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ABSTRACT

This thesis is devoted to a study of a variety of problems in

combinatorial analysis.

Chépter I is devoted to a study of the following problem of Erdss
and Rado: Let F be a family of n-sets, no k of which have pairwise
the same intersection. What is the maximal cardinality, ¢(n,k) , of all
such families J ? The upper bound of Erdds and Rado, namely

¢{(n,k) < n! &-1)T is improved by a factor of approximately . The

o0
value of ¢(2,k) is determined and new lower bounds for $(n,3) and

¢(n,4) are obtained.

The problem of Erdds and Rado has an application to the following
question in number theory: Denote by f£(n) the largest number of integers
that can be selected from {1,2,...,n} , no three with pairwise the same

1

reatest common divisor. It is shown that f(n) < n?+€ for eve € >0,
g Ly

provided n > no(e) - This improves the best previous result of £(n) < te

obtained by Erdés in 1964.

By an (n,h,%) graph is meant a graph with n vertices, each
of degree at most £ and in which no set of independent edges has cardinaiity
greater than h . Let f(n,h,.) denote the maximm number of edges that
any (n,h,2) graph can contain. f£(n,h,%) is determined for ali values
of n, h and 2 except those for which £ < 2h, £ odd, and in this case

sharp upper and lower bounds are obtained. Let f(h,2) = max f(n,h,8) .
n

The problem of determining $(2,k) now becomes that of evaluating

f(k-1,k-1) and this is evaluated exactly. This result has recently been

obtained by N. Sauer.
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In Chapter II we consider some generalizations of the following
problem of Schur: What is the largest integer £(n) for which there
exists some way of partitioning {1,2,...,£(n)} into n sets, no set

containing a solution of the equation X +tx, = X3 ?

Let f(n) be the largest integer for which there exists some
way of partitioning {1,2,...,f(n)} into n sets, no set containing a
solution to the equation .I_fl a;x, = 0 where the ai's are given non-
zero integers with the property that some proper subset of the a i's has
zero sum. Our main result is an estimate of the lower bound for £(n)
and this result is then used to obtain a lower bound for £(a) for a
number of special equations, in particular the equation X + X) = X5 = 0
of Schur. The system of equations xi,j + xj,j+l = xi,j+l s 1 <1< j<k-1

is considered in some detail and results of the estimates of £(m) £for

this system are used to obtain some new estimates for certain Ramsey numbers.

Chapter III is devoted to the so-called property ® of a family
of sets. A family F of sets is said to have property B if there
exists a set Bcu & such that BnF+ 0 and B3 F forall Fe F.
Erdds has raised the following question: If n and N are integers,

N > 2n-1 , what is the least integer mN(n) for which there exists a

family & of mN(n) n-subsets of a set of N elements which does not
have property 6 , but every proper subfamily of & has property 6 ?
Erdds pointed out that mN(Z) =N if N is odd and that mN(Z) does
not exist if N is even. Here it is shown that mN(n) exists for all

other values of n and N and some upper bounds are obtaimed.
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CHAPTER I

A PROBLEM OF ERDUS AND RADO

§1.1 Introduction

Let n and k be positive integers where k > 3 . Denote
by ¢(n,k) the least positive integer such that if J is any family
of .more than ¢(n,k) sets, each of order n , then some k members of

& have pairwise the same intersection.

P. Erxd¥s and R. Rado [15] proved that for each pair of positive

i;i:egers n and k, k>3, that ¢(n,k) exists. They observed that
(;L.l.l) $(1,k) = k-1

and proved for n > 2

0.1.2) $(n,k) < n(k-1)¢(n-1,k) - (k-1)(n-1) .

From (1.1.1) and (1.1.2) Ezd8s and Rado deduced that

] t

tml (t+1)!(k-1)C

(1.1.3) ¢(n,k) < nl(k-1)"{1 -
and this is the best upper bound that has been obtained up to the present
time. On the other hand they proved

(1.1.4) #(n,k) > (k-1)7 .

