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ABSTRACT

In this thesis, we consider the existence of positive decaying solutions
to subcritical nonlinear elliptic problems on unbounded domains. Specifically,
we examine the equation fu = f(z,u) and the associated eigenvalue problem
fu = )\f(z,u), where £ represents one of the elliptic operators formally given

by:

4

= Y Di(aij(=)Dju) + Hz)u,

i,j=0

=1 _ div(a(z)|VulP "2 Vu) + b(z)[ul"~2x,

(A +8,)(=A + b)) -+ (A + B)u,
and f(z,t) has subcritical growth at ¢ = oo.

While we obtain several extensions of earlier results, our main motivation
for this thesis comes from open questions which have been recently posed in the

literature by Kusano, Naito and Swanson [KNS3] and Noussair and Swanson

[NS4]. Specifically, these are:

(a) The existence of positive decaying solutions of the superlinear poly-

harmonic problem;

(b) The relaxation of the condition lim ﬁ-fﬁ = 0 uniformly on [0, 7]

|z|j=—o0

for the existence of a pair of positive decaying solutions.

We consider these questions in this thesis. Basically our procedure in-

volves a variational approach on functionals defined on weighted Sobolev spaces



suitable for our problems. We apply Mountain Pass Theorem arguments to es-
tablish the existence of solutions. We then make use of various LP-estimates
to show the decay. In this way, we are able to treat problems with highly
nonradial coefficients. We consider the sharpness of our conditions both in the

nonradial and radial cases by comparison with earlier results.
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CHAPTER 1
INTRODUCTION
For their practical applications and mathematical importance, elliptic equa-
tions have attracted intensive attention from mathematicians for several decades.
In recent years considerable interest has been focused on the second order semi-

linear elliptic problem

tu =~ Di(aij(z)Dju) + Hz)u = f(z,u) (1.1)
and the associated eigenvalue problem

bu =~ Di(aij(z)D;u) + Hz)u = Af(z,u). (1.2)

These two problems arise in many fields, such as physics, chemistry and biology.
For example, the so-called Emden-Fowler equation: —Au = K (z)u® (a 20) -
a special case of (1.1) ~ occurs in the study of gas dynamics, fluid mechanics
and chemically reacting systems, see Wong [Wo] and references therein. In each
of these models, u has a specific physical meaning. In particular, Matukuma'’s
equation —Au = Wi-ﬂ-,-u“ (a > 1) is used to model globular clusters of stars.
Here u > 0 represents the gravitation potential, see [Ni2]. (1.1) also arises in
the search for certain kinds of solitary waves in the nonlinear Klein-Gordon

equation:

By — AD + a*® = f()



and nonlinear Schrodinger equation:
i®d, — AD = f(®).

Specifically, looking for solitary waves of “standing wave” type, that is ®(t,z) =
¢“tu(z) for the Klein-Gordon equation and &(2,z) = e~ wty(z) for the Schrédinger

equation, leads to:

- Au+ (@ - w?)u = f(u)
and:

- Au + w?u = f(u),

if f(e*®u) = e f(u). Equation (1.2) also arises in the study of the temperature

distribution in an object heated by the application of electric current:
u, — V(A(z)Vu) = Af(z,u),

where u is the temperature distribution, A} is the current, and f is the electric
resistance. The steady states lead to (1.2).
On the other hand, special cases of equation (1.1) are motivated by Rie-

mann geometry. More precisely, the equation

An _22)A,u + ku = K(z)uﬁ,

—

n -——
n ’ . . \N -
where 8y = k= 35 D/l 6D;) with l] = dek(y) aod (6¥) = (9)™
|9| $,7=1

is known as the conformal scalar curvature equation. For more details, we refer

to [Ni2}.
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There have been many studies of equations (1.1) and (1.2) on both bounded

and unbounded domains. For the bounded domain case we mention from the
available literature only results important to this thesis. We recall, specifically,
the Mountain Pass Theorem by Ambrosetti and Rabinowitz [AB] and its ap-
plications, the result for the critical case by Brezis and Nirenberg [BN] and
the nonexistence theorem by Pohozaev [Po]. Due to these and other contribu-
tions, much is known about the structure of the solutions of (1.1) (or (1.2)) on
bounded domains. For unbounded domains, the case of special interest here,
there are also a great number of papers. We mention, in particular, the results
of Atkinson and Peletier [AP], Berestycki and Lions [BL], Ding and Ni [DN1,
DN2]. Gidas, Ni and Nirenberg [GNN], Gidas and Spruck [GS], Kawano, Sat-
suma and Yotsutani [KSY], Li and Ni [LN1, LN2], Lions [Lil, Li2], Ni [Ni1, Ni2],
Ni and Serrin [NS1, NS2], Strauss [St] and the references therein. Most of these
results were obtained for the radially symmetric case: @ = R"®, £ = -A+ b
(b a nonnegative number), f(z,t) = f(|z|,t) or f(z,t) admits suitable radial
majorants. The methods involved the application of ODE theory, and the com-
bination of variational calculus and radially symmetric rearrangement. Only
relatively few papers considered the nonradial case. See [Al] by Allegretto,
[AH1] by Allegretto and Huang, [CV] by Chaljub-Simon and Volkmann and
[NS1, NS2, NS3] by Noussair and Swanson. In [Al] and [AH1], the existence o.f

solutions bounded above and below by positive constants was proved through



4
fixed point theorem arguments. In [CV] and [NS1], a positive decaying solution

was obtained for the equation with prototype:
- Z Dj(aij(z)Dju) + b(z)u = g(z)u®, z €N

Q unbounded, 1 < a < 2£2, by means of weighted Sobolev spaces in [CV] and
by subdomain approximation arguments in [NS1]. Although the conditions on f
in the two papers are different, both assume b(z) > by > 0, which is a significant
assumption in the case of  unbounded. In order to relax b(z) 2 bo > 0,

Noussair and Swanson considered the more general case b(z) > 0 in [NS2, NS3]

and obtained a positive decaying solution for
—XDj(a;j(z)Dju) + b(z)u = Af(z,u)

for A = A, some A > 0, and f with suitable radial majorant. Rescaling
techniques can eliminate the eigenvalue parameter ) in front of f(z,u), provided
that f(z,t) is homogeneous in ¢. In other words, the relaxation of Kz) 2 bo >0
introduced a Lagrange multiplier A\ = )¢ for nonhomogeneous f. Therefore
unlike the bounded domain case, the structure of the solutions of semilinear
elliptic equations on unbounded domains is not so clear, even though many
efforts have been ma,de; This difference is mainly caused by three aspects:
the failure of the L2-theory, of the Poincare Inequality and of the Compact
Embedding Theorem. A consequence of this failure is th#t generally the usual
Sobolev space Wy'*(f2) is no longer a suitable function space in which to seek

our solutions. Positive decaying solutions of fu = f(z,u) may not be in w, 2(Q)
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due to the fact that |z|*~" is a subsolution of —Au = g(2)u® (a > 0); the norm
(u, u)} induced by operator £ when b(z) # bo > 0 may not be a equivalent
norm in W}'3(R); even with b(z) 2 bo >0, [, f(z,u)p dr generally does not
define a compact map from W,'3(Q) to Wl'3(Q).

To overcome these difficulties, we must find some special function spaces
suitable for our problems, and somehow set up the compactness of the map

Jo f(z,u)p dz. In this thesis, we study the subcritical semilinear elliptic prob-

lems given by:
lu= f(z,u), z€Q

. (1.4)
u|gq =0, Izlll—IPoou =0

where {2 is a possibly unbounded domain, f(z,t) could be pure sublinear, pure

superlinear or mixed sublinear and superlinear. We also consider the problem:

lu = Af(z,u), z€Q

(1.5)

)y =0, |:l|131°ou =0

where f(z,t) is superlinear and odd in ¢ or has multiple “humps” in t. We
obtain criteria for the existence of positive decaying solutions for (1.4) and
(1.5) without any assumptions of radial symmetry or b(z) > by > 0. Our tools
are weighted spaces and various variants of the Mountain Pass Theorem. While
our results cov.er the ca.%e with highly nonradial properties, we show that even
in the radial case, they are equivalent to the earlier optimal results in some
sense. We do not require f(z,t) to be homogeneou; in ¢ for problem (1.4).
Our method for handling (1.4) and (1.5) is then extended to consider the

study of the higher order semilinear elliptic problem:



m

Y bi(-AYu = f(z,u), z€Q

i=0 (16)
D’ulgq =0, lim Du=0

|z]—o0
where v is multi-integer with 0 < |v] <m —1, and J; is a nonnegative number
with b, = 1. The equation

m

> bi(=A)u = f(z,u) (17

i=0
does not seem to have as much physical meaning as the second order elliptic
equation, and thus is essentially of theoretical interest. There are relatively few
studies of (1.7) on unbounded domains. The first papers are due to Walter
[Wal, Wa2] and Walter and Rhee [WR], where A™u = ¢® and A™u = f(|z|,u)
in R" were studied. Since 1989, (1.7) has received more attention. See the
references by Allegretto and Huang [AH2], Bernis [Ber], Dalmasso [Dal, Da2],
Edelson [Ed], Fukagai [Fu2], Kusano, Naito and Swanson [KNS1, KNS2, KNS3,
KNS4], Kusano and Swanson [KS] and Usami [Us]. Most of the papers em-
ployed radially symmetric arguments, that is: @ = R*, f(z,u) = f(lzl,u) (or
f(jzl, Au,...,A™ 'u)). The existence and behaviour at oo of solutions were
thus investigated via an ODE approach. In this way, the existence of posi-
tive decaying solutions in radial cases was partially solved. In [KNS3] (see also
[KS]), Kusano, Naito and Swanson obtained a positive decaying solution for

f{z,t) sublinear or mixed sub-superlinear, and gave the pure superlinear case

as an open question. Dalmasso [Dal] partially answered this open question in
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the special case m = 2, that is, he solved A%y — 9(lzlu® (1 < @ < 244) in
R™, n > 5. Therefore the existence of positive decaying solutions for general
f(z,t) basically remains open. In this thesis we give a complete answer to thjs
question. Specifically we consider (1.6) for f sublinear, superlinear and mixed
sub-superlinear under general nonradial conditions on f, which, as shown by
some examples, are better than the former ones for radial cases. While the
existence of a solution to the equation can be fairly easily proved by expanding
the second order approach, the key is the proof of _the decay of the solution.
We employ LP-estimates by Agmon [Ag] for this purpose.

As further application, we slightly modify the same method to study the

p-Laplacian problem:

— A(a(z)|VulP~2vy) + b(z)|ulP~%u = f(z,u) in
(1.8)

ulaq =0, lzlllgloou =0

with 1 <p<n. When p=2, (1.8) is a second order elliptic problem. Like the
second order elliptic problem, (1.8) has many physical applications. It is used
to model reaction-diffusion, flow through porous media, petroleum extraction
and so on, see Diaz [Dj].

For the general case 1 < P < n, many studies have appeared recently. We
refer to the work in the bounded domain case by Azorero and Alonso [AA],
Egnell [Egl, Eg2], Guedda and Veron [GV], Kichenassamy and Veron [KV],
Veron [Ve] and references therein. In the unbounded domain case, there have

been several papers, see Li and Yan [LY] and Ni and Serrin [NiS1, NiS2]. But
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no existence theory seems to have been found for the nonradially symmetric
problem (1.8). We will obtain sufficient conditions for (1.8) to have positive
solutions by the same basic approach.

The thesis is organized as follows. In Chapter 2, we set up the notational
framework and some weighted spaces suitable for our problems, and analyze the
properties of the spaces. In Chapter 3, we study the second order problems (1.4)
and (1.5), and establish conditions for (1.4) and (1.5) to have a positive solution
or infinitely many solutions via the Mountain Pass Theorem. We adapt a device
due to Brezis and Kato [BK] to establish the estimate: u € LP(R) for 2% <
p < 00. The decay of u follows immediately from this estimate. Chapter 4
is devoted to the study of the higher order problem (1.6), and the method in
Chapter 3 is slightly modified to prove the existence of a solution. Since Brezis
and Kato’s iteration technique does not seem to work for higher order problems,
we make use of the LP-estimate of Agmon [Ag] to show the decay of the solution.
In the special case = R", we show that the solution obtained must be positive.
But for general 2, we can not guarantee the positivity of the solution obtained
due to the lack of enough information on u at the boundary 9. This is one of
the differences between second order and higher order problems. In Chapter 5,
we prove some multiple solution existence results for second order eigenvalue
problems when f has multiple “humps”. As an application, Chapter 6 modiﬁes;
the method of Chapter 3 to study the p-Laplacian problem and obtains existence

criteria. Chapter 7 concludes the thesis with remarks and open questions.



CHAPTER 2

BACKGROUND MATERIALS

2.1. Introduction.

The purpose of this chapter is to set up the notational framework, which
will be used in the thesis, and some weighted Sobolev spaces suitable for our
problems. There are many reasons for us to introduce spaces other than usual

Sobolev spaces. When b= 0, the L*-theory of the following equation
lu=~-Au+bu=g(z)u® z€R", a>1 (2.1.1)

breaks down. In fact, (2.1.1) when b = 0 does not have any positive solutions u
in L*(R") for n = 3,4, because of the well-known fact that any positive solution
u(z) of —Au > 0 for |z| > 1 is bounded below by C|z[>~" for [z] 21, n > 3.
Note that |z|>~" ¢ L?(|z| > 1) for n = 3,4. On the other hand, due to lack of

Poincare-type inequalities in unbounded domains, the “norm”
2, 2\}
( [Vl +bu) (2.1.2)
Rn

induced by £ is in general no longer an equivalent norm in usual Sobolev space
W,"*(R™), so that we can not consider (2.1.1) by simply using a variational
method. Therefore we seek some spaces in which (2.1.2) is an equivalent norm
and the local properties of the usual Sobolev spaces still hold.

This chapter is organized as follows: in Section 2.2 we set up notations,
in Section 2.3 we give two Hardy-type inequalities, which are used in the con-
struction of weighted Sobolev spaces. We then introduce in Section 2.4 these

9



10
spaces and analyze their properties. Finally, in Section 2.5, we give the versions
of the Mountain Pass Theorem which are employed to obtain the existence of

the solutions of our problems.

2.2. Notations.

We denote by R" the n-dimensional Euclidean space, by 2 a smooth
subdomain (open, connected set) of R*. For any Banach space, we denote by
B,(z) the ball of radius r centered at z, with B 2 B,(0). We set Q. =QNB,,
where B, C R".

