (2023). https://doi.org/10.1063/ 5.0166482 © 2023 American Institute of Physics.
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physically meaningful coefficients and the mole fractions of the components as variables. With
one additional assumption about the relative magnitudes of the solvent—solute and solute—
solute interaction exchange energies, combining rules were obtained that express the mixed
coefficients of the polynomial in terms of its pure coefficients. This was done by exploiting
the mathematical structure of the asymmetric form of the solvent chemical potential equation.
The combining rules allow one to calculate the thermodynamic properties of the solvent with
multiple solutes from binary mixture data only (i.e., each solute with the solvent), and hence,
are of practical importance. Furthermore, a connection was established between the osmotic
virial coefficients derived in this chapter and the original osmotic virial coefficients of Hill
found by employing a different procedure, illustrating the equivalency of what appears to be
two different theories. A validation of the combining rules derived here has been provided in
Chapter 6 where they were successfully used to predict the freezing points of ternary salt

solutions of water.

5.1 Introduction

There exist numerous nonideal solution theories in literature. We will not attempt a
review here but rather list a few that are essential for providing a context for the approach
presented in this chapter. Regular solution theory [69] is the most widely used nonideal
solution theory mainly because of its simplicity. It considers only pairwise interactions and
assumes random mixing. The quasi-chemical treatment [69] improves on regular solution
theory by considering pairwise additive interactions without assuming random mixing (we
restrict the usage of the term “regular” to the former case; Guggenheim’s definition includes
the quasi-chemical treatment as part of regular solution theory). The quasi-chemical approach
provides a good balance of accuracy and simplicity. It is also commonly used, especially to
capture the phase-change behavior of solutions more accurately. By accounting for complex
interactions in larger particle groups, formally exact theories [82,83,140] avoid all
approximations, but they are rarely used in practice due to their complexity and/or for being
computationally expensive.

Most solution models have been originally developed for binary mixtures and then
extended to multicomponent mixtures. This extension is straight forward in the context of

simple theories, such as regular solution theory, but it is challenging in more accurate

125



frameworks since they are complicated by nature. Hence, it is not surprising that explicit
multicomponent formulae are usually not provided even when the existence of such an
extension is obvious. Consequently, in practice, while the properties of a binary mixture can
be calculated with any theory depending on the required accuracy, only the simple models can
be effectively used for multicomponent solutions. In contrast, it is rare for mixtures in nature
as well as in industrial processes to only contain two components. Consider, for example,
solutions studied in biology [107,117,170], geology [151], oil processing [137,176],
metallurgy [40,80,97,104], and atmospheric physics [5,35,106,109,159,182]. Therefore, it is
desirable to have an accurate multicomponent solution model with manageable complexity so
that practically useful equations can be developed.

In this chapter, we look at a solution made of an arbitrary number of components by
considering interactions in groups consisting of an arbitrary number of particles, but
nevertheless, we assume random mixing. This approach can be viewed as an extension of
regular solution theory in a specific way: while the quasi-chemical treatment addresses the
nonrandomness of mixing in a system with pairwise additive interactions, the method
employed herein accounts for multi-body interactions with random mixing. The objectives of
this chapter are twofold: (i) to give a theoretical basis for the virial equation for the change in
the chemical potential of the solvent (i.e., multisolute osmotic virial equation) and derive its
coefficients from first principles, and (ii) to provide a method of estimating the chemical
potential of a solvent in the presence of multiple solutes by deriving combining rules for the
mixed coefficients.

In the first part of this chapter, we list the assumptions of the present model and rederive
the corresponding equation for the Gibbs free energy of mixing. Except for the structure of the
arguments, some nuances in the assumptions, and notational differences, our formulation and
the resulting equation are the same as what was obtained before by Saulov [179] (and by
Kakuda ef al. [102] for special cases). We give a brief, equivalent derivation here for the sake
of completeness and consistency of notation with what follows.

It should be noted that the idea of combining rules for the multisolute osmotic virial
equation is not new. To our knowledge, the first such concept was put forward by Elliott et
al. [42] who derived the arithmetic-average combining rule for the second-order mixed

coefficient in the regular solution theory framework. A geometric-average combining rule was
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Chapter 6

Predicting Freezing Points of Ternary Salt Solutions

with the Multisolute Osmotic Virial Equation’
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Chapter summary

Previously, the multisolute osmotic virial equation with the combining rules of Elliott
et al. has been shown to make accurate predictions for multisolute solutions with only single-
solute osmotic virial coefficients as inputs. The original combining rules take the form of an
arithmetic average for the second-order mixed coefficients and a geometric average for the

third-order mixed coefficients. In Chapter 5, we derived generalized combining rules from a