A lower bound for ¢(n,k) which is somewhat better than (1.1.4) can be



found in [1].

The problem of evaluating ¢(n,k) appears to be very difficult.
The only values of ¢(n,k) appearing in the earlier literature, except
those given by (1.1.1) are ¢(2,3) =6 , ¢(2,4) =10 and ¢(3,3) = 20 .

(See [4] and [15].)

In this chapter we evaluate ¢(2,k) for all k>3, we
obtain an improved upper bound for ¢(n,k) , a new lower bound for ¢(n,3)

and ¢(n,4) and discuss an~application to a problem in number theory.

§1.2 A problem in graph theory and the evaluation of ¢(2,k)

The problem of evaluating ¢(2,k) can be formulated in the
language of graph theory: Let n, h and & be positive intégers. By

an (n,h,%2) graph we shall mean a graph in which

(a) there are n vertices,

(b) no set of independent edges has cardinality greater thamn h ,

(c) each vertex has degree at most £ .

By an (h,%) graph we shall mean a graph satisfying (b) and (c). It is
not difficult to see that the problem of determining ¢(2,k) is the same
as that of determining the maximum number of edges a (k-1,k-1) graph
can contain. Let E(G) denote the number of edges of a graph G and
let £(n,h,2) = max E(G) where the maximum is taken over all (n,h,8)

graphs G . Our main result is the following theorem:

Theorem 1.2.1

(4) Let 2<2h andlet h=bl+c, O0<ec< B . Then it



A3.

n=2htd , 0<d<b, we have

f(n,h,L) = he + d[%] if 2.°is even
and
he + dF] < £,0,0) < B2+ (] if 4 is odd .
If n > 2htb then

£(n,h,8) = he + b[%] ]

(B). If n-h> %> 2h then

f(n,h,2) =he .

(C) If 2 =n-hts > 2h, where 1<s < h-1, then

£(a,h,2) = h(n-h) + [h—jl )

Before proving Theorem 1.2.1 we introduce some additional

terminology and prove some preliminary lemmas.

et § = {Il,IZ,...,Im} be a set of independent edges in a
graph G and let Ij = (xj,yj) | for j=1,2,...,m. We will say a node -
of G is unsaturated if it is not in the collection {xl,xz,...,xm,
A0 SYIERE A } and call an edge unsaturated if it is adjacent to an

unsaturated node. For convenience we will call the edges of J  dark

and all others light. An alternating path (circuit) in a graph G is.

a simple path (circuit) such that consecutive edges are not both light

or dark. A set of independent edges is said to be maximal in G if




there is no set of independent edges of greater cardinality.

Lemma 1.2.1 In any graph G , a set of independent edges, J , 1is

maximal if and only if G contains no alternating path joining two

unsaturated nodes of G .

Proof: If G contains such a path, say {Pl’pZ’””sz} s Where the

edges (p;>P,)» (P3,p4) seses (PZS—l’pZS) are light and.the edges.

) are dark, then the set of edges

(Pz 9P3) s (P[}sPS) secey (PZS_Z ’pZS—l
{ (Pl 3P2) > (P3’P4) seeces (PZS-J. ’st)} U { J -1 (P2 ’P3) s (P4 ’Ps) 3000 (PZS-Z ?923-1) 1

is a larger set of independent edges. Hence J  is not maximal.

Consider a set J of lf [ + 1 independent edges, and let
J* be the set of edges of J which are not in J . we may assume that
it is impossible to form an alternating circuit from the edges of J’
and the edges of J* . Suppose. B edges in J* are umsaturated and
a = IJ*I - B are not. Then, by the remark just made, at least o+l
edges in J  do not belong to J . A moment reflection shows that
B =.2 and that one can construct an alternating path starting with one

of these unsaturated edges and terminating with the other. This completes

the proof.