We denote by ¢ one of the following three operators:

(i) the second order elliptic operator defined by

n
tu=— Y Di(aij(z)Dju) + b(z)u (2.2.1)
ij=1
where D; = 2, a;j(z) = a;i(z) € Cit* ()N =€), 0<iz)e Ce ()N
L*°($?). We always assume that this second order elliptic operator £ is uniformly
elliptic, that is,
VI <) aiitig; < Slef?

for £ € R® and some positive numbers 0 <v < d,

(ii) the higher order elliptic operator defined by

fu = i bi(~A)u (2.2.2)

n
=0
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where A is the Laplacian, m > 1, b; is a non-negative number, b, = 1. We

always assume that £ can be factorized as

tu = ﬁ(-A +8)u=(~A+b,) (A + B))u (2.2.3)

i=1

where b} is also a non-negative number, depending on b;’s. Note that m = 1 is

a special case of (i). If so, we allow by to be a function: by = b(z) > 0;
(iii) the p-Laplacian operator defined by
bu = —div(a(z)|Vu[P~2Vu) + b(z)[u[P~2u (2:2.4)
where 1 <p<n, 0<ap <a(z) € C'(R)N LX), 0 < b(z) € CO@)NL=(R).
In any specific case, it will be clear from the context whether ¢ denotes

(2.1.1), (2.1.2) or (2.1.4).

2.3. Hardy-type Inequalities.
Here we introduce two Hardy-type inequalities, which will furnish the

weights in the spaces introduced below. Let o(z) = (1 + |z[2)-!.

LEMMA 2.1, Let ¢ € C§°(R), then for n > 2i > 2,
(a) Cfn o'p? < fn"i-llv‘Plz
(b) Clao'~'|Vef < Joo'=?| A0

where C = C(n, ) is a constant independent of ¢ and Q.

PROOF: (a) By the Divergence Theorem:

o'y = —l z - V(o'p?)
) 2

='§/n["i“’z'v‘°"' ‘TvR I"”]
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yielding:
%Y [ a2 i j
i i< 2 [ gi-t
(1 n)/,,”’ _n/‘;a lel Vel Tl
1 i i=1
d 3 AT
<= /ﬂ (a I¢J) (0 IWI)-

The first inequality is immediate.

(b) Applying again the Divergence Theorem and observing ¢|sq =0, give
/ el = - [ ¢ 3 Di(Dy9)

Q Q j

= [o=e-a) + (=0T [ 26(Ds000%
J

= [#e(-a0)+G=1) [ S D50,

Q 1] 3
= [ tet-89)- = 1) [ 4 3 Dyfo's)

J

= Aa"lv(-A¢) - (i- 1)/9 [n - %IT—EP-] o'p?
< [o o805 [ (oH1el) (o4 12l).

Inequality (b) now follows from the Cauchy-Schwarz Inequality and (a).

2.4. Weighted Sobolev Spaces.
With the aid of Lemma 2.1 and some elementary limit arguments we
can set up weighted spaces suitable for our problems. Let W™({) denote the

space of functions with up to m** weak derivatives. Let W™P({) and Wo ()
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denote the usual Sobolev spaces. In W™(Q) we define a weighted space E(m)

as follows
E(m)={u e W™(Q) | |ull < o0},
where
2= i| Viuf?dz, 2.4.1
IMI%ELwIM z (2.4.1)

wi =max{c™¢, b}, b; as given in (2.2.2), and
WE{N. if i=2j
vl) if i=2+1.

E(m) is a Hilbert space. Indeed, let {u;} be a Cauchy sequence in E(m), then
{Au 7} is also a Cauchy sequence in qu(ﬂ)’ t=0,...,m. The completeness of
L}, (q) implies that V'u; ~ v’ in L%, q)- Denote vy by v. By a limit argument
Viv =o' in the distribution sense. It follows, from Theorem 1 on page 190 of
[BIS], that v € W™. Clearly |jv|| < co. Thus v € E(m).

Let E(m) be the closure of C§$°(f) in E(m) with respect to the norm ||-||
defined in (2.4.1). E(m) is also a Hilbert space. For convenience, we simply
denote E(m) by E when it is clear in the context. It is useful to consider in
detail a special case of E. Let m =1 and note that, by definition, the norm
of E(1) now is

) = /n IVul? + wou?

where wy = max{d(a:), b(z)}. If, furthermore, Q is boundéd, then ||-|| is equiv-

alent to the usual Sobolev norm || - ||y.2, and consequently E(1) is equivalent
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to Wa(Q). In fact, for any m > 1, and bounded 2, E(m) is equivalent to

W3(Q), as we have the following inequalities and identities:
alul? < 3 [ (V4 < Calll?,
i

Viu2= /Da 2,
[t = ¥ [1oeai

lal=5
where u € C&”(Q), C1,Cz > 0.

To establish properties of E it is useful to recall

LEMMA 2.2. Let v e W'%(Q,) be a weak solution of ~Av = f, v=0 on 04.

If f € Wh3(R,), then for r' < r, we have v € W**22(Q.) and

vllws+asga,y < C{llvllzaa,) + If w2, }
where C = C(n, k,r,r').

PROOF: We need only modify slightly the proof of [GT, Th. 8.12]. Indeed,
the compactness of 2NN, gives immediately the Wk+2.2 estimates on v near
NN IN,. Next we apply the interior estimates [GT, Th. 8.10] to Q.. We
observe, finally, that ||v|lw1.2 in [GT, Th. 8.10] may be replaced by ||v|j 2. See
the remark after the proof of [GT, Th.8.8].

We note the following properties of E:

LEMMA 2.3. Forany u€ E,

(a) A'ueWpk(Q), fori=0,...,N, where N:m =2(N+1) or 2N +1;

C
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(b) ue W™(Q,) and
"u"W"‘"(ﬂr) < C”u"’ C= C(n’ m,r);
(c) ue L2/ (n=2m)(Q) and

lullzns(n-2my < Cllul| for n> 2m, C = C(n,m);

(D) -1l ~ || - le where
I =3 [ wiviupcs (242)

PROOF: Part (a) is immediate from the definition of E. We need only prove
that (b) holds for all u € Co°(R2) since C$°(Q) is dense in E, Choose ry > r.
If m = 2(N +1), then let v = ANy, f= AN+1, Observing that Vg =0,
f € L*(Q) and applying Lemma 2.2, we obtain that AVy ¢ W22(Q,.) for

r<r; <ry and
1a%ullwasq,. ) < Cf 1AV, ) + 1A%+ u]| 2, )}

Iterating this process yields u e WAN+D.2(Q 1y and

N+1
lellwawsnaa,) < € )y 1A% L3(q,,)

i=0

N+1 '
¢y I1A%]lLs, () < Cllul

i=0

where C = C(n,m,r). I m = 2N +1, we start with v = AN-1y, f=AaNy
With vlon =0 and f € W), Similarly AN~1u € W33(Q,,) for £ < ry < g

and

1A% ullwnscon) < CUIAM ulzny + 18N iy + 1Y A%l ),



16
the rest of the proof is the same as the case m = 2(N + 1), and (b) holds. To

prove (c), note that by Sobolev’s Inequality, for any u € C§°(§2)

ullZanrinmamyey < CJ/ > D%

laj=m

=c [ [vmuf < Cf?
1]

for some constant C independent of u. Finally to prove (d), observe that ||ull, <
|lu|| is obvious. Apply Lemma 2.1 to the leading term of llul* for a finite

number of times:

/|Vmu|2 > l/ Ivm“|2 + g/a|vm—1u|2
Q 2Ja 2 Ja

C m—i/ m-i|ci,, |2
—_ 4 Viu
() fem v
/a"‘“lV‘ulz.
1)
This yields:
lullf > €, Z / (6™ + b)|Viuf?
2
> Caflull®.

Part (d) follows.

We note that Lemma 2.3 implies the following important properties which

will be used quite often later on:
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(a) ¢ induces an equivalent norm and an equivalent inner product:
(u,v)e = g[)biViuViv
on E;
(b) Sobolev’s Inequality holds in FE;
(c) E can be imbedded into W;~?*(0).
Consequently, a bounded sequence of E must be bounded in W™2(9,.) for any

r>0.

2.5. Two Versions of the Mountain Pass Theorem.

As our problems have a variational structure and the norm || - ||, induced
by the operator ¢ (see (2.4.2)) is an equivalent norm in E(m), we will naturally
choose a variational approach to deal with our problems. One of the most pow-
erful tools to treat superlinear subcritical problems is the well-known Mountain
Pass Theorem by Ambrosetti and Rabinowitz, see [Ral] and references therein.
We also employ the Mountain Pass Theorem to obtain the existence of solutions
for our problems. In this section, for the convenience, we recall two versions of
the Mountain Pass Theorem.

Suppose E is a real Banach space. Let C!(E,R) denote the set of func-
tionals that are Fréchet differentiable and whose Fréchet derivatives are contin-
uous on E. For J € CY(E,R), we say J satisfies the Palais-Smale condition
(henceforth denoted by (PS)) if any sequences {ux} C E for which J(u:) is

bounded and J'(ui) — 0 as k — oo possesses a convergent subsequence.
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THEOREM A (MOUNTAIN PAss THEOREM). Let E be a real Banach space
and J € C*(E, R) satisfying (PS) condition. Suppose J(0) =0 and
(a) there are constants p, a >0 such that Ji5p 2 a,
and
(b) there is an e € E\B, such that J(e) <0.

Then J possesses a critical value ¢ > a. Moreover ¢ can be characterized as

= inf 2.5.
o=t gy ™ @81

where T ={g € C([0,1],E)|g(0) =0, g(1) = e}.

THEOKEM B. Let E be an infinite dimensional Banach space and let J €
C!(E,R) be even, satisty (PS) condition, and J(0)=0. FE=V ® X, where
V is finite dimensional, and J satisfies

(a) there are constants p,a > 0 such that J]|sp nx 2 @, and

(b) for each finite dimensional subspace Eo C E, there is an Ry = Ro(Eo)
such that J <0 on Ey\Bg,.

Then J possesses an unbounded sequence of critical values.

The proofs of the two theorems can be found on page 7 and page 56 of

[Ral).



CHAPTER 3

SUBCRITICAL SECOND ORDER ELLIPTIC PROBLEMS

3.1. Introduction.

In this chapter we consider the existence of nontrivial positive solutions

for the second order semilinear elliptic problems:

lu= f(z,u) in Q,
D

Ulgq =0 im u=0
Iaﬂ ’ |z|—o0 ’

where €2 is a smooth unbounded domain in R*, n >3, fis a uniformly elliptic

operator

lu = - Z": Di(a;j(z)Dju) + b(z)u

ij=1

with a;j = aj; € CLF*(@)NL>@), 0< b e C2.(2) N L*(R). The function
f(z,t) is assumed to have subcritical growth at oo, i.e., |f(z,t)] < CJt|* for ¢
large, 0 < a < -,':—f—g The specific conditions on f will be given in the follow-
ing sections. Special attention is given to the superlinear case with prototype:
f(z,t) =g(z)t*, 1<a< %, though the sublinear case: f(z,t) = h(z)t?, 0 <
B <1 and the mixed sub-superlinear case: f(z,t) = g(z)t* + h(z)t? are also
considered.

Problem (I) has been studied by several authors. We mention in par-
ticular: Atkinson and Peletier [AP), Berestycki and Lions [BL], Berger [Be],
Coffman and Marcus [CM], Ding and Ni [DN1] .[DN2], Fukagai {Ful], Fu-
rusho [Fur], Gidas, Ni and Nirenberg [GNN], Gidas and Spruck [GS], Kawano
[Ka], Kusano and Naito [KN], Kusano and Oharu [KO] and Ni [Nil] [Ni2].

19
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Most of these results were obtained either for the radially symmetric case:
Q =R" €= -A+b, bis a positive constant, f(z,t) = f(|zl,t), or for the
case in which f(z,t) admitted suitable radial majorants. Their methods in-
volved ODE theory, and the combination of variational calculus and symmetric
rearrangement. There are fewer papers which deal with general nonradial cases
for © unbounded (Note: If § is bounded, there are many references, see, e.g.
[Ral]), see, e.g., Chaljub-Simon and Volkmann [CV], Noussair and Swanson
[NS1] [NS2] [NS3]. But the picture of the problem in the nonradial case is still

not clear. Specifically, the prototype superlinear problem

n+2
n—2

lu =g(z)u®, 1<a<

was studied in the above references. In [NS1], Noussair and Swanson showed
the existence of a positive solution by arguments involving the application of
the Mountain Pass Theorem to a sequence of increasing bounded subdomains.
In [CV], Chaljub-Simon and Volkmann used weighted Sobolev spaces. Although
the conditions on f in these two papers are different, both assume b(z) 2 bp > 0.
This is a significant assumption in the case of Q unbounded. Noussair and
Swanson considered the more general case of b(z) > 0 in [NS2] [NS3], and
obtained the existence of a positive solution for A = Ao (some Ao > 0) for the

problem fu = A f(z,u), under the assumption

0< f(z,u) S C(1 +[2]*) " Jul”
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with 0 < a < 2, 28222 g < 242, A scaling argument gives a general re-
sult if f is homogeneous. Kawano, Sutsuma and Yotsutan; [KSY] and Li and
Ni [LN1] [LN2] considered the radial case: ¢ = —A, 9(z) = g(|z|), @ = R~
The existence of a positive solution was obtained in [KSY] under the condition
Jo" 9(r)r dr < oo, while in [LN1] under the condition Lo e )=y < o
In [LN2], the existence of a Positive solution with finite total mass [p, g(|z|)udz <
oo was discussed.

For the sublinear problem
—Au=h(lz])’, 0<pg< 1,

Fukagai [Ful] obtained a positive solutjon if [i°h(r)r dr < oo,

For the mixed sub-superlinear problem
bu = g(z)u® + h(z)u?, 0< A<l<a,

Kusano and Trench [KT] studied the radial case, while Furusho [Ft] treated the
non-radial case under restrictions on radial majorants of g and h. Allegretto
and Huang [AH1] also studied the nonradial case and obtained the existence of
solutions bounded above and below by positive constants.

We wish, in this chapter, to establish more general conditions under which
(I) has a positive solution or infinitely many solutions. We are mainly inter-
ested in those problems having highly nonradial terms. Our tools are weighted
Spaces set up in Chapter 2 and various variants of the Mountain Pasg Theorem.

We consider the general case b(z) > 0 and do not require the existence of radial
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majorants. While our results thus cover the case with highly nonradial proper-
ties, we show that even in radial case, they are equivalent to earlier results in
some sense. Actually, some examples show that our assumptions are optimal.