! Reproduced (including Appendix D), with minor changes, with permission from H. Binyaminov, H. Sun, and J.
A. W. Elliott. Predicting Freezing Points of Ternary Salt Solutions with the Multisolute Osmotic Virial Equation,
J. Chem. Phys. 159, 244502 (2023). https://doi.org/10.1063/5.0169047 © 2023 American Institute of Physics.
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dissociation and other electrolyte effects and showed that this equation could make predictions
for aqueous solutions containing NaCl plus another nonelectrolyte solute as accurately as if the
NaCl contributions had been calculated by the Pitzer—Debye—Hiickel model—a more
sophisticated electrolyte theory with more fitting parameters. The E-MSOVE was shown to
make accurate predictions for many aqueous solutions containing NaCl and one or two other
nonelectrolyte solutes [225,226]. Liu et al. [124] used the mole-fraction-based E-MOSVE to
make predictions of the freezing points of multielectrolyte solutions of interest to zinc—air
batteries, but without comparison to experimental data. While the previous work suggests that
multielectrolyte solution osmolalities could be predicted with the E-MSOVE, this proposition
has not been tested.

In Chapter 5, we further explored the theoretical aspects of the MSOVE and developed
generalized combining rules for coefficients of arbitrary order in a specific solution theory
framework. All newly derived combining rules take the form of an arithmetic-average of
suitable pure-term coefficients, which contrasts with the geometric-average combining rule
used for the cubic terms in the E-MSOVE implementation. In the previous applications of the
E-MSOVE (mainly in cryobiology), most solutions were described sufficiently well by only
the first- and second-order terms, and predictions using the geometric-average combining rule
for the cubic-order terms were accurate enough for the application. Here, we find that some
ternary salt solutions require a third-order combining rule for accurate predictions, and that
there are enough accurate multielectrolyte solution data to compare different combining rules
quantitatively.

The main goal of this chapter is to demonstrate the viability of the MSOVE with new
combining rules (the new MSOVE) for predicting thermodynamic properties of
multicomponent salt solutions. The chapter is organized as follows: We start by introducing
the necessary formalism, describing the models, and detailing the fitting procedure. Then, we
tabulate the mole-fraction- and molality-based osmotic virial coefficients of 31 aqueous binary
mixtures of common salts by fitting to binary FPD data taken from the literature. Using the
obtained mole-fraction-based binary coefficients in the new MSOVE, we make predictions for
11 ternary combinations (i.e., two salts plus water) of the listed salts for which experimental

data are available in the literature for comparison. We conclude by comparing the prediction
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Appendix A

Supplementary Information for Chapter 3

A.1 Description of the thermodynamic model
A.1.1 NRTL activity model

In the nonrandom two-liquid (NRTL) model [32], the activity coefficients are related

to the concentration of species through the following equations:

G 2 74,6
1 _ .2 ( 21 ) 12012 A1
nr = lfﬂ X1+ x3Gzq (3 + x1G1)? (A1
G 2 751G
Inv: = x2 < 12 ) 21021 _ n G A
ny; = Xj [T12 Xy + %,G1y Gty + %,Gp1)? (T12 + T21G21) (A-2)
with
G1z = exp (—@12743) (A-3)
Gp1 = exp (—az1T21) (A-4)

where @, and a,; are the nonrandomness parameters. The NRTL interaction parameters,
71,(T) and 1, (T), are adjustable parameters in practice that are only functions of temperature.
For carbon dioxide in water, we take a;, = a,; = 0.3 since it is a polar—nonpolar

mixture and use the interaction parameters from Hou et al. [20]:

803.18 Ty—T T
Ty, = 3.720 — +21.13 ( +1n T—) (A-5)
0
_ 18664 — 22427714 67(T0_T+1 T) A-6
T, = 18. T ) T nT0 (A-6)

where T (K) is the temperature and T, = 298.15 K. Due to its low solubility even at high

pressures, for nitrogen in water we use 7,; = Ty, = 0, which means y; =y, = 1.

A.1.2 Peng—Robinson EOS
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Appendix B

Supplementary Information for Chapter 4

B.1 Surface Evolver calculation details

We use the Surface Evolver (SE) code [3] to calculate the nontrivial shapes of the
asymmetric nucleus and bridge geometries. Surface Evolver is a special software package
designed for complex variational problems involving surface forces. The surface is represented
as a simplicial complex using triangles, which are moved towards the equilibrium shape with
the built-in gradient descent or conjugate gradient methods. The basic elements of geometry
are the vertices, edges, and triangle facets. Additionally, level set constraints with prescribed
contact angles can be included. For stability and speed, the facets on the constraints are not
included and their areas are calculated using appropriate line integrals along the edges on the
constraints using Stokes’s theorem (see below). Furthermore, the volumes are calculated by
evaluating surface integrals according to the Divergence theorem, which are also converted to
line integrals on the constraints. For numerical stability, it is better to evolve the shape with a
prescribed volume and obtain the curvature, than prescribing the curvature to obtain the
volume.