In what follows we shall sometimes have occasion to modify a
gi'aph G by deleting edges or by adding new vertices and edges, thereby
obtaining a new graph G' . Since the terms unsaturated nodes, unsaturated
edges, light edges, dark edges and alternating path are defiﬁed for G im
terms of some particular set I of independent edges, we wish to point

out that in comstructing G' from G we shall not alter j , that is,



the edges in j are also edges of G' and the terms menticned above

are defined for G' with respect to J . Ve shall also henceforth assume -

that J is maximal in G .
Partition the edges of J  into classes-as follows:
A = {Ij |Ij e J and either xj or yj belongs to at
. least two unsaturated edges}

® = {I.'i | Ij e J and both % and y; are joined to an

unsaturated node}

¢ = {Ij IIj eJ -A - B and either x; or y; belongs
to an unsaturated node}
D ={|1.eJ -4 -B -C1.
J J
It is essy to see that |A| + [B |+ |Cc |+ |D]=]9] .

To each Ij e J we assign a weight, w(IJ.) as follows:

w(Ij) = (number of unsaturated edges adjoinedto Ij)

1

+3

(number of remaining edges adjacent to x:j and y,) .
~

It is clear that, since .5/ is maximal,

E@ = ) w() .
Ied

Lemma 1.2.2 Let G be an (n,h,2) graph with maximal set of independent

edges J . Then there exists an (h,2) graph G' such that




E(6) = E(G")

and

w'(I) < &+

for all. I e J , where w'(I) is the weight of I in G' .

Proof: It is clear that any edge belonging to B , G or % has
weight at most &+1, 2,+% or £ vrespectively. Hence if A is empty
we may take G' = G . Therefore assume A is non~empty. We will induct
on h. If h=1 then G is a star and again we may take G' =G .
Assume that the lemma is true for all (m,b-1,%) graphs. Let I, ¢ A,
where Il = (xl ,yl) s and assume that x is the vertex adjacent to
the unsaturated nodes. Let S be the set of light saturated edges
~ incident with X T the set of light edges incident with vi and

R the set of unsaturated nodes adjacent to x - Now modify the graph
G as follows:

(1) Replace each edge in S by a new edge joining x to

a new vertex.
) 1f (yl,zl),(yl,zz),...,(yl,zk) are the edges of T ,

replace these by (zl SW) , (22 SW)peoes (zk,w) where w

is a new vertex.

(3) If ve R and v is adjacent to the saturated nodes

tstyse--,t ~ then replace the edges (v,tl),(v,tz),...,(v,tm)

by (u,tl),(u,tz),... ,(u,tm) where v is a new vertex.

It is easy to see that ti and z, are not the end points of
4
an edge in J > since otherwise J would not be maximal in G . By

Lemma 1.2.1 it follows that J is a maximal collection of independent



edges in the resulting graph Gl . Thus we have a graph Gl consisting
of a star, G2 , containing Il , and an (h-1,2) graph, G, , such
that E(Gl) = E(G) . By the induction hypothesis the conclusion of the

lemma holds for G5 . To complete the argument. set G = G, U Gé .

Lemma 1.2.3 Let G bean (n,h,2) graph with a maximal set of .
independent edges J and let G' be defined by Lemma 1.2.2. If G’
contains a component with k independent edges, where k < [-2';—1] , then

the weight of any independent edge in this component is at most. 2 .

Proof: By Lemma 1.2.2, if any independent edge:belongs 'to: class °: it has
weight at most £ by construction. Any other independent edge has

weight at most 2 + %(Zk—l + 2k-1) = 2k+l < 2.

Note that Lemma 1.2.3 will apply to Theorem 1.3.1 whenever

2 > 2h . The following lemma will apply in the case £ < 2h .

lemma 1.2.4 Let G be an (n,h,2) graph with a maximal set of independent
édges J and let G' be defined by Lemma 1.2.2. Suppose that there
exists a pair of edges I, = (xl,yl) and I, = (xz,yz) in § and

two unsaturated nodes, xi and x, , adjacent to % and X, respectively
pnd suppose that the edges Il and 12 belong to the same component of

G' . Then there exists a graph G" which has all the properties of - G'

required by Lemma 1.2.2 and in which Il and 12 are in distinct components.