This chapter is organized as follows: after some preliminary discussion, we
present our main results in Section 3.2. We prove, in particular, that solution
of (I) will exist in the superlinear case if |f(z,t)| < g(z)|t|* for 1 < @ < a42
with g € L®(Q) N LP(Q), some py = po(n,a). In Section 3.3, we modify the
method introduced in Section 3.2 in o:der to obtain existence criteria for sub-
linear problems and for mixed sup-superlinear problems. Then, in Section 3.4,

we discuss the results obtained and give illustrative examples which explicitly

compare our theorems to earlier work.

3.2. Superlinear Problems.
We consider the problem (I} in the space E(1)(= E), where E is defined

in Chapter 2. Recall that E is the completion of C§°(§2) under the norm

ol = ([ 19+ w0u?)

where wo = max{o(z), b(z)}. The norm induced by the operator £

llulle = (/n Z a;jDiuDju + buz)*

is equivalent to ||-| by the uniform ellipticity of £ and Lemma 2.3 (d). Note that
E~ Wol'z(Q) if b(z) > by > 0, since ¢; < wo(z) < ¢ for some constants ¢1,c2 >
0 and z € Q. Also ut,u~ € E for any u € 'E, where u* = max{u,0}, v~ =

min{u,0}. For the proof, we refer to Section 7.4 and 7.5 of [GT), as the proof
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is local in nature, and E and W,;'}(2) have the same local properties. Again
we note that the presence of the positive weight function wo(z) implies that
| - I| defines a norm on W'?(R,) which is equivalent to the standard Sobolev
norm. An immediate.consequence of this fact is that any bounded sequence
of E admits a convergent subsequence in Lr(Q,) for 1 < p < ;;2_"—2 even if
b = 0, by the Compact Embedding Theorem. This compactness property is
used repeatedly in the sequel.

We state the hypotheses on f:
(1) f is locally Holder continuous in £ x R*, 0 < f(z,t) in Qp x Rt for
some open set 2y C Q;

(2) lf(z,0) < g(2)t|* with 1 < a < 242, g € L®(Q) N LP(Q), p =

T
(3) there exists u > 2 such that pF(z,t) < tf(z,t) for (z,t) € Q x R¥,

where F(z,t) = f(: f(z, s)ds.

In E we define

K(u) = /n F(z,u)dz,

I(w) = Sl - K(w),

for v € E. Under our assumption (2) on f, K and J are well defined by

Sobolev’s Inequality and |K(u)| < fg(z)|u|*+dz < |lg]lp, lull %25, < Cllgllpolullg
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LEMMA 3.1.

(a) K and J are weakly lower semicontinuous and differentiable in E with

K'(u)(p) = /n fzw)p;

(b) K' is continuous and compact from E to E.

PRroOF: (a) Let ux — u weakly in E. We select @ ={z€ Q| |z| <m} and

observe:

|K (ue) — K(u)|

< /9 |F(z,uk) = F(z,u)l + Cligllzeocaray) (luellg* + llullz™).
1

Since {u;} is bounded in E, hence {uk|qg, } is bounded in W'?(Q;) by Lemma 2.3
(b). It follows from the compact embedding W'*(;) — LP(Q,) for 1 < p <
:Tnz (see, e.g., Theorem 6.2 of [Ad]) that there exists a subsequence ui; — u
in L?(Q,), whence uy — u in LP(Q;). Since |F(z,t)| < $i7g(2)lt|*+!, Nemisky
operator properties show fm F(z,ux) — fm F(z,u). Therefore K(ux) — K(u)
since g € L?°(2). The weak lower semicontinuity of J follows immediately.

For the differentiability of K, we show that: given any € > 0, there exists

a § = 8(e,u) > 0 such that
|[Faute) - [Faw- [ szl <elole
Q Q Q ) ‘
for all ¢ € E with ||¢]le < 8. Observe that g € LP°(Q?) and

[ V@ u+e) - Pl = Szl
a\n,
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< / o{(Iul + le))® Il + lul®lel}
o\
< Clgllroarayy (lullg + llell@) llelle

£
< Sloll

for sufficienty large r; and |jp|le < 1. To estimate the integral on the bounded

domain:

||| Fe,u+9) = Fleu) = fz,u)el < ol
Q,

we need only follow the arguments in Proposition B10 of [Ral].

(b) Let 4y = K'(u), @& = K'(u). For continuity, it suffices to show that
for any sequence u; — u in E there exists a subsequence {ug;} such that
iy, = @ in E. Note that

lde = @lle < C{IF (- ur) = (s 0)|| Lansemsnrggyy +
(3.2.1)

llgllzoo ara (lluell + i) },

and that {u;} has a subsequence ug; — u pointwise a.e. in Q. The continuity
of K' follows from |f(z,t)[**/("+? < Cjtf*ne/(n+2) in Q; with 1 < 22 < 20
and the continuity properties of the Nemisky operator. To show compactness,
let Q; = QN By, rj — oo such that ||g||zre(a\a;) < } We observe that (3.2.1)
is valid with §; replaced by Q;. For each j, the compactness of W12(Q;) —
LP(Q;) for 1 £ p < ;2% and the boundedness of {u;} in W12(Q,) imply the
existence of a subsequence {u]} and function v/ € L? n W12(Q;) such that
u{ £ viin L?(Q;) and pointwise a.e. in ;. Without loss of generality, we

assume o’ |Q,__‘ = v/~! = v. Finally, note that {4} is Cauchy in E. Indeed,
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if ¢ > 0 is given, choose j such that [|gllzre(a\n;) < € and observe that for
k,i large || (-, uk) = f(-,ud)|| L2nsin42)(q;) < € by the arguments used above. The
compactness of K’ follows immediately from an estimate similar to (3.2.1).

We know that the critical points of J, that is points u such that

J'(u)(v) = (. 0)e - /‘; f(z,u)p =0 (3.2.2)

for ¢ € E, where (-,-)¢ denotes the E inner product induced by ¢ (see the end
of Chapter 2), are weak solutions of fu = f(z,u). We observe the following

. properties of such solutions.

LEMMA 3.2. Let u be a critical point of J.
(a) If f(z,t) >0 then u 2 0;
(b) u€ LP(), 22 <p<oco. Ifb(z) = b >0 thenu€ LP(§), 2<p <

n—2

(c) Ilim u=0.

z|-—co

PROOF: (a) Setting ¢ = u~ in (3.2.2) yields (u~,u")¢ = [of(z,u)u™ <0, and
u~ =0 follows.

(b) The proof is adapted from a procedure due to Brezis and Kato [BK]
and is a variation of the method used by Figueiredo, Lions and Nussbaum
[FLN]. We always assume u > 0 for otherwise we consider ut and u~ re-

spectively. Let ui(z) = min{u(z),k}, k¥ = 1,2,... . For any real number
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121, (w)' € E. It follows from (3.2.2) that:

(0. 08)) S [ o0l < ko [ 0
But

(i ) 2 s V)

’ = (+1) 2
. i+1
2 C(my)(Jluall 24

by Sobolev Inequality. Hence we have

i+1 : a+i
(ethazzoen) ™ < €l [ 2+

Let i =4 =1+o0, p1=n—"_2-(1+i1)=u27"2+n—f_.‘,a, wherea:ﬁ-f—g——a. It

follows that:

lullatt < € /n 1 < oo,

Therefore we have u € L*(Q) by letting k¥ — oo. This yields u € L?(Q) for

,.2—_"2 < p < p1. lterating this process gives:

ij+1 . '
(Ilukll,,,-.,,) < C(nyij, |lglleo) /,, uP < oo

J j
where i; = 1+a+(;—§-2-)a+' s (;.—_":5) o, pj= n2—1‘2+ (ﬁ)oﬁ- . +(;_—':—2-) g.
It follows from this and the assumptions that f(z, u(z)) € LI(N) for some ¢ > 2.

Set
H — f(.’L', t) zTE Q,
flet) = { 0 z € RM\Q.
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We apply Theorem 8.25 of [GT] and obtain:

lu(z)| < C{"“"L’"/(n-l)(B,(z)) + ||f('u)||1,q(3,(,))} (3.2.3)

for some ¢ > 2. It follows that u € L*=°(§2). Since E ~ Wa*(Q) if &(z) > bs > 0,
this completes the proof by the standard embedding theorems.
(c) This is immediate from (3.2.3).

We now state our main existence criteria.

THEOREM 3.1. Let f satisfy hypotheses (1) - (3). Then problem (I) has at

least one positive decaying solution u € LP() for ;22 < p < .

PROOF: Without loss of generality, we set f(z,t) = 0 if ¢t < 0. It suffices
to verify that J satisfies the conditions of the Mountain Pass Theorem (see

Theorem A of Section 2.5). Since

1 1
I 2 gt = 57 | o)

1
> 2l ~ Cllolor ulle*,

we conclude that there exist a,p > 0 such that J(u) > a for all u € 9B,(0).
From assumptions (1) and (3) we have: 0 < pF(z,t) < tf(z,t) for (z,t) €
Qo x R*. Without loss of generality, assume Qp is bounded. Integrating shows

that there exist a;,a; > 0 such that

Flz,t) > mit* —a (3.2.4)
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for (z,t) € Qy x R*. Let w € C§®(S%) with w(z) 2 0, #£ 0, and let s be a

positive number. We observe that
1 2y, 2
J(sw) < 59 [lwllz = s# | ayw” + a2|S]
Q

yields J(sw) < 0 for s large. The compactness of K'(-) and (3) imply that
the (PS) condition holds (see page 11 of [Ral]). We conclude that J(-) has a
nontrivial critical point, say u. From Lemma 3.2 it follows that u € LP(R) for
2n < p< oo and lzl|i21°°u = (0. Note that f(z,t) =0 for (z,t) € Q x (~00,0]
givesu > 0 a.e. . By Zu—&%“—)u = f4+(z,u) and the Strong Maximum Principle
(see Theorem 3.5 of [GT]) we have u > 0 in Q. |

If we add further conditions, we can show the existence of other solutions

besides the positive one found above.

THEOREM 3.2. Let f satisfy hypothesis (1) — (3) with Qy = in (1), and f
be odd int. Then problem (I) has infinitely many nontrivial decaying solutions

which are in L?(Q) for 22 < p < 0.

PRoOOF: We apply Theorem B of Section 2.5. In view of Theorem 3.1, we
need only verify that for each finite dimensional subspace Ey C E there exists
R = R(E,) such that J <0 on Eyg\Bg. Let {e.-}:;l be an orthonormal basis
for Ey. Each v € Ep has the form v = zk:lu,-e.-, v = (n,...,u) € R*. Denote

Si={veE| |v]=1}. Forany v€ S, 0< [|v]* < oo since v(z) #0. We

claim that there are gg,r¢9 > 0 such that

/ lvl* 2 &0 (3.2.5)
0rg
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for all v € S;. To see this, observe that ||Jv[le =1 for v € Sy, and, since E is

finite dimensional:

lvllz3(a,q) ~ vllee.,) 2 C
if ro is large enough, where ||v]l¢q,,) = ( fﬂ.-o S a;jDivDjv + bw?)*/%. Since
p > 2, either v ¢ L#(Q,,) in which case (3.2.5) is immediate or we apply the
Holder Inequality:

vllze@.) 2 Clivllza(a.,)-

There are aj,as > 0 such that
F(:v,t) 2 a |t|“ — a2 (326)

for (z,t) € Qr, x R by assumptions (1), (3) and f odd in ¢. Observing that
any u in Ep can be written as u = Rv, where R = ||ul¢, some v € Sy, and

F(z,t) > 0, we have from (3.2.5) - (3.2.6)
J(u)= LR? - / F(z,u) - / F(z,u)
2 a,, a\Q,,

<

N -

R% - F(z,u) < %Rz - alR“/ [v}# + a2|Qy, |

R, Qrq

< R - acoR* + 02|Q,-°|.

DN =

This implies J(u) < 0 for all u € Eq\Br(0) for some R.
We remark that condition (3) could be weakened somewhat with the same
proof. For example, if g € L#(Q), then (3) is required only for large t. Alter-

natively, (3) could be replaced by
{ #F(:t,t) < tf(.‘l.',t) z€ Q\Ql'; t2 0,

pF(z,t) <tf(z,t) z€, t2a,
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for some a > 0, Q; bounded. These can be seen from the estimate (3.2.7)

below.
Furthermore, we remark that if b(z) > bo > 0 then some of the assump-

tions on f(z,t) can be relaxed significantly. We next examine in more detail

this case. Specifically, assume that the hypotheses now are:

() 1f(@0] S g(e) 1 1< o< 24, g€ L(R) and m llglsscoucen =

(3') There exist 4 > 2 and a > 0 such that
pF(z,t) < tf(z,t) for (z,t) € Q x [a,00).
Observe that K and J in this case are well-defined by the embedding
theorem: |Jullp < Cllufle, 2<p < 285 for all u € E ~ W'2(Q).

LEMMA 3.3. Let b(z) > by > 0 and (2') hold. Then
(a) K and J are weakly lower semicontinuous and K'(u)(p) = [ f(z,u)y.

(b) K'(u) is continuous and compact from E to E.

PROOF: The arguments of the proof of Lemma 3.1 are basically still valid,
except that ||gllLrea\n,) and |lgllLro(a\q;) are replaced by M, :(g,92\;) and

M”tl (g7 Q\Qm), Where

Mopw,D) = sup [ [ fu(u)Ply -2t~
zeD L JBy(z)
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somev:0<v<n-— ggi(n —-2), p>1. We employ the embedding theorem 2.3

of [BS] to show:

a+1
/ glul**! = (Ily g2 ""L““(fl\ﬂ;))
o\,

<C M,,,QH(Q#", Q\Ql)"u“?-'-l

= C Ma (g, O\R)ulf*.

Observe that M, 1(g,2\Q;) and M,1(g,Q2\;) can be made arbitrarily small
by choosing ; and ©; sufficiently “large”, since by 0 < v < n — 2 (n - 2),

g € L and Holder’s Inequality:

/l Iy == ™4y < Cllghn Nl 5,000
Y=-z|>

as |z| — oo, for some 0 < b < .