Below we give a brief summary of the main ideas from the SE manual [4] relevant to
our work. For more details, see the manual [4].

In general, the volume of a body B is

V= fﬂBldxdydz (B-1)

Surface Evolver replaces this integral with a double integral around the body boundary 0B

using the Divergence theorem:

V= ﬂ zk - NdA (B-2)
0B
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top front side bottom

Figure B-1. Different views of an example asymmetric nucleus geometry at the meniscus
before (top row) and after (bottom row) the evolution with SE. The cylinder wall and the edges
on the meniscus are not shown after the evolution for clarity. The radius of the cylinder is R, =

1 and the volume of the nucleus was set to V5. = 0.2. The meniscus—nucleus contact angle is
[ = 90° and the contact line is highlighted in red. The cylinder—nucleus contact angle is also
¢@ = 90° and the contact line is highlighted in green. The meniscus angle is @ = 5°. Note that
the initial shape is not required to have the correct, prescribed volume.

B.1.2 Calculating the bridge geometries

Different views of the initial geometry of the shapes for the bridging of two pores and
three pores are shown in the top rows of Figure B-2 and Figure B-3, respectively. In both cases,
the surface of the porous particle was placed at the z = 0 plane. The shapes were pinned at the
pore mouths and only the portions of the shapes between the pores were required to meet with
the particle surface at the angle 6. The pores centers are [ apart and the pores have radii of 1.
Since the constraint is at z = 0, it has no volume contribution. The area integrand for this
constraint is

w=—yl (B-12)

which is integrated along appropriate edges (shown in yellow in Figure B-2 and Figure B-3).
Example evolved shapes for two pores and three pores are shown in the bottom rows of Figure

B-2 and Figure B-3, respectively.
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Figure B-2. Different views of an example bridge geometry connecting two pores before (top
row) and after (bottom row) the evolution in SE. The shape is pinned at the pore mouths
(circles) but makes 8 = 135° angle with the flat surface between the pores (the portions of the
yellow lines connecting the circles). The radii of the circles are R, = 1 and the distance

between the centers of the circles is [ = 8/3. The volume of the shape is Vi = 5. Note that
the initial shape is not required to have the correct, prescribed volume.

—

front side bottom

Figure B-3. Different views of an example bridge geometry connecting three pores before (top
row) and after (bottom row) the evolution with SE. The shape is pinned at the pore mouths
(circles) but makes 8 = 90° angle with the flat surface between the pores (the portions of the
yellow lines connecting the circles). The radii of the circles are R, = 1 and the distance

between the centers of the circles is [ = 10/3. The volume of the shape is Vi5; = 6. Note that
the initial shape is not required to have the correct, prescribed volume.

As the convergence criterion, in all applicable SE calculations in Chapter 4, we stopped
the evolution if the energy change for a given triangulation was at least less than 10™* and the

scale factor (see the SE manual [4]) was roughly stable in the expected range after 50 conjugate
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then the uncertainty Az of the dependent variable z can be estimated from the following

formula [23]:

2 2
0z

(Az)? = (Z—i) (Aw)? + (%) (Av)? (D-16)

Substituting z = u/v™ (where h is a nonnegative integer) and simplifying, we have
2 2
Az _ (A_”) 42 (A_”> (D-17)
z u v

D.5 Numerical values of constants

The numerical values of the required constants for calculations in Chapter 6 are listed
in Table D-1 [48]. The molar masses of the salts were used for converting from the reported
concentration units to molality and mole fraction.

Table D-1. The numerical values of the required constants for calculations [48].

Constant Value Units
My, 0 18.015 x 1073 kg/mole
Myacl 58.443 x 1073 kg/mole
My 74.551 x 1073 kg/mole

Mygcl, 95.211 x 1073 kg/mole
Mcaci, 110.984 x 1073 kg/mole
Mznc, 136.315 x 1073 kg/mole
Mgy, 225.217 x 1073 kg/mole

Myano, 84.995 x 1073 kg/mole

R 8.3145 J/(mole x K)
As¢ (for water) 21.9723 J/(mole X K)
T,y (for water) 273.15 K
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