Proof: We may assume that among all such pairs of edges of Jd , Il

and I, are chosen such that the path joining x:'L and xé is of minimal

2



length. Consider amy path P(xi,xé) = {x]'_ = PpsPys--<sPyoPpyy = xé}

joining xi and x:;_ and all alternating paths Q(x]",pi) = {xi,ql,...,qugi} _
such that none of the nodes Py41°Pi400° 9Py belong to Q(xi,pi) .

That such paths exist follows from the maximality of J  and Lemma 1.2.1.

Let m be the maximum i , 1 < i <k , for which such a path exists,

i.e. let Q(xi,pm) = {xi,ql,qz,...,qt,pm} be an alter.fnating path that

does not pass through any of the nodes p o1 2P 7 2Pl and such

that m is maximal in this respect. By the minimality condition imposed

on P(xi,xé) it follows that the only unsaturated nodes belonging to

P(xi,xé) are the nodes xJ'. and xé .

Case 1 m <k and 9. =Ppq °

Since q_ =P _; > the edge: (pm_l,pm) is light, for other-
wise there exists an alternating path Q(x]" P m+1) contradicting the
maximality of m . Similarly we may assume that (pm,p m-i-l) is a light
edge. Let (p,pm) be a member of J . Replace the edge (pm,p m4_1)
by 2 new edge (pm,zo) where z is a new node. It is clear that the
resulting graph has the required properties with regard to number of edges
and maximal degree of any node. We now consider the possibility that the
resulting graph contains an alternating path R(zo,z) = {zo,pm,p,...,z}

where 2z is an unsaturated node. Assume such a path exists.

. If z ¢4 x]'_ we must have that R(zo,z) and Q(x:'l,pm) have
at least one edge in common, for otherwise G' contained an alternating
path {x]'_,ql,..., m—l’pm’P""’Z} and this is impossible by the
maximality of J . Since R(zo,z) and Q(x:'l,pm) are both alternating

paths, the last edge of R(zo,z) common to Q(xi,pm) must be dark.



Assume this edge is (qj ’qj-!-l) for some j , 1< 3j < t-1 and that
R(zo,z) = {zo,pm,p,...,qj,qj+l,r,...,z} . Then the path
S(x]’_,z) = {xi,ql:---,qjaqj_,_l,r,...,z} is an alternating path joining
two distinct unsaturated nodes in G' and we have a2 contradiction. If
on the other hand R(zo,z) = {zo,pm,p,...,r,qj+l,qj,...,z} then there
exists an alternating path S(xi,pw) = {xi’ql""’qj’qj +l,r,'...,pw} where
w > mtl . For example, if the sub-path R(zo,qj) = {zo,pm,p,...,r, j+1’qj}
of R(zo,z) does not contain any of the nodes Pot1°Pmi2 "+ 2Prqg then
we could choose S(xi,pw) = S(x]'_,pnﬂ_l) = {x]'_,ql,-..,qj, j+1,r,...,p,pm,pm+1}
and if R(zo,qj) contains a node P, » Ww2>mH , then we could choose

T —_ ] . -
S(xl,pw) = {xl’ql""’qj’qj+1’r""’pw} and in both cases we have a
contradiction to the maximality of m. If z = xi > then there exists

. 1] - 1

an alternating path Q(xl,p nri-l) = {xl,...,p,pm,p m-l-l} or an alternating
path Q(xi’Pw) > W >mtl , depending on the structure of the path

R(zo,z) as above in the case 2z + xj' . Therefore we conclude in both

cases that no such path R(zo,z) exists.

Case 2 m < k and qt+pm—l'

By similar reasoning. to that used in Case 1 we must have that
the edges (qt,pm) and (pm’pm-l-l) are light edges. Let (p,pm) be a
member of J . Replacing the edge (pm,p nrl-l) by a new edge (pm,zo)
where z, is 2 new node it is easy to see by the same argument used in
Case 1 that our graph has the required properties with regard to number

of edges, number of independent edges and maximal degree of any node.