THEOREM 3.3. Let b> by >0 and f satisfy the hypothesis (1), (2) and (3').
Then problem (I) has at least one dersying positive solution u € LP(S) for

2<p< o

PROOF: As in the proof of Theorem 3.1, assume f(z,t) = 0 for ¢ < 0. We
only show that J(-) satisfies the (PS) condition since the rest is the same. Let

{ux} € E with J(ux) < d and J'(ux) — 0. We observe:

1
azjlali- [ Few-[ o Few
ug(z)2a 0<u,(z)<a

1 1
>ituli-2 [ fawdu- [ Few)
K Juy(z)2a

0<u,(z)<a
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2 (5 el 7w = [ [P = A ue]

We need only estimate the last term above:

1 .
[ Few)-pfewmlsc [ g
0<ux(z)<a K 0<up(z)<a

SC{/ gu:'“+/ que+!
1nN{z|0<us(z)<a} O\ )N{z|0<us(z)<a}

< c{a lgllall + | g},

(Q\21)n{z|0<ue(2)<a}

but
/ gup*! < 0! / gui
(2\21)N{z[|0<us(2)<a} Q\2
< C a™ M, (g%, ) ue)?
< C a® M, 1(g, 0\ )luelf?,

C = C(u,a). So we obtain

1

iz}

1
= Ol ,0)Moa (9, M) s

1
+ 27 (i) = Ca™lglloolhi]

(3.2.7)

Note that M, 1(g9,9 — ;) can be very small if Q; is sufficiently “large”. It

follows that {u)} is bounded, whence the (PS) condition holds.

REMARK: (a) In the case of b(z) > by > 0, the analogue of Theorem 3.2 can

be easily established. Under the additional condition: Y. Dja;; is bounded,

any solution u of (I) decays exponentially at oo:

lu(z)| < C e™*,
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where C, § > 0, depending on u. We refer this to the proof of Theorem 4.7 of
[NS1].

(b) With slight modifications, we can treat the more general case:
N
£ 8)| _X;g.-(z)ltl"-‘,

n

for ap =0, 1 < a3 < -+ < ay < 22, provided that go € L2_.(D), gi €
0

i - 2 . s J£) . .
LP(Q), pi = 2,,_(,,..+"15(,,_2), 1<i:< N, and '1_!.%1"’ 337) = 0 uniformly in

Wwo

z € if go(z) #O0.

3.3. Other Problems.

We now proceed to study the sublinear problem and the mixed sub-
superlinear problem in the nonradial case.

For the sublinear problem we impose the conditions:

(4) 0 < f(z,t) S h(z)tf, 20, 0SB<1, heL®@)NLT(Q), ¢ =

=D
(5) f+(z,t) 2 ho(z)t? as t — 0, where ho(z) 20, #0, 0< Bo < B.

THEOREM 3.4. Let f satisfy (1), (4) and (5). Then problem (I) has a positive

decaying solution.

PROOF: We will assume f(z,t) = f(z,0) for ¢ <0. By condition (4) and the

proof of Lemma 3.1, K and J are still weakly lower semicontinuous. By

1, 2 1 A+1
I0) 2 3ol - g [ e

1 Cc +
> plull - gl



35
J is bounded below. Hence (I) has a solution u:
J(u) = inf{J(v) |v € E}.

We note that u must be a nontrivial solution since

2
o) < ShelE = 3 [ Bl <0

for some ¢ € C3°(R2) and small s > 0. The decay of u follows from the proof

of Lemma 3.2 without any modifications.

For the mixed sub-superlinear problem we have the following theorem.

THEOREM 3.5. Let f(z,t) = fi(z,t) + fo(z,t), let fi satisfy (1) - (3) and f,
satisfy (1) and (4). Then problem (I) has a positive decaying solution, provided

that

sZhnssr (1l ((e+1)1-B\=F, 1 (B+1)(a—-1)\iZ5
ANl 15 +1((ﬁ+1)(a_1)) +ﬂ+1((a+1)(1_ﬂ)) ]<1,

(3.3.1)

where A, is the Sobolev embedding constant (see [Ma)):

_(n-1) T(3-1) _
A = nv T (%) , vp = volume of By(0).

PROOF: We employ the Mountain Pass arguments to obtain the existence of
a nontrivial critical point of J. Here we assume f(z,t) = f(z,0) for t<0. In

this case,

K(u) =./";F1(z,u)+/nF2(z,u),
Iw) = 3l - [ (File,u) + Fae,u)
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where Fi(z,u) = [} fi(z,8)ds, Fy(z,u) = Iy fo(z,8)ds. J is differentiable,

while K' is compact. Observe that for some (0 <)w € C§°(Ry),
1 gy 12
J(sw) < 3 |wllz = s* | arw” + a2|Sw|
1)
for large s > 0, and the estimate

Jw) = 2l = [ Fi(z,u)— [ Fa(z,u)
2 Q Q

= (% - %) lull? + %J’(u)(u) + /n(i-f;(z,u)u - Fx(z,u))

[

2 (5= 5)Iull + 2700 = G (14 2) Wbl bl

It follows that any sequence {ux} such that J(ux) < d and J'(ug) — 0 is
bounded. Thus {ux} contains a convergent Siibsequence by the compactness of
K' and J'(ux) — 0, and the (PS) condition follows. But the step J(u) 2 a for

u € dB,(0) no longer follows as before. However:

T@)hagems 2 (5 uuu, — A gyl

A”*‘uhuq.,uuu"“)

T A+1

lulle=p

1, 2 2 -
= 57 (1= g AT ol = 5o A% bl ™)

— 1 2
= 50 H(p).
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Elementary differentiation shows that H () has absolute maximum number p, =
1 [(a+l)(l—ﬂ)llhllq ]-i-:
Ar | B a=Dglyy

H(po)

. By the assumption (3.3.1), at p,

1 ((a+1)(1—ﬂ)):—3ff+ 1 ((ﬂ+1)(a-1) 3-—2%]

= ot s
=1-24%gll5 7 lIRll&*" [a FI\B+1)(a-1) B+1\(a+1)(1-5)

> 0.

Hence J(u)luullz = po > 0. By the Mountain Pass Theorem, J (+) has a nontrivial
critical point, say u. A slightly modified proof of Lemma 3.2 shows the decay

of u: in this case the estimate of the proof of Lemma 3.2 is: for i 21,

| s = | et + JEeey

< lglloo / uti 4 huftif [ pyPH
(1] 0<u<1 1<u

< (oo + IElec) /ﬂ e /ﬂ hubH1

< (lglloo + 14llec) /n W 4 Ol Jull .

The rest is the same. This completes the proof.

Note that if f(z,t) =0, then we recover the superlinear result of Theo-
rem 3.1.

3.4. Comparison and Examples.

We conclude this chapter with illustrative examples which compare our

results to earlier ones. We recall that we do not require f(z,t) to be bounded
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by suitable radial majorants nor b(z) > by > 0. Even in radial cases, the

criterion of Theorem 3.1 is the best for superlinear problem in some sense.

Ezample 1. Consider the following typical superlinear problem.

-Au = f(z,u), T€R"
lim u=0, (3.4.1)
|z| =00
and eigenvalue problem
—Au = Af(z,u), z€R"
lim u=0, (3.4.2)
|z}—00

where n > 2.

Suppose f(z,t) ~ g(z)t*, 0 < g(z) = 0(|z{~*) at o0, 0 < a, max {1‘-'1'—""‘_—'23‘1, 1} <
a < 2%2; Observe that g € L?*(R"), po = ma_f_—'l‘ﬂm since apg > n. Thus f
satisfies (1) - (3), and by Theorem 3.1, problem (3.4.1) has a positive solution
u. Equally (3.4.2) has a positive solution ux(z) for any A > 0.

Problem (3.4.2) has been considered by Noussair and Swanson [NS2] and
[NS3] under the same conditions. Only for A = A (some )Xo, not any), the

existence of a positive solution uy,(z) is obtained.

Ezample 2. We still consider problem (3.4.1). Let f(z,t) = g(|z[)}t*, 1<

a < 222 0 < g(|z]) = 0(Jz]~*), a > 0. Problem (3.4.1) has a positive solution

n-2?

by Theorem 3.1 if m%ﬂn—_z; > n, ie.

a>";2mf§-a}- (3.4.3)

The graph of a.(a) = 252 [%i% —a] is a straight line with 2 = a.(1) > a.(a) >

a.(ﬁ—'f%):ﬂ, l1<acx 22

n-2°
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Kaswano, Satsuma and Yotsutani [KSY] investigated problem (3.4.1) in
this case. The existence of a positive solution is guaranteed there by the as-
sumption [, g(r)r dr < oo. If g(|z]) = 0(jz|~®), this integration condition
requires a > 2, which is much stronger than (3.4.3).

Li and Ni [LN1] also considered (3.4.1) in the radial case f(z,u) = g(|z|)u".
A radial positive solution is obtained there under the condition [y~ g(r)rin—on=2)/2dr <
00, which, when g(r) = 0(r~*), requires a to satisfy (3.4.3). So their condition
coincides with ours in this case.

The condition g € LP°, pg = ma_i%ﬂn—-ii may be the best condition on

g for superlinear problem, as shown by Kusano and Naito [KN]: the equation

1 a

-Au = .m;'u

has no positive radial solutions in C*(R") for a < 252 | 242 —a] , 1<a< 22

Ezample 3. Consider the superlinear problem,

-Au+bu = f(z,u), z€R"
{ (3.4.4)

e =¥

where n > 2, b is a positive constant.
Suppose f(z,t) = g(z)tft|*?, 1 < a < 22, g(z) > 0, z € R", and
llgllLt(Bi(z)) — O a8 |z] = oo. Then problem (3.4.4) has infinitely many so-
lutions, at least one of which is positive, such that |u(z)] < C e~¢I7l, some
C, § >0 depending on u. By the result of Noussair and. Swanson [NS1], only

one positive solution can be obtained in this case. Chaljub-Simon and Volk-

mann [CSV] considered (3.4.4) using a different method under the condition
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g(z) 2 C e~81z1’ at oo, for some C, § > 0 and obtained the existence of a
single solution.

We still consider (3.4.4) but suppose b = 0, f(z,t) = g(z)tl|*"?, 1 <

a< 22 0<g(z)€ Lt and g is nonradial. The existence of infinitely many

solutions (at least one is positive) is guaranteed by Theorem 3.1 and 3.2. To

the best of our knowledge, this can not be obtained by any earlier results.

Ezample 4. Consider the mixed sub-superlinear problem

lim u=0 (3.4.5)
Zj=—00

{ ~Au = Mg(z)u® + h(z)uP), z€R"

where n > 2, A>0, 1<a< 22 4¢g>0 £0, g € L"(R"), B =
ey 0<A<1L 0< he L™(R™), 9 = sppanmss

There exists a A* > 0 such that for 0 < A < A*, (3.3.1) of Theorem 3.5 is
satisfied. Thus (3.4.5) has a positive solution for 0 < A < A*.

Kusano and Trench [KT] studied the radial case of (3.4.5) when A =
1, while Furusho [Fur] considered this case under restrictions on the radial
majorants of g and h. Their conditions are not comparable to the conditions
of Theorem 3.5 even in the radial case.

Finally we note that the sublinear problem

{ —Au = h(z)u?, z€R"

lim u=0,
jz|—~c0

0 < B < 1, was considered by Fukagai in [Ful], where an entire positive solution

was obtained for |h(z)|] < h*(|z) and [;~ h*(r)r dr < co. In the radial case,

condition ff° h*(r)r dr < oo is weaker than h € L%, ¢o = W—ﬁm of
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Theorem 3.4. However, in the cases where radial majorants are not available,

our result is applicable but the radial argument test fails.



CHAPTER 4

HIGHER ORDER ELLIPTIC PROBLEMS

4.1. Introduction.
We extend the method introduced in Chapter 3 to study higher order
elliptic problems. Specifically we are concerned with the existence of nontrivial

decaying solutions of 2m'® order elliptic problem

lu = f(z,u), z€N

D?u|ga =0, 0<|y|<m~-1 (1)
lim u=0,
z|=ro0

m i m ,
where €= [[(=A +8) =™ 3 bi(~A), bm =1, b; and b} € R*, Qis an
i=1 =0
unbounded subdomain of R®, n > 2m, v is a non-negative multi-integer. Of
special interest to us is the case of £ =(—A)™ and f(z,t) is purely superlinear

with subecritical growth:

(-A)"u = g(z)u®,

l<a< ';'{*_'g—: As we did in Chapter 3, we also consider sublinear or mixed
sub-superlinear problems.

Unlike second order elliptic problems, there are relatively few studies of
higher order elliptic problems. The first papers on higher order elliptic problems
are due to Walter [Wal], [Wa2], and Walter and Rhee [WR], where A™u = ¢®
and A™u = f(|:::|,-u), in R", were studied. Higher order elliptic problems have

received more attention since 1987. Dalmasso [Dal] [Da2], and Kusano and

Swanson [KS] studied the biharmonic problem A%u = f(|z|,u) in R™. Fukagai

42
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[Fu2] studied semilinear problem of iﬁl(-—A + b)u = f(|z|,u) in R*. Edelson
[Ed], Kusano, Naito and Swanson [KNS1] [KNS2] [KNS3] considered (—A)™u =
f(lz},u). Also Kusano, Naito and Swanson [KNS4], and Usami [Us] dealt with
the quasilinear problem (-A)™u = f(|z|, u, Au,...,A™ 1y) in R". Allegretto
and Huang [AH?2] studied more general problem ¢ - - - ¢, & = f(z,@, Vi), where
¢; is second order elliptic operator. Bernis [Ber] considered (=A™ u+|ulP~lu =
f(z). All of these papers employed radially symmetric arguments except [AH2]

and [Ber]. The results obtained in these references can be divided into three
types:

(a) The existence of positive unbounded solutions with special behaviour
as |z| — oo, for instance, the solution u(z) ~ |z2™=% at oo, i = 1,...,m;

(b) The existence of positive solutions bounded above and below by pos-

itive constants;

(c) The existence of positive decaying solutions in very restrictive cases.
As the objective of this chapter is (c) type existence, we mention further
related papers and their results. Kusano, Naito and Swanson [KNS2] obtained

a positive decaying solution for the sublinear and singular problem:
(—=4)™u = h(jz[)u”
—1< <1 under the assumption

o0
/ h(r)rN=1=A(N=2m) 4. « o, (4.1.1)
. 0 .
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while for the mixed sub-superlinear problem:
(—=A)™u = g(|z])u® + h(jz|)u’
0 < B <1< « they postulated the further assumption (in addition to (4.1.1)):

o0
/ g(r)yrN-1meN=2m)gr < oo (4.1.2)
0

and

A e A () R S L PYRREE

(See Page 1299 of [KNS2] for the definitions of I; and p). The existence of
positive decaying solution for superlinear problem was given as an open ques-
tion in this paper. Dalmasso [Dal] partially answered this open question, and

obtained a positive decaying solution of
A’u = g(Jz])u®
1< a < 2t by the assumption
[~}
/ g(r)ridr < oo. (4.1.4)
0

Basically the existence of decaying solutions of superlinear problem remains
open. We will give an answer to this open question by establishing general non-
radial conditions for the superlinear problem of (II) to have a positive decaying
solution. Moreover, we will treat sublinear and mixed sub-superlinear problems.