Case 3 m =k and 9 = Pp_7 *




10.

Since q = Ppg > the edge (kal,pk) is a light edge.
Replace the edge (pk_l,pk) by a new edge (pk,zo) whgre z, is a
new node. Let (p,pk) be a member of J . As in the previous cases
we must show that the resulting graph does not contain an alternating
path- R(zo,z) = {zo,pk,p,...,z} where 2z is an unsaturated node. If
such a path exists and 2z + xé then G' contained an alternating path
S(z,xé) = {z,...,p,pk,pk+l = xé} . If z = xé», by similar reasoning
to the cases m<k , z + xi » we can deduce the existence of an
alternating path joining xi and xé . In both possibilities we have

a contradication, hence no such path R(zo,z) exists.

Case 4 m=k and q, + Pp_q °

It is clear that (qt’pk) is a light edge. Replace the edge
(qt,pk) by a new edge (pk,zo) where z  is a new node. Similar
arguments to those used in the previous cases then imply that there is
no alternating path R(zo,z) » Where 2z is an unsaturated node, in the
resulting graph. Treating all such alternating paths Q(xi,pk) where
q, + Pr1 in the same manner the resulting graph has the property that
any alternating path Q(xi,pm) as described before satisfies either

m<k or m=%k and 9 = Pp_q -

The effect of the above procedure given in Cases 1 through 4
is that the resulting graph no longer.contains the path P(xi,xé) .
Repeating this procedure on all possible choices of the path P(xi,xé)
we obtain a graph G" in which xi and xé are in distinct components,

which completes the proof of the lemma.
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In the proof of Theorem 1.2.1 we will use the following lemma

due to Dirac [8] to construct graphs with £(n,h,2) edges.

Lemma 1.2.5 Let G be a graph with n nodes and let d(a) be the
degree of any node. a2 in G . If d(a) + d(b) > n for any pair. of nodes

a and b of G, then G contains a Hamiltonian circuit.

We now will prove Theorem 1.2.1. First we will exhibit graphs.

with £(n,h,2) edges and then show that this is the maximum number of

edges.

Proof of Theorem 1.2.1

I. CaseA 2<2n, h=b[2'—;1]+c, Oic<[}%1-].

If 2 isoddand n=2htd , 0 <d < b, consider the complete
graph, H, on m = 2[2—;]—'] +2c+1=42+ 2¢c + 2 nodes. Note that
m> 4c+ 3 . By Lemma 1.2.5, H has a Hamiltonian circuit. Remove any
such circuit. Every node of the resulting graph has degree m-3 .
Repeat this removal of a Hamiltonian circuit ¢ times and the resulting

raph, H, , has m nodes each of degree m-1-2¢ . This repetition is
grap 1 g

possible since 2(m-1-2c) > m whenever m > 4c + 2 .

Now m-1-2c = &+1 > -;—1 . Therefore Hl has a Hamiltonian circuit.

Let the edges of this circuit be (xl,xz), (xz,xS), cees (xm,xl) . Remove
the edges (xl,xz), (x3,x4), cees (xm-Z’xm-l)’ (xm,xl) . Note that m

is odd, therefore in the resulting graph, HZ’ every node has degree &
except X;, which has degree 2-1 , and the edges (xz,x3), (x4,x5),

m 2+1 . .
cees (xm__l,xm) are [EJ = [T] + ¢ independent edges. That is Hz
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is an (2+2c+2, E&gl]+c 2) graph and it is easy to see that
E(H,) = (E&iii+ )b+&——d If we let ¢ =0 in the above construction’
we obtain a graph H3 that is an (242, [ ] %) graph and

B, = EShwid .