Our conditions, as shown by some examples, are better than the former ones,
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such as (4.1.1) and (4.1.4), not only in the general case but also in some radial
cases.

Our main tools are again weighted spaces and the Mountain Pass argu-
ments. To show the decay of the solutions, we employ Agmon’s LP regularity
results as the growth estimates, due to the failure of the iteration technique
used in the proof of Lemma 3.2. The general philosophy follows the one given
in Chapter 3 although the aetails are quite different. We conclude the chapter

with some illustrative examples explicitly comparing our results to earlier ones.

4.2, Superlinear Problems.
In this section we derive existence theorem for the superlinear case of (II).
We choose E(m) as our function space, and, for convenience we denote E(m)
by E. Recall the following properties: -
(@) Jul? = (u,u)e = f%fnb,-lA"uIzdz is an equivalent norm in E;
i=
(b) Sobolev's Inequality: fluf|_za_ < Cllull¢ holds in E;

(c) E can be embedded into W»*(): [lullwm.2(a,) < Clluile.

We now state our hypotheses on f:
(1) feCE(2x RY), 0L f(z,t) in 2 x R* and 0 < f(z,t) in Qo x R

for some open {2y C ;

n—-2m’

@) Mzl < g@)t* 1 < a < 3R, g € LXQ)NL*(Q), po =

2n .
2n—(a+1)(n—2m)!?
(3) There exists y > 2 such that pF(z,t) < tf(z,t) for (z,t) € @ x Rt

where F(z,t) = [ f(z,s)ds.
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In E we define two functions:

K(u) = /ﬂF(z,u)dz,

I(w) = 3l - K(a),

for any u € E. Clearly K and J are well defined in E by assumption (2) and

Sobolev’s Inequality.

LEMMA 4.1.
(a) K and J are weakly lower semicontinuous and differentiable in E with

K'(u)(p) = fof(z,u)pdz;

(b) K' is continuous and compact from E to E.

PROOF: Since the proof follows the lines of the one given in Section 3.2 for
m =1, we only sketch the basic ideas.

(a) Let uy — u weakly in E. Then {u;} is bounded in E and we observe:

|K(ui> — K(u)|

< A |F(z,ur) — F(z,u)] + Cllgllrroara,) (luellg ™ + llullg ™).

The weak lower semicontinuity of K now follows from the boundedness of

{ uklq, } in W™?(R2,) (see Lemma 2.3 (b)) and the compactness of W™2%(Q,) —

LP(Q,) for 1 S p < 28—, The weak lower semicontinuity of J is then obvious.

For the differentiability of K, we show that: given any € > 0, there exists

a § = §(¢,u) > 0 such that

| / Flo,u+¢) - Fla,u) - f(z,u)el < ellylle
Q
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for any ¢ € E with ||l < . Observe that g € L*(Q) and
[Pt 0)~ Pz, - f(aupel
<l Fa,ut )~ Fa,u) - f(z,u)el
+ Cllgllzro@ran (el + Ielg) ol

We need only follow now the arguments of [Ral, Prop. B10] to obtain the

desired estimate for the integral on ..

(b) The proof of the continuity of K’ is similar to the proof of the weak

lower continuity of K, the only difference is that the estimate in this case is:
1K (u) = K'(u)|
S CLIFCoue) = £ w)llsnrinsamqa,y + lgllroara, (luellE + [lull2 )}

To show compactness, note that:

K'(u)(p) = /‘2 flz,u)p + /‘2 o S
= K!(u)() + Re(u)p.

K|(-) is compact from E to E. Indeed, any bounded sequence {ur} in E is

also bounded in W™2(Q, ), whence it has a Cauchy subsequence in LP(Q,) for

1<p< nf'z'm. The compactness is immediate from the estimate below:

Ko (ur) ~ Kp(u)l| < CIFCyue) = £(-, u)||L2nsntamyq, ).
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While [|R.(u)] < CllgllLroa\e.)llullf implies that K'(u) is a limit map of a
sequence of compact maps under the norm ||-[|¢. Therefore K’ is also compact.

It is clear that a critical point of J, i.e.

T'w)(e) = (4 9)e - /ﬂ Fzu)p =0

is a weak solution of fu = f(z,u). The following lemma guarantees that critical
points of J are classical solutions of ¢u = f(z,u), and that their derivatives up

to 2m — 1 decay at oco.

LEMMA 4.2. Let u be a critical point of J.
(a) u is a classical solution of ¢u = f(z,u) and furthermore, for any

p> 2n

- n-2m’?

lullwam.p(@nBi(2)) S H(""“Ln—f’h(gna,(z)))’

where H(-) is a continuous function, dependent on n,m and p, with H(0) =0,

(b) D*u — 0 as |z] = oo for |v| < 2m —1.
PROOF: Suppose u is a critical point of J, ie,
(u,0)e = /ﬂ flz,u)p, p€E.
It follows that for ¢ € C§°(Q N By(z)),

| u(lp)| = | / f u)el
QN Ba(z) 2N B(z)

< lglloo / Jul o]
ANBa(z)
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< C"“";_%;,nnaz(z)"?”p’, S2NB3(z)y

where ;’;1- + pll =1, pp=14, g = ;22-. We conclude from Agmon’s regularity

theorem 6.1 and 6.2 [Ag] that:

u € W™ (QN B, (z)), 1<r <2
and

lellwams @nse, o < C(Iullp a0z + 11225 onyer)
< C(||ull 23 ,anBa(z) + lull229_ 0nB,(z))»

where C' = C(n,m, ||g|lco,™1). We obtain by the Embedding Theorem that:

2n
a(n —2m) — 4m’

v € L"(QN By (a)), ¢ =
and

l[ullgs.0nB.,(2) < C ("“ll,,—_?-';;,nna,(z) + ||"||;§g;,nn3,(,)),

unless a(n — 2m) — 4m is nonpositive, in which case clearly u € L¢(Q2n By, (z))
for ¢ large. Starting with ¢, and p, = L2, iterating the process above i times

yield:

uEW™P(QNB,(2)), 1<ri<--<r <2,

_ g o 2n
Te ¥T af---ala(n — 2m) —4m]---] —4m’

Di
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After a finite number of steps, the denominator of g; must be nonpositive and
the result follows. The function H(-) is constructed merely by keeping track of

the bound in each iteration step.

It follows from (a) that DYu € W™~ 1*bP(Qn By(z)) for |v| < 2m —1. (b)

is an immediate consequence of (a), the Embedding Theorem on N B;(z) and

im |lull 25 .anB,(z) = 0-

|[2|—+o0

We state our main result.

THEOREM 4.1. Under conditions (1) - (3) on f, problem (II) has a classical
decaying solution u with D¥u — 0 as |z| — oo for |v| £ 2m—1. If furthermore,

Q = R", then u is positive.

PROOF: In view of Lemma 4.1 we can apply the Mountain Pass Theorem to
obtain a nontrivial critical point of J, say u. We omit the proof since it is
the same as that of Theorem 3.1. Lemma 4.2 guarantees that u is a classical
decaying solution of (II). Suppose = R", to see the positivity of u, we observe
that f(z,u)> 0 (here f(z,t) =0 for t <0 is assumed), and mﬁl(-—A+b:-)u =v

i=1

is a solution of the following problem

{ (-A +by)v = f(z,u), z€R",
limjzjmo v = 0.

If we choose zo and apply the Maximum Principle on B.(0), r large, we con-
m-1
clude: v(zo) 2 Iixllf v_(z). Letting r — oo, we obtain: [] (-A+bj)u=v20.
Z|=r

i=1

-2
Similarly, we can show that [] (A +b)u > 0,...,(~A +8)u >0, and then

i=1

u > 0, since u is nontrivial.
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Unfortunately, for the case of Q # R™, we are not able to show that the

solution u is positive, as we don’t have enough information about u on the
boundary 92 (we know only Du|sq =0 for [v| <m —1).

Under a further condition on f, we can obtain infinitely many solutions.

THEOREM 4.2. Assume conditions (1) - (3) with Qy = Q in (1). If f is odd
in t, then problem (II) has infinitely many nontrivial decaying solutions whose

derivatives up to 2m — 1 decay at oo.
The proof is essentially the same as the one of Theorem 3.2. We omit it.
4.3. Other problems.

In this section, we study the sublinear problem:

[ u = h(z)u?, z€Q

¢ Dlulgg =0, |v|<m-1 (4.3.1)
im u=0,
\ |z]—00

0 <4 <1 and the mixed sub-superlinear problem:

[ tu = g(z)u® + h(z)u?,

{ D'u=0, vl <m-1 (4.3.2)
im u=0,
{ [z]=00

0<f<l<aciddm
Kusano and Swanson [KS] considered (4.3.1) in the case of m = 2, Q=
R", and h(z) = h(|z|). Later Kusano, Naito and Swanson [KNS2] studied both

(4.3.1) and (4.3.2). The existence of a positive decaying solution for (4.3.1) and
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(4.3.2) was obtained under the assumptions (4.1.1), (4.1.2) and (4.1.3). Their
method involves fixed point theory arguments which enable them to deal with
the singular case -1 < 8 <0.

We can also deal with the problems (4.3.1) and (4.3.2) in the nonradial
case by using the variational approach in the space E. Specifically, we establish
certain integration conditions for (4.3.1) and (4.3.2) to have a nontrivial solu-
tion. However, the case —1 < # < 0 does not seem accessible to our method.

For the sublinear problem, we impose the following conditions

(4) f € Co(R x R*), 0 < f(z,t) for (z,t) € & x RY, and f(z,1) <

h(:c)|t|ﬂ, 0<B<1, he LM(Q) NLP(Q), g = zn_(ﬂ+21’)‘(n_2m);
(5) f(z:8) 2 ho(z)t% as - 0¥, where ho(2) 2 0, #0, 0. fo < B.

THEOREM 4.3. Under conditions (4) and (5) Problem (II) has a decaying
solution u with D’u — 0 as |z] = oo, for [v| < 2m—1. If Q = R", the solution

u is positive.

PROOF: We can employ the arguments of Theorem 3.3, to establish the ex-
istence of a nontrivial weak solution u. Also the regularity and decay of u
follows from the arguments of Lemma 4.2 with the replacements of g by h and
a by 1 for #> 0. The case B =0 is even simpler. We just apply the Holder’s
Inequality to fﬂnB;( 2) h|p| and choose suitable p; and p} where pll + ;}{- =1
We have the following existence criterion for mixed sub-superlinear prob-

lem
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THEOREM 4.4. Let f(z,t) = fi(z,t)+ f2(z,t), where f; satisfles (1) - (3) 2ad

f2 satisfies (4). Then problem (II) has a decaying solution u provided

1 [(a+1)(1—ﬂ)]2—:}+ 1 [(ﬂ-l-l)(a-l) ‘—:%]

i, 55
2anleli e [ (e =) * rr e

<1

m
where Ay = n=(m+1)/2 (-"V';‘-) %)ﬁl, the Sobolev embedding constant (see

Un

[Ma]), v, = volume of B,(0). I Q = R, then the solution u is positive.

PROOF: The same arguments as those of Theorem 3.4 give the existence of a
nontrivial critical point u. To show the regularity and decay of u, we only need
a simple modification. Note that in the iteration of the proof of Lemma 4.2,
one more term in involved in this case:

| faluyol < /n Blulo|

2NBy(z) NB3(z)

< { Clw’llr@nssenllelly, i 8>0
- ”h"Ln(nnB,(z))Ilcpll,,;, if =0

where p; =4, ¢ = 28 the same as before. But

14 llzes @nBaen < Clullfe, ana, ey

as £q <gq.

4.4. Remarks and Examples.

We now give some examples showing the connection with earlier work.

Some of the examples are in radially symmetric cases, for illustrative purposes,
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even though our criteria do not require such assumption. For simplicity, we

assume all coefficients are smooth.

Ezample 1. Consider the superlinear biharmonic problem

{ A’ =g(|z|)u*, z€R" (4.4.1)

limjzjoou =0

where n > 5, 1<a < 2H, ge L*, 0<g(|z]) =0(|z|7) at oo.

Conditions (1) and (3) are satisfied. If ﬂﬁ'-'fm > n, e a>
";4[ - a] then condition (2) is also satisfied. We conclude that (4.4.1)
has a positive solution by Theorem 4.1.

As mentioned before, to the best of our knowledge only Dalmasso [Dal]

studied the superlinear biharmonic problem. The existence of a positive solution

to (4.4.1) was obtained there by the assumption:

o0
/ g(r)ridr < co.
0

If g(|z|) = 0(Jz|~*), this condition requires a > 4, which is much stronger than

ours: a > 274|842 ] Notethat4>""[—'_f'—-a]>0for1<a<-’1=f—‘-.

n—4 n-4

Ezample 2. Consider the general superlinear polyharmonic problem

(—8)"u=g(z)u® z€R"

(4.4.2)
lim D'u=0, 0<|vj<2m -1

|#|—o0

where n > 2m, 1< a < 2822 0 < g(z) € L*°(R")NLP°(R"), po = 2,,_(04;21').("_2,1;)'

n—-2m?

In this case, all the conditions of Theorem 4.1 are satisfied, thus (4.4.2) has

a classical positive solution. We note in passing that if we replace u® by |uj*~u
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in (4.4.2), then by Theorem 4.2, the corresponding problem has infinitely many
decaying solutions, of which at least one is positive. Observe that this example
answers the open question posed by Kusano, Naito and Swanson [KNS2].

Ezample 3. Consider the sublinear problem

(-A)™u = h(z)u?, ze€R"

(4.4.3)
lim D*u . v|<2m -1
jz|=—o0
wheren >2m, 0< <1 Asswren 2 and h € L®°(R®)NL%(R"), qo =

2n
2n—(8+1)(n~2m) "

By Theorem 4.3, problem (4.4.3) has a positive solution. In [KNS2], Ku-
sano, Naito and Swanson also considered this type of problem with radial case

and obtained the existence of a positive solution by assuming h(z) = k(|z|)
oo
/ R(r)eN=1-A(N=2m) 4, < o0,
0

(see Theorem 4, Section 4 of [KNS2]). For h(|z|) ~ |z]~* at oo, our h € L%

requires

p+1
2

a>n-~ (n - 2m),

while theirs requires

a>n—f(n-2m).
Whence h € L% is a weaker condition even in this (radial) case.