Taking d-1 distinct H3 graphs together with H2 and b-d
complete &+1 graphs we obtain an (n,h,%) graph, G, such that

E(G) = he + d[%] ]

If 2 is even we consider a complete f+2ctl graph and proceed
in a similar manner to the case £ odd to obtéin a (n,h;2) graph,
G, such that E(G) = h2+dE§]. Therefore we have that £(n,h,%) 3_h£+df§i
for 2 even and £(a,h,%) z_hz+df§] for % odd. Observe that if n > 2h+b
these results still hold. If & is odd, the trivial example of an (8,3,1)
graph shows that we cannot do any better in general. However the following

graph illustrates that under certain conditions we can have

E(G) = he + [ ] > he + d[—]

Figure 1.
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Figure 1 is a {20,9,3) graph. Note that b=4 and d =2 and that

the graph is regular of degree 3 . Hence we have

%(20.3) = 30 = ne+ [ > heHd[5] = 29 edges.

Case B n-h__>_g,>2h.

Let J = {11’12""’Ih} be a collection of h independent
edges and let Ij = (xj ,yj) for i=1,2,...,h . Consider a graph
consisting of 4 and n-2h isolated nodes, z; » 1= 1,2,...,n-2h .
For each j , j=1,2,...,h , join xj to £-1 of the nodes
Y1s¥pseee ’yj-l’yj+1’ cee ,yh,zl,zz, ceesZ oy - The resulting graph, G,

is an (n,h,2) graph consisting of h independent edges of class <k

and E(G) = ht . That is, f£f(n,h,2) > he .

Case C 2=n-hts , 2>2h, 1<s<h-1l.

Consider a complete h graph, Hh—l’ and its edge complementary
graph H . Hh-l contains a Hamiltonian circuit by Lemma 1.2.5. Remove
[E;_i] of the edges of this circuit where the edges.are chosen to be
disjoint if h 1s even and at most one pair of edges adjacent if h is
odd. Let the resulting graph be Hh—-Z . Define Hl to be H together
with the [%] edges of the Hamiltonian circuit not removed. Define
Hh-3 to be Eh—l with all of the Hamiltonian circuit removed and H2
to be the graph consisting of this circuit. Proceeding in this mannmer,

provided the conditions of Lemma 1.2.5 hold, we can construct a sequence

hs
of graphs Hl’HZ’”"Hh—l such that E(Hs) = [—2] for s=1,2,...,h-1.

Let G be the graph described in Case Bwhen £ =n-h . From
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~ the graph Hs on the nodes EpsXyseeerXy when £ = n-hts ,
s =1,2,...,h-1 . The resulting graph, G;, is an (n,h,2) graph such

that E(G)= h(a-h) + [5] . That is, £(a,h,2) > h(a-b) + [25] .

II. By the proceeding lemmas, given an (n,h,2) graph G with a
maximal set of independent edges j » Wwe can construct an (h,4)

graph G' such that in €'

(i) the maximum weight of any independent edge is 2+l
(ii) no two independent edges belong to the same component of
G' if they are adjacent to distinct unsaturated nodes
(iii) any independent edge of class fA has weight at most
%2 and is a component of G'
(iv) the weight of any independent edge in a component of G’

containing k < [ig—l] independent edges is at most 2.

Consider the case 2 <2h, n=2htd and 0 <d <b , where

h=b[—g'%—]*]+c, 0ic<[£-zt]—' . Clearly -

£(,h,8) < 2(2hH)L = Bt + [F]
since every node has degree at most £. By Part I we are done.

Now assume n > 2h+b . Since E(G) = E(G') we will maximize
E(G') . Any component of G' containing an unsaturated node and m
independent edges contains, by (ii), at most m¢ + [%] edges. Therefore,
by (iv), to maximize E(G'), G' must contain as many components, with

at least [%1] independent edges, as possible. Hence
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£a.5,0) < G-DEGHHED + (Bhvore + 1 = bt + b2

and we are done by Part I.
If n-h> 2> 2h , then by (iv)
£(n,h,L) < he
and again, we are done by Part I.

Finally consider the case % =n-hts , 1<s <h-1. If
J = 11,,1,,...,L} and I, = (x,y) for j=12,...,h, then it is
clear that if d(x.j) exceeds 2h , Ij is in class A& . By Lemma 1.2.1,
if d(xj) > 2h and d(xk) >2h for some j and k, 1<3j,k<h, then

yj is not adjacent to Yy - Therefore, for each j , j=1,2,...,h ,
t 1 1
w'(@.)<n-2h+% (2~(n-2h)) +=h,
i - 2 2
where %’-h is the maximum degree of yj if d(xj) >2h , i.e.
' 1 s
wv'(@d.)<n-2h+5(2h+s) =n-h+= .
j° - 2 2
It now follows that
hs
f(n,h,2) < h(n-h) + [—2—]

and by Part I, the theorem is proved.

Corollary 1.2.1 If G is an (n,h,%) graph then

E@) < nax {7, beab) + O}
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with equality holding only if G consists of a complete (2h+l)-graph and
n-(2b+l) isolated nodes or if G consists of a complete h-graph each node

of which is also joined to each of the remaining n-h nodes.

Proof: If £ < 2h in Theorem 1.2.1, then since £(n,h,2) is non-
decreasing as n increases

max £(n,h,2) < max (h2+b[%])

1<2<2h 1<2<2h
where b is defined as before. It is easy to see that this last

expression is maximized when b =1, £ = 2h . Therefore

2h+1

E(6) < 2h-bth = (T, .

Since b=1 and 2 =2h we have ¢ =0 in Part I, Case A, and thus

G is a complete (2h+l)-graph together with n-(2h+l) isolated nodes.

If &£ < 2h in Theorem 1.2.1,

max  £(,h,2) = max  (a(e-hEZ])
2h<g<n-1 1<s<h-1

that is
h
E(G) < h(n-h) + (2) .

Taking s = h-1 in Part I, Case C, we have Hh—l’ a complete h-graph,

every node of which has degree n-1 and the result of the corollary follows.

Note that the max {(Zh;l), h(n-h) + (g)} depends on the sign of

1 1
n-?.ih-li.
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The result given by Corollary 1.2.1 has been obtained by

J.W. Moon [20].

The following result has previously been obtained by a different

method by N. Sauer (to appear).

Corollary 1.2.2

k(k-1) k odd

¢(2>k) =
(k-l)2 + [k—gz-] k even

Proof: As we remarked previously, ¢(2,k) is the maximum number of edges
in a2 (k-1,k-1) graph. If k is odd we have b = 2 in Theorem 1.2.1
Part A and if k 4is even we have b = 1 in Theorem 1.2.1 Part A and

the result follows.

§1.3 An upper bound for 4(3,k)

Let F be a family of ¢(3,k) sets, each of order 3, no k
of which have pairwise the same intersection. Without loss of genmerality

assume that the family F contains the sets
F, = {3i-2,3i-1,31} , i=1,2,...,k-1.
For j =1,2,...,3k-3 let

ij ={F|[FeF , jecF, F# F., i=1,2,...,k-1}

and for j =1,2,...,k-1 let

Bj=‘jf3j-2” ‘)‘33'-1“ K 35

J

where each set in @j is counted according to its multiplicity.
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Definition: A set Fe F is F-disjoint if and only if F ¢ Bi for

some i, 1<i<k-1l and rﬂsj, j¥i.

Lemma 1.3.1 If k> 6 , then the maximum number of distinct & -disjoint

sets in any 6:’.’ i=1,2,...,k-1, is at most ¢(2,k)-1 .

Proof: It is clear that we need only comsider ® 1 Assume the set
T = {1,x,y} for some x and y is a F-disjoint set belonging to ‘A'l .
There are two possibilities:
(i) every F-disjoint set belonging to ® 1 belongs to A 1
(ii) there exists at least one F-disjoint set in A o and/or

Jc3 that does not belong to A 1

If (i) holds, since no element can belong to more than ¢(2,k)
- sets without there existing k of them with pairwise the same intersection,

we are done.