Ezample 4. Consider

(=A)"u = Mg(z)u® + h(z)uf), ze€R"
| (4.4.4)
lim u=0

|z|—sco
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withn>2m, 0<f<1<a< 2™ Assume that ¢ >0, £0,and g€ L*® N

n-2m"*

LP(R"), po = 2n—(a+2l';(n-2m)’ 0<hel™n qu(R")9 Qo = 2n—(ﬂ+21§(n—2m§'

Then there exists a Ag >0, for 0 < A < Xp

a=1

.
2od2 |gl57 5T

1 [(a+1)(1—ﬂ) %:%5+ 1 [(ﬂ+1)(a-1) ‘—:%]
a+1i(B+1)(a-1) f+1l(a+1)(1-5)

<l

By Theorem 4.4, for all 0 < A < Ag, problem (4.4.4) has a positive solution u,.
Note that the conclusion is true for all A > 0 if A =0, and we recover the pure
superlinear result.

We mention that Theorem 4.4 does not seem easily comparable to Theo-

rem 5 of Section 4 in [KNS2].



CHAPTER 5

SECOND ORDER ELLIPTIC EIGENVALUE PROBLEMS

&.1. Introduction.

We are now concerned with the second order semilinear elliptic eigenvalue

problems
bu=Af(z,u), z€Q
. (1I1)
“laﬂ =0, lzlll—r-»noou =0

in a possibly unbounded smooth domain Q C R*, n > 3, where ¢ denotes the

uniformly elliptic operator formally defined by
bu = -y Dy(aij(z)Dju) + b(z)u,

and A > 0.

The object of this chapter is to establish the existence of multiple positive
decaying solutions to (III). Basically, we require that the function f(z,t) have
multiple positive “humps” in the variable t. The work is motivated by recent
results of Noussair and Swanson [NS4] (see also [NS5]), and by earlier results
of Brown and Budin [BB], later extended by Hess [He] for bounded Q. Brown
and Budin [BB] considered (III) for bounded Q when f has multiple humps:

(a) f(z,0)>0;
(b) f(z,a;)<0fora;, 1<i<N:0=gqp<aq <--:-<ap;
(¢) F(z,si) > F(z,s) for some s; : aj—; < s; < a; and'(:c,.s) € O x [0, a-1],

where F(z,s) is the primitive of f(z,t).

57
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Roughly speaking, the conditions (b) and (c) implies that f(-,t) as a function
of t has N positive humps and N —1 negative humps. The area of each positive
hump is larger than that of previous negative one. Brown and Budin showed the
existence of N positive solutions by the variational method. Under the further
condition that f is differentiable in ¢, Hess [He] improved this result and proved
the existence of other N ~1 positive solutions via a degree result of Rabinowitz
[Ra2]. In [NS4], Noussair and Swanson considered (III) for {? unbounded and f
with a single hump, i.e. N =1 in (b) and (c). They established the existence
of two solutions by means of arguments based on the Mountain Pass Theorem.
Their procedure involved, in particular, the assumptions: z) 2 bo > 0 and
f(z,0) = 0, f is superlinear near ¢t = 0. Note that as mentioned earlier the
condition b(z) > by > 0 is significant in the case 2 unbounded, since the opera-
tor £ induce a equivalent norm in Sobolev space Wol'z(Q), while this is not the
case if b(z) =0.

We employ arguments based on the Mountain Pass Theorem to extend the
results of Brown and Budin [BB], and Hess [He] to the case Q unbounded. We
first consider the case of ) bounded and then proceed to consider Q unbounded.
In both cases, the existence of multiple positive decaying solutions is obtained
without assuming b(z) > by > 0, f superlinear or f € C!. The superlinearity
of f at ¢ = 0 is one of the situation mentioned in [NS4] 2 being open. We

point out, however, that the localization results of Hess [He]:

ai-1 < "ui"oo, "ﬁt"w <a i=1...,N
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where u; and 4; are a pair of solutions, and the decay law of Noussair and
Swanson [NS4]:

[u(z)} £ Ce™%l7l
do not immediately follow from our work. Finally, we mention that the degree

method of Hess [He] could also be used.

5.2. Assumptions.

Let F(z,t) = f(; f(z,8)ds. We assume the following conditions:
(1) f€ Lipoc(Q x R*):
(2) f(z,0) >0, for z€ Q;

(3) There exist constants a,,...,ay such that 0 = gy < a; < - < apn
and:
(a) f(z,a;)<0forzef, i=1,...,N;
(b) for i =1,...,N, there exist a bounded smooth subdomain D C © and
constants #; > 0 such that:
/D Flz,a)~ sup | /9 F(z,v)| 2 6, (5.2.1)

vECH (D)
0<v<ai~

and F(z,a;) - F(z,t)>20forze D, 0<t<a;.
It wili be obvious from the given proofs that not all of the above condi-
tions are required in every result, however they are globally assumed to avoid

fragmeating the presentation. We also observe that the constants a; could be
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replaced by suitable supersolutions, while (3) implies f(z,a;) =0 for z € D, by
the increasing property of F(z,t) at t = a;.

We first observe the following elementary implications.

LEMMA 5.1.

{a) For any bounded subset K C x R there exists a constant k = k(K)
goch that f{x,t) + kt is nondecreasing in t.

(b) Let:

a;=_ inf (F(z,a;) - F(z,1))

-5)([0,0{-1]

w= s ([ Few)
veCH(D) Ja\D
0<v<ai-,

If a;mes(D) > +; then inequality (5.2.1) holds for some B;.
(c) If N =1 and f(zo,a1) > 0 for some z¢ then inequality (5.2.1) holds.

(d) Assume that Q is bounded, f(z,t) = f(t) and there exist constants
0=a)<a) <---<dy with f(a}) <0 fori=1,...,N, and max{F(t), 0<t <

al_,} < F(a}), then (3) holds.

PROOF: Note that (a), (b) and (c) are immediate while (d) follows from simple
arguments if we set G(t) = F(t) - F(a}) for t € [a},a},,] and choose a;4, =

inf{t | G assumes its absolute meximum on [a],a}4,] at t}.

5.3. Bounded Domain Results.
In this section we assume 2 bounded and consider problem (III) on .

The decay condition is void in thiz case. Note that these results are valid -with
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obvious changes - even if n =2. Our first result is the existence of N solutions
and is similar to one in [BB] by Brown and Budin. We sketch the proof for

completeness and convenience.

THEOREM 5.1  Under conditions (1) - (3), theve exists a A\* such that for
A 2 A*, problem (III) has at least N positive solutions {u,-(z\,:z:)}'.ltl__l with a;; <

I]u.-"w <a; fori= 1,...,N.

PROOF: Let fi(z,t) denote the truncation of f:

f(z,0) t<0
filz,t) = f(z,t) 0<t<aq;
f(x1 ai) t> ai,

and consider fu = Af;(z,u) in W(’ "2(9). By the assumptions on f, the func-
tional

1
T u) = 3lluf - ) /,, Fi(z,u)dz,

where j[uil} = f, 3 ai;DiuDju+bu?, Fy(z,t)= fo‘ fi(z,s)ds is coercive, C! and
weakly lower semicontinuous on Wom(Q), whence it attains its minimum at
some point of Wo1 ’2{ ), say u;. The maximum principle applied to £+ & shows
that 0 < u; < g; in 2, and it follows that u; is a solution of (1IY}. Finally, for A
sufficiently large, there exists zo € 2 such that u;(A, z9) > a;..; for if this is not
the case, let: g(z) = a; if Bay(z) C D, g(z) =0 otherwise. Consider gn(z) =

mollifer of g and note that g, € Wy'*(D) and, since Fj(z,0) =0, we have

/D Flz,g1) = /n Fiz, o).



62

We conclude:

Ji(A,gn) — Ji(A, ui)

by (5.2.1). Choose first h small and then A large shows that Ji(*,ga) < Ji(, u;)
contradicting the minimality of Ji(A,u;).

We now show the existence of more solutions by means of the Mountain
Pass Theorem. We assume that the solution {u;} found in Theorem 5.1 are
isolated, for otherwise there is nothing to show. We know from the proof of
Theorem 5.1 that u; is the absolute minimum of J;. Naturally we conjecture
that u; must be a local minimum of J;+;. If so, as ui4; is the absolute minimum
of Jiyq and Jips(is1) < Jig1(ui) = Ji(u;), by the Mountain Pass Theorem, iz
can claim the existence of another solution “between” u; and ui41, say uiy,
with Ji(uis1) < Ji41(uly;)- An estimate below will show that Jirr(uly) <
Ji—1(ui=1). Then the existence of other N —1 distinct solution {u,’}l2 follows.
These are the basic ideas. The proof will be accomplished by first establishing

several intermediate results.

LEMMA 5.2. Assume A > 0 is sufficiently large and that u; is the only solution

in By(y;) fori=1,...,N.
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(a) There exists a function c : [0,¢*] — Rt for some €* > 0 such that

c(t)>0ift>0 and if € < ||u — u;l|e < 7/2 then
Ji(u) 2 Ji(ui) + c(¢); (5.3.1)

(b) For € > 0 sufficiently small, there exist 6 > 0 such that if € = |ju—u;|,

then

Jit1(u) 2 Jig1(u;) + 6; (5.3.2)
(c) There exist positive constants ay,fy (independent of ), t) such that
Ji(¥j) 2 Jiz1(tiv1) — ao + Ao (5.3.3)
for j < 1.

PROOF: (a) Consider H{u) = Ji(u) — J;(u;) and observe that H > 0, H is

continuous and weakly lower semicontinuous. Set
c(e) = inf{H(u) | € < |lu — u;fle < 7/2}

and observe that if ¢(¢) = 0 for some € > 0 then there exists a minimizing
sequence {u;} for H in € < |lug — u;lle < 7/2. Without loss of generality, there
exists v in W,"(Q) such that ux — v weakly in W2?*(2) and strongly in LZ.
By the properties of f, Fi{z,u;) — Fi(z,v) in L*, whence [Jui|ls = ||v]je by the
definition of H. We conrlude that v is a solution in £ < |lu ~ u;j| < 7/2 and

the contradiction establishes the result.
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(b) Let u € W) *(R) and set @ = min(u,a;). Note that & € Wy*(R) and:
L1
Jip1(u) = Ji(d) + 3 ’/{u> ) [Z a;jDiuDju + b(u2 - a?)]

- A [Fitr(z, 4} = Figar(z,a5)]
{u>ai}
> Ji(3) + i - a1 - 25 [ x> a)w = a1,

where M denotes the Lipschitz constant for f; and x(u > a;) is the characteristic

function of the set {z | u > a;}. Consequently,
. 1
Jiv1(u) 2 Ji(@) + §||(“ - a;)*|?
A +
= 3 MlIx(s > a;)ll2l(v — ai)™ || 20,
By Sobolev’s Theorem, for some C,
- 1
Jiv1(u) 2 Ji(@) + 5"(“ - a;)*)3
-AC [mes(u > a;)] %"(u - a;)*|3.

Observe that since u; < a; in , u; is a classical solution, and

llu = uille 2 Cllu — will 2a,

> C(ai = [[uilloo) mes(u > ai)] 5,
choosing € = |ju — u;||¢ sufficiently small yields:

1 - 2)Clmes(u > a;)]* > 2C, > 0.
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Finally, observe that:
€= flu = uille < lli - uille + (v — ai)* e,

whence either |[ii — u;lle > § or |[(u — a;)*|le > £, and for € small enough,

lé — uille < . By Part (a) we conclude:
Ji1(u) 2 J1(wi) + max {Cul|(u - ai)*||7, C(llu—uille)},

and (5.3.2) follows.

(c) It clearly suffices to estimate J;(u;) — Ji41(ui41), but this is an imme-

diate consequence of the arguments used in Theorem 5.1.

LEMMA 5.3. Let ¢ € C§°(Q') with Q' C CQ, 0< ¢ <1. Then there exists a

constant K, = K,(yp), independent of A and u;, such that:

"80121:’"3 + A/ [F.'(z,u.' + ¢(ai — u;)) - F.-(a:,u,-)] < Ki(p). (5.3.4)
Q

PROOF: Set G = [, [F.-(z,u; + o(a; — ui)) — .F','(z,u.-)] and observe that, by
definition,

Ji(ui + o(ui — ui)) 2 Ji(us).

Setting u; = ui(1 — ¢) + pu; on the right hand side and expanding yield in

Wa(Q):

42 2
(1 = @)ui, 0(a; — u;))e + "‘P;Hlt > "‘P;t"l +)G.
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Moreover, again expanding, gives
(1= p)ui, plai—ui)e
= /ﬂ [ aii{(1 - ¢)ai — ui)DsuiDjp — (1 — ) Dyui Dju;
— ui(a; — u;)DrpDjp + uipDrpDju; }
+ bp(1 — p)ui(ai — ui)].
Since 0 < ¢ <1 and 0 < u; < aj, we disregard the negative terms and, using
the Divergence Thecrem, obtain:
(1= p)ui, pai—ui)e
1 1
< [ [0 + 5 3 Dlawi Dyt - o) - (o = i)
+ bp(1 — p)ui(a; — u;)]
and the proof is complete.

LEMMA 5.4. Set v(t) = u; + tp(ai41 — u;) with 0 <t < 1, and ¢ as in
Lemma 5.3. Then for some constant K = K(yp),
Jen(o(8) < Jiu) + K(p) = A [ {Fun(,002) (5.3.5)

+ Fip1(2, i + ¢(a; = ui)) — 2Figa(z, u;) }dz.

PROOF: Set 8 = tp, and let G represent the integral on the right hand side of
(5.3.5). If we expand [|v(t)||? and use the Divergence Theorem as in Lemma 5.3,

we conclude:

llv ()13 <

1
5 luillt + S18uill? + Ka(e).

(IR
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If we now employ Lemma 5.3 we conclude:
Jig1(v(t)) < Jig1(ui) + [Ki(p) + Ka(p)] = AG.
Since Jiy1(ui) = Ji(u;), inequality (5.3.5) is established.

THEOREM 5.2. Under conditions (1) - (3). There exists A\* > 0, for A > A*,

problem (III) has at least 2N — 1 positive solutions.