If (ii) holds then any F-disjoint set in A, or A  must
have non-empty intersection with the set T . Therefore there are at
most two F-disjoint sets, T, = {1,u1,vl} and T, = {l,uz,vz} , where
Y, Uy, Vg and v, are distinct elements, belonging to A 1 and not
to A 5 Or A 3 - Then the maximum number of I -disjoint sets belonging
to A 1 and not to 4 9 OT A 3 is the maximum number of pairs of
elements, (a,b), that a collection of 2-sets can contain such that no
three are pairwise disjoint and no k have pairwise the same intersection.
It follows from Theorem 1.2.1 that there are at most 2k such sets. If

Tl and T2 belong to A 1 then there are at most four F -disjoint sets

in A 5 OT A 3 that do not also belong to A 1> and since there are
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at most k-1 F-disjoint sets belonging to Jcl and A 5 OT ‘)"1
and A 3 We are done by Corollary 1.2.2 of Theorem 1.2.1. If there are
not two distinct sets of the form Tl and Tz belonging to any of A 1°

ch or Jc 3 the result follows in a similar manner.

It is clear that Lemma 1.3.1 is not as strong as possible with
respect to the restriction on k . However, since the upper bound to
be obtained for ¢(3,k) will rely on the following lemma, any strengthening

of Lemma 1.3.1 would be of no advantage in this direction.

Lemma 1.3.2 If for some distinet i, j and 2, 1 < 1i,j3,8 < k-1 R
°A'3i-2’ J‘3j-2 and Jc 3g-2 each contain at least five F —disjoint sets,
distinct in the sense that their pairwise intersections in 'A'3i-2’

Jc3j_2 and Jc 39— 3re the elements 3i-2, 3j-2 and. 32-2 respectively,

then & does not contain any sets of the form:
{3i-1,3j-1,x}, {3i-1,3j,x}, {3i-1,3e-1,x}, {3i-1,3%,x}
{31,3j-1,x}, {3i,33,x}, {3i,32-1,x}, {31,32,x}

{33-1,3e-1,x},  {3j-1,3¢,x}, {3j,38-1,x}, {3j,32,x}

where (1) x4 {1,2,...,3k-3}

or where (ii) x e {3i-1,31i,3j-1,3j,32-1,32} .

Proof: (1) Assume there is aset T = {3i-1,3j-1,x} in ZF . Then it
is easy to see that we can choose a pair of disjoint sets from A 3§-2
and A 3§-2 respectively, such that neither contains the element x .
But then these sets together with the sets T’Fl’FZ""’Fi-l’Fi+ seces

Fj—l’Fj + ’""Fk-l consitute a collection of k pairwise disjoint sets
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in J . Clearly any other set ‘belonging to case (i) may be handled

accordingly.

(ii) Assume there is a set T = {31-1,3j-1,32-1} in F .
Let {al,alalalaly | gad o ,Ag,Ag,Aj } oand  {a%,a3,a%.0 4% be
collections of five Sl-disjoint sets in A 31_2‘, ”{35-2‘ and A 39-2
respectively where the A:'s_ satisfy the conditions of the lemma.
Since the intersection of any two A:sj's » s=1,2,...,5, 1is 3j-2,
any set Ai » t=1,2,...,5, is disjoint from at least three A:Si's .
]in turn every Ai » r=1,2,...,5, is disjoint from at 1eas.t one of
these three Ag's and gimilarly at least one of the Ai's is disjoint
from the set Ai' chosen originally. Hence, we can find three pairwise
disjoint sets say Ai, Ai and Ai’ . But now the sets T,Ai‘,A{,AizFl,...,
Fi—l’Fi+l" .o ’Fj-l’Fj-i-l’ cee ’Fz-l’F2+1’ ces ’Fk—l constitute a coliection
of k pairwise disjoint sets in F . All other possibilities under

case (ii) may be treated accordingly.