PROOF: By Lemma 5.2 (b), u; is a local minimum of Jiy;. Let e = u; +
w(ai+1 —u;), where ¢ is free for a moment. Choose a path v(t) between u; and
e: v(t) = u; + tp(aiy; — u;) with 0 < ¢ < 1. The proof will be immediate from

the Mountain Pass Theorem once we show
(a) Jit1(e) < Jiga(ui) (= Jiuq));

(b) T:p1(v(t)) < Ji(ui) — ag + ABp, for 0 < t < 1 with ag, B as in
Lemma 5.2 (c). Note that the (P.S.) condition is obvious in this case, and that
Part (b) here is only used to sliow that the new solution is not one previously
found. The proof depends on a suitable selection of the function ¢.

By Lemma 5.4, we need only estimate the integral on the right hand side

of (5.3.5):

/ {Fisr(z,ui + to(aips — u;)) = Fipa(z, )
? (5.3.6)

+ Fip1(z,ui + ¢(ai — 4;)) — Fipa(z,u) }dz.
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Note that Q in (5.3.6) can be replaced by supp(yp). We first choose supp(y) C

D (see (3) (b)). Let t=1 in (5.3.6). Observe that

Fit1(z,@i41) — Fia(z,4i) >0, z€{p=1}

and

|Fig1(z, ui + p(ais1 — i) — Fipa(z,ui)l <m, T € supp(yp)

for some constant M by (3) and (1). We thus select supp(p) such that for

some ¢ > 0
/{‘wl} [Fit1(z,ai41) = Figa(z,45)] 2 e,
while
/{¢=x} [Fisa(e @) = P (z,w)] 20,
and

anM mes(0< p <1)< %

We then have, by Lemma 5.4,

J,'+1(e) < Ji(ui) + I{(‘P} - /\(Co - 522.)

< Tilw) + K(9) - A -

Note that ¢ is chosen independently of A,u;. We conclude Part (a) for large

A. By exactly the same argument; we have

Jis1(v(1) < Ji(ni) + K(p) + 2AMan mes(supp(y))-
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As a final choice, we assume supp(p) is so small that 2ayM mes(supp(yp)) <
Bo, we obtain (b) for large A. Therefore the Mountajn Pass Theorem gives the

existence of a solution ul,, with
Ji(wi) < Jiga(ufyy) < Jimy(uiy)

for A large enough.

5.4. Existence of N Decaying Solutions.

We henceforth assume that Q js unbounded. The existence results of the
preceding section easily vield the existence of N sclutions even for unbounded.
We need only observe that super-subsolution arguments are valid and Y = q;
gives a supersolution while replacing Q by Q, = Qn {lz] < r}, r large, in
Theorem 5.1 and setting o = u; in Q,, p=0in Q - 2y, gives a subsolution.
For the purposes of showing the existence of decaying solutions, however, and
for the applicability of the variational methods used in Section 5.5 it is better
to use an approximation argument as the following shows. We denote by fi(z)

the function sup |f(z,t)).
0<t<a;

THEOREM 5.3. Suppose [ satisfies (1) - (3), 2 Di(aij) is bounded, b(z) >
n(lz]) > 0 at 0o. Then there exists a number v such that if €(r) is a positive

smooth decaying function and

) + 1|
o ey ) <
. filz)
Jm {ems el
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N

=1

then problem (III) has for A sufficiently large, N nonnegative solutions {u;(\,z)}

such that ui(\,z) < c€(|z|) for some ¢ = ¢(A) > 0.

PROOF: Let Q = {z € Q | |z| < k} with k chosen sufficiently large and
consider equation (1) on Wol'z(ﬂk). For i € {1,...,N}, we apply Theorem 5.1
to show the existence of {uf(z\,z)}il, solutions of (III) in W3*(Q) for A
sufficiently large (independent of k). For notational convenience, we sometimes
denote u¥()\,z) as uf in the rest of the proof. Recall the estimate a;_; <
lufllL= < a;. This bound and the interior and boundary Schauder Estimates
imply that for each ¢ and each A (sufficiently large) there is a subsequence (also
denoted by u¥) which converges locally uniformly to a solution u;(},z) of (III).
Finally, let w(z) = cf(|z|) with ¢ to be chosen later. A direct calculation in

Qr — Q, shows:

Ellal) _(§~ @i N p 0%
Lw —u) 2 elleln(la{1 - g i (0 T + 20 Ditan) 25)

_ (€)= €(eDlel) s~ mizs A _fil2)
AR % o < @en()

Selecting v sufficiently small, ko sufficiently large and ¢ = max {é‘fo—, 1} we
conclude from our coeﬂiqient assumptions that L{w—u¥) > 0 in Q4 — 4, while
w—uf >0 on 9(Q - Qi) by choice of c. We obtain w(z) > u¥(),z) whence
w(z) 2 ui(\,z). Finally, let u¥()\,z¥) > a;_;, and observe that {zf}:;l is
bounded by the uniform decay of {uf}. Without loss of generality, we conclude
that z¥ — z; for some z; and, by equicontinuity, u;(A,z;) 2 ai—1. Suppose now

u; = uj~; for some i. We then must have u;_;(),z;) = ai-1, and uj—; <
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ai-1. We again apply (3) (b) and the maximum principle to £+ k to obtain a
contradiction. This argument shows that u; # u;_;, i.e. that { u; }iv are distinct
solutions. We need only show u; # 0. Suppose u; = 0. Let ¢ be as-in the
proof of Theorem 5.2. Using the arguments there and observing that uf 250

locally uniformly in Q, we then conclude:
J1(uf + (a1 — uf)) < Jy(uk)

for A large, contradicting the minimality of Ji(u¥). This completes the proof.

We observe the following. If b(z) > by > 0, we may select n(r) = by, and

&(r) = e™#" or r=# or (¢n r)~f for some 8 > 0. However, if b(z) = 0, the

conclusion ¢ Theorem 5.3 holds if we assume | llzm (ED,-(a,-,-)z j) =0 and
|00 -

im (fi(z)lz**?) =0 with 0< § < £ —2. In such a case, the key estimate

|2|—o0

in the proof of Theorem 5.3 becomes:

L(w - u}) 2 cle|~**+9{58(*F - 2- p)

A s
+ ﬂ(z Di(a-’j)zj)_ - Zfi("')lﬂ“ﬂ}
and we conclude (in the same way) that u; < ¢jz|~%.

5.5. Existence ¢f 2N — 1 Decaying Solutions.

In this section we assume f; belongs to a suitable weighted space. This
new condition enables us to give a variational characﬁerization to the N solutions
found earlier and, furthermore, to show the existence of N — 1 other solutions.

We are also able to treat the case b > 0 without any assumptions on the
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behaviour of b or (a;j) at co. We can not, however, give as precise a decay
formula for the solutions we now find.

We also remark that it may appear that the existence of 2N — 1 solu-
tions follows immediately from Theorem 5.2 by using the same finite domain
approximation arguments as we used in Theorem 5.3. This is not the case,
Lowever, since from the estimate a;—; < |lu¥|lc < a; we can only conclude
ai-1 < ||uilleo < ai, hence, we are unable to show that, in the limit as ¥ — oo,
solutions remain distinct.

The main idea involves the creation of a structure analogous to that used
in Section 5.3 for the bounded domain case, so that the same theory can be
used.

Let the dimension n > 3 and choose E = E(1) as the function space.
Recall that the norm of E is ||ufj; = (fn 3 ax;jDiuDju +lm2)§, and Sobolev’s
Inequality ||ul| 2=, < Cllulle holds.

We first prove a property of E.
LEMMA 5.5. If u € ENCY(R), then there exists a sequence @i € Cy({t) such

that i — u in E and [kl < [tlloo-

PROOF: Let i(z) = u(z)- 6(12L), where 6(t) € C*(R*) such that 0 < (1) <

1, () =1for 0<t<1and 6(t) =0 fort>2 Then ¢ € C3(R) and
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loklloo < llufloo. To see @i — u in E, note that
2 / m _\p Iz_l _ 2
loe - ulf < € [ 19(ub (%5 ~u) P+ 5(us (L) - o)
|z| 1, lz] 2
SC/ 0l—)—-1)Vu—-=0'{= juV|z 4 bu?
gc/ (IVuf? + wou?)
k<|z|

w» = max {b, iﬁ;ly}, since 7 < T-T?'z'l”' for k < |z| < 2k. This conclude: the
proof by the definition of E.

We now introduce the final condition on f.

(4) fi(z,t) is Lipschitz in t uniformly with respect to z, and f; € L=(Q)N
L7%3(0).

Note that L"%(Q) can be replaced by weighted space Lfvo_,(Q) as the
proof below shows.

As before we define
(M) = Sl = A | Fi(z, u)dz
YN = 9 I’} jﬂ T, .
for v € E. J; is well-defined and coercive as
[l s [ el < 15 gy ol g,
Q Q ) 2
< Al aa lule

Furthermore, Ji(A,) is weakly lower semi-continuous and C! on E, Lo fi(z,u)-
¢ dz - the derivative of [, Fi(z,u)dz - is a compact map from E to E. The

proofs are basically the same as that of Lemma 3.1 in Chapter 3.
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set Ni(A) = {u|u € E and Jj(u) = o}

LEMMA 5.6. Under conditions (1) - (4),

(a) Ther =xists R = R()), independent of i, such that Ni()) € Bgr(0);

(b) If u€ Ny(A) ther " " < @i and lim u=0;

|2| o0

(c) There is ui € Ni(A)\7...(A) (No = {0}) such that

D) = inf{Ji(\u) |u € E}.

PrROOF: (a) Note that if u € ,(A), then |jull} = Afp fi(z, w)u < /\C||f,||_;qfi||u||;;_gi

(b) Let u € Ni(A), 0 < u < @g; 15 immediate from (2) and (3) (a). By

Theorem 825 of [GT]

ui(®) € C Il g g, 1oy * 1 lEr(rcE00)

for sorue ¢ > 2. The decay of u; follows.

(c) Observe that the soluiions {uf} - constructed in the proof of Theo-
rem 5.3 - iorm a minimizing sequence for J; by Lemma 5.5, and [luf|l < T by
Part (a). Since the ball is weakly compact, we conclude that a subsequence of
{u*} converges weakly to u; in E and pointwise, while by the continuity and
weakly lower semicontinuity of J; we find Ji(}, u;) = inf {Ji(A,u) | u € E}, which
implies u; € N;. Since Ji()u;) < Ji—1(X, ui—1) by (3), whence ui(zo) > ;-1

for some zg, it follows that u; € N;\N;-;.
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THEOREM 5.4. Under conditions (1) — (4), there cxists A*, such that for A >

A*, problem (ITI) has 2N — 1 positive decaying solutions.

PROOF: We have obtained the existence of N solutions { ""}.'111 in Lemma 5.6.
Observe that the (PS) condition holds from the compactness of fn fi(z,u)p dz,
also observe that the conclusions of Lemma 5.3 and 5.4 are still true here since
the proofs are local in nature, we conclude, exactly in ihe same way as for §
bounded, the existence of other NV —~ 1 solutions.

Note:

(a) K furthermore f(z,0) = 0 and f(z,t) is superlinear at ¢t = 0, under
an additional integration condition (see the supeilinear case of Section 3.2) it
is easy to prove tnat the problem (III) has one more solution “hetween” 0 and

uy, that is: problem (III) has 2N sclutions.

(b) We can also consider the problem (III) in E by following the lines of
[He] under the same conditions above. Note that the co~ditivi: f € C! imposed

by [He] could be replaced b+ f € Lipioc(R2 X R*). See, e.g., (Am].

5.6. Examples.

We conclude by illustrating our results and the above remark with the
following simple example:

Ezample. Consider the problem:

— Au = Ag(z)u"(sinu)*, T €N

(5.6.1)

ulgo =0, (and lim u =90 is unbounded)
|z| =00
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(@ 0<r;
sinf 0<€<3n

G g ={ 7

(ii) g € L'NL®NC(); g changes sign, g » 0 as {z| — oo if 2 is unbounded.

otherwrse;

In this case, we set a; = (2 — 1)7 for i = 1,2, B = (z | g(z) 2 0}.
Observe that f(z,u) = gu"(sinu;* satisfies (1) - {4). To see this, let v(z) be

such that 0 <v <a; =7. Then

/BFz(a:,ag)—/QFg(z,v) > /Bg+(;v)[/(;3”t'sint] —Lg+(z)[Axt'sint]

= /B g+(2)( /0 (sint)(2r + 1) — (7 + t)")) dtda > 0.

We need only select D = BN {z | |z| < ro} for ro sufficiently large. We can now
apply Theorem 5.4 to conclude that (5.6.1) has three positive decaying solutions
for - large. Note that this example does .ot seem ameznable to the procedures
of [NS4] or [NS5]. We conclude by remarking that it is not difficult to ensure
there exists yet another solution “between” 0 a.nd u;. In this example we need
only ensure Jy(u) > € > 0 for |julle small. Suppose, for example, condition (1)

is strengthened to: 1< r < (n+2)/(n—2). We have
1) 2 ullf =4 [ o(@)] | [ Gint) dids
) 0

1 A
2 5lullz ~ = llgllzeom ||“||:;z13,(m

[
> =|lullz - A ;T*_-'l'IISIIILW(Q)Hu||;+l

[V

where g = sa—rran=sy (7 23 then ¢ > 1,50 g € L1(Q)). Then Ji(u) 2

a > 0 for all u € 8B,(0) sc:ne small p > 0 since r +1> 2.



CHAPTER 6

pLAPLACIAN PROBLEMS

6.1. Introduction.

This Chapter is devoted to the study of the so-called p-Laplacian prob-
lems:
lu = f(z,u) in Q,

(IV)
ulan =0, lzlli_fflwu =0

where Q is a smooth exterior domain (with compact boundary) in R®, ¢ is the

p-Laplatian operator defined by
tu = —div(a(z)|Vu[P~?Vu) + b(z)[ulP~2y,

l<p<n G<a <a(z) € L®WNNCYQ), © < bz) € LOQ) N Co(f).
The objective is to obtain sufficient conditions on f for (V) to have positive

solutions in the following three prototype cases:

(8) f(z,u)=g(z)u®, p-l<a<p -1 (6.1.1)
(b) f(z,u)=h(z)u?, 0<B<p-1; (6.1.2)
(¢) flz,u)=g(z)u®+h(z)uP,” 0<B< P-l<a<p*'-1, (6.1.3)

where p* = n—"_”;, the Sobolev critical exponeni. Note that when p =2, (a),
(b) and (c) correspond to the superlinear, sublinear and mixed sub-superlinear
problems respectively. By analogy, we call the cases (6.1.1), (6.1.2) and (6.1.3)
superhomogenecus, subicruogeneous and mixed sub-superhomogeneous respec-

tively.

7
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For p = 2, problem (IV) is the ordinary second order eiliptic problem
considered in Chapter 3. For the general case of 1 < p < n, several studies have
appeared recently. We mention the work in bounded domain cases by Azorero
and Alonso [AA], Egnell [Egl, Eg2], Guedd: and Veron [GV], Kichenassamy
and Veron [KV), Knaap and Peletier [KP], Veron [Ve] and references therein.
In unbounded domain cases, we recall the results of Bidaut-Veron {BV}, Kura
[Ku], Li and Yan [LY], Ni and Serrin [NiS1, NiS2]. Since we are interested in
the problems in unbounded domains, we give more details about these papers.
In [NiS1] and [NiS2}, the existencc and nonexistence of (IV) in the radial case,
ie,Q=R", a=1, b=0, f(z,u) = f(u) were studied. In particular, Ni and

Serrin showed that the equation
div(|VulP~2u) +u®* =0 in R"

admits no positive radial ground state solutions if 0 < @ < p*—1, and conversely,
the equation does admit one if & > p* — 1, see Section 6 of [NiS1]. Li and Yan

considered two eigenvalue problems of the following prototype:
— div(|VulP~2Vu) + Aul?~%u ~ f(z,u) =0
and
— div(|VulP~?Vu) + A(Julf "%u - f(z,u)) =0

in R", and cbtained a decaying solution uy in WP(R"j for A = A (some Ag >

0) under the assumption }III(I) f(z,t)/t?~! = 0, by concentration compactness
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arguments. In [Ku}, Kura established the existence of positive radial solutions
bounded away from 0 for (IV) in the case 1 < p <2, n > 3 by the subsolution
and supersolution approach. Guedda and Veron [GV], and Bidaut-Veron [BV]
studied the local and global behaviour of solutions of (IV).

No existence theory seems to have been found to date for nonradially
symmetric p-Lapiocisn problems of type (IV) in the cases (6.1.1), (6.1.2) and
(6.1.3). Observe that the case b(z) = 0 is the most interesting since the L?-
theory of (IV) in this case breaks down. Therefore, since W,"?(2) is no longer
a suitable space for (IV), new spaces must be found. As the p-Laplacian
probler: ost the same properties as the second order elliptic prob-
lems, we L..hy apply the methed introduced in Chapter 3 to problem (IV).
The procedure follows the lines of Chapter 3. That is, we first set up some
weighted spaces in which the solutions are to be spught and for which the
norm |full} = [ a(z)|Vul? + b(z)[u|P induced by the operator £ is an equivalent
norm. We then employ Mountain Pass arguments to obtain the existence of
solutions. To prove the decay of the solutions, we make use of the estimates
of Serrin [Se] for quasilinear equations. Most of the proofs of this chapter are

the same as those of Chapter 3. We only sketch the ideas and point out the

differences here.

6.2. Superhomogeneous problem.
In this section we consider problem (IV) in the superhomogeneous case,

that is, f is of prototype g(z)t* with p~1<a <p*-1.
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The hypothesis on f are:
(1) f € C%Q x R*), f(z,t) >0 in §25 % (0,00) for some open fp C ;
(2) |f(z,t)] < g(2)It|*, p—1<a<p*—1, (0#)g € LN LP(QN) where
Po = Glat G

(3) There exists s > p such that uF(z,t) <tf(z,t) (z,t) € 2 x R*.

We choose the function space E as the cuimpletion of C§°(2) under the
norm:
ul| = Vu|? 4 wp|ul? ’
Iull = ([ 19 +colup)
where wy(z) = max {(z), o(z)%} and o(z) ie defined in Chapter 2. From the
definition, it is clear that E ~ Wol P(Q) ii M 5% by > 0. Moreover, E has the
following three important properties:
(a) E can be embedded intc W,,7(Q);
(b) Sobolev Inequality: |lull,» < C||Vul|l, for all u € E, p* = JE.
i
(c) The norm |julle = ( faalVul? + blul”) ” induced by the operator £ is
an equivalent norm in E.

Indeed, (a) and (b) are obvious, while (c) follows from a Hardy-type in-

/ AP <C / Vuf?
Q Q

equality
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for all p € C5°(2). The inequality can be obtained by applying the Divergence

Theorem and Holder inequality:

/na*lul’ = —%/z.v(aﬂupv)

=—_p. . 5' -1 B/ ———lzlz ;-.p
n/‘;z o7|ul Vu+n A 1+|3|20 Ju
p 2zt p-1 Pl _%.pp

<2 [ (o e )avud+ 2 [ ofup.

We now define two functionals A (u) and J(u) on E:

K(u) =/F(x,u)dz (6.2.1)
0
1,
J(u) = ;"“"c - K(u)
= -I-/GIVuI" + bluf? — /F(z,u). (6.2.2)
PJa Q
K(u) is weli-defined by the assumption (2) and Sobolev’s Inequality. Observing
the embedding E < W*'?(Q;) and the compact embedding W?(£;) — L(%)
for 1 < ¢ < p* and bounded subdomain 4, we can prove, in a similar way

to the proof of Lemma 3.1 of Chapter 3, that K and J are weakly lower

semicontinuous and differentiable in E with
K'u)e) = [ f(aulp do (6.2.3)
Q
and

T'(u)(p) = /,. (alVulP~2Vu - Vo + bjulP~2up — f(z, u)p)dz, 624
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and K'(u)(-) i » cuntinuous and compact map from E to E* - ti: dual of E.
We ¢ wuw employ the Mountain Pass Theorem to obtain a solution of

(1V).

THEOREM 6.1. Under condition (1) - (3), the problem (IV) has a positive

decaying solution in C**(Q).

PROOF: Since we seek positive solutions, it is convenient to define f(z,t) =10

for t < 0. By condition (2),
1
J(u) 2 ;IIHII? — Cliglpollullg™ 2 a

for u € B,(0), some r, a > 0. From conditions (1) and (3), integrating shows
F(I,t) 2 alt" — a2 for (I,t) € Qo X R+, SOME &), G2 > 0. Cgc(Qo), pick

w(z) >0, #0 and let s € R*. For s large

1
Jouw) s oulf - [ awt +aaler)

]

<0.

Thus we obtain the existence of e with J(e) < 0. To see that the (PS) condition

holds, suppose {u;} C E is such that
Ju)<C and J'(ui)(-) = 0.
Note that the inequality:
1, . 1
C 2 J(ui) 2 =ljuill} = = | fz,ui)ui
p BJa

2 (5 - 3 hull + 7 (wi)w)
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yields the boundednes: of {u;}. Consequently it follows from the compactness
of K’ that there exists a subsequence of {u;}, say {u;} itself, such that K'(u;)
is Cauchy in E*. We claim that {u;} is a Cauchy sequence in E. Indeed, we
have the inequality
[ (IVuilP~2Vu; - |Vu|P2Vuy;) - (Vu; - V) if p>2

[Vu;=Vu;[P < ¢ [(IVuilP~2Vu; — |Vu,[P~2Vu;) - (Vy; —Vuj)]EHVuil" + |V, ]&F

if 1<p<?2

\

(see, e.g. [KV] and [Th2]). On the other hand, from (6.2.4) we obtain
/n {a(IVu:fP~2V; - [V, P2V} - (Vs — V)
+ b(fuilP~?ui — fui %) (ui - uj) }
< W' (wa)(ui = wi)| + ' (u5)(ui — uj)]
+1 [ (few) = Feu))ws = u5)

< C{I' willee + W' (wi)lles + 1K' (ui) = K'(uj)]| & },

where C = C(n,p). It follows immediately that {u;} is Cauchy in E. Thus the
(PS) conditior holds. The Mountain Pass Theorem guarantees the existence of
a nontrivial critical point of J', say u. Observe that u is a weak solution of

u = f(z,u), i.e.

./ a|VuP~2VuVyp + blufP~up = _/ f(zyu)ep, (6.2.5)
Q Q
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for all p € E. Letting p = u~(= min{u,0}) yields that u > 0 in Q. Next we
prove the decay of u. Set uy(z) = min{u(z),k}, k = 1,2,... . For any real

i > 1, (ur)’ € E. Let us now substitute in (6.2.5) » = (ux)’. The result is

/(uk)i—llvuklp < "g"?"/uaﬂ'_
) T agt Jg

By the fact that (ug)'~!|VulP = (;h)’lV(uk)‘ 5= [P and Sobolev’s Inequal-

ity, we have
T o2 .
(/ (uk);_—,—;(ﬂ-})-l)) < C/ uoti (6.2.6)
0 Q
where C = C(n,i,p, a,ag|lg||oo)- Setting

n
n-p

. . . n
c=p'—-l-qa,i=ig=1+40, g = (20+P-1)=n—_—p(1’+0)

and letting k — oo in (6.2.6), we conclude u € L%*(R2). As we did in the proof
of Lemma 3.2, Chapter 3, we can prove by iterating the process that u € L9(Q)
for p* < ¢ < c0. The compactness of IQ guarantees that for all z such that
|z| > 7o, some rg >0, By(z) C Q. Then by Theorem 1 of Serrin [Se], for some
q> g—.
lullze(Biien < C{llullr (By(ery + (2 u)lLeBazn }

where C = C(n,p,q). Thus the decay of u follows. The Che boundary and
interior regularities follow basically from [Tol] and [To2] while the positivity

follows from [Va).
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6.3. Other Problems.
With some modifications we employ the method of the previous section
to consider two other problems: the subhomogeneous problem and the mixed
sub-superhomogeneous problem.

We introduce the following conditions:

(4) 0 < f(z,t) S h(z)It)P, 0< B<p-1, 1 e Le(Q) N L1(Q), g =

n .
Oy oee

(8) f(z,t) 2 ho(z)tPo as t — 0%, 0< B, < B, ho(z) >0, £0.

THEOREM 6.2. Under conditions (1), (4) and (5), problem (IV) has a positive

decaying solution in " (Q).

PROOF: We simply sketch the idea since the proof is similar to that of Theo-
rem 3.4. We assume f(z,t) = f(«,0) for ¢t <0. By condition (4), the functional
J is still weakly lower semicontinuous and bounded below. Thus J has a crit-
i which is a solution of (IV). Condition (5) guarantees that u is
non'.-+ial ke proof of the decay used in Theorem 6.1 works here also.

For the mixed sub-superhomogeneous problem, we have

THEOREM 6.3. Let f(z,t) = fi(z,t) + fa(z,t), suppose that f, satisfies (1) -

(3) and f; satisfies (1) and (4). Then the problem (IV') has a positive decaying
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solution in C**(Q) provided
b e e

1 /(B+1)(a+1-p)\ 55
+ﬂ+1((a+1)(p—-ﬂ—1)) ]

<1,
where B is the embedding coustant for C§°(2) — LP" ().

PROCF: The proof is very simii:r tc that of Theorem 3.5, with the only dif-

ferences being the replacemients of 2 by p, A, by B, etc. We omit it.



CHAPTER 7
CONCLUSION
In this thesis we have studied elliptic equations on unbounded domain in
four directions:
(a) second order elliptic problems;
(b) higher order elliptic problems;
(c) second order elliptic eigenvalue problems;

(d) p-Laplacian problems,

and established existence results for these problems. We were primarily inter-
ested in positive solutions which decay at oo of nonradial problems. Because of
the variational structure of these problems, we made use of critical point theory
to show the existence of solutions.

For the superlinear problem and mixed sub-superlinear problem, it was
natural to apply the Mountain Pass Theorem, as it is a powerful tool in the case
of bounded domains. The difficulties encountered in passing to the unbounded
domains were overcome by:

(i) the suitable choice of the function space E in which the solutions were
sought;

(ii) the establishment of the compactness of the potential map JofCyu)(-)dz
from E to E* (the dual of E).

With the aid of two Hardy-type inequalities (Lemma 2.1) we set up the

space E depending on the operator £. Most of the properties of E are the

87



88
same as those of Wy"?(Q) due to the local embedding from E to W ().
Under certain integration conditions on f(z,t), we obtained the compactness
of fof(-,u)(-)dz, and the existence of the solutions for the sublinear, superlin-
ear and mixed sub-superlinear problems followed. To show tﬁe decay of the
solutions, we made use of standard L? estimates (Theorem 8.25 [GT] and The-
orem 1 [Se]) for the second order elliptic problem and p-Laplacian problem, and
of Agmon’s L? estimates (Theorem 6.1 and Theorem 6.2 [Ag]) for higher order
elliptic problems. Note that the latter approach is also valid for the second
order case.

As our methods do not use radial arguments, our results can apply in
general cases with highly nonradial properties. Our condition in the superlinear
case is optimal to some extent as shown by a nonexistence result of Kusano
and Naito (Example 2, Section 3.4). In. the direction of higher order elliptic
sublinear and superlinear problems, our conditions are better than the earlier
ones. We gave a complete answer to an open question in the superlinear case
of Kusano, Naito and Swanson ([KNS3]). For the elliptic eigenvalue problem,
we extended the work in the bounded domain case of Brown and Budin [BB]
and Hess [He] to the unbounded domain case. The p-Laplacian problem is also
considered under nonradial conditions. To our knowledge, no previous results
had been obtained in this direction.

We point out, however, that our existence result for the second order

elliptic problem in the sublinear case (Theorem 3.4, Chapter 3) is not optimal.
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Specifically, if f(z,u) = g(z)u?, 0< B <1 with g(z) ~ |z|™%, our condition (4)
in Chapter 3 requires a > 3(n + 2 — §(n — 2)), while the earlier result in the
radial case by Fukagai [Ful] requires a > 2. Our condition is stronger especially
for large n and small B.

In this thesis, we did not discuss the total mass property fn f(z,u)dz < 00
of the solutions for second order elliptic problems. In [LN2], Li and Ni proved
some existence and nonexistence results of finite total mass solutions for the
Matukuma and Eddington equations. It would be interesting to obtain this
property for the general case. The difficulty is that there are no estimates
of the decay speed of the solutions for nonradially symmetric elliptic prob-
lem. Due to the restriction of our methods, we only studied the problems with
variational structure. The study of decaying solﬁtions of problems with nonva-
riational structure is of interest, and not much is known. For instance, it would
be interesting to extend known results to the following problem:

- Y Di(aij(z)Dju) + Y biDiu + cu = f(z,u), in @

"|an =0, |zl|l—nolcou =0,

or the more general one,
ZD,-(a.-,-(a:)D;-u) +cu= f(z,u,Vu) in Q
| t|gq =0, lim u=0.
Finally, we mention two other open problems: first, to find criteria for
the existence of positive solutions of higher order problems in R", n small;

second, to find criteria for the existence of positive solutions to such problems

in general & C R". We plan to investigate these problems in the future.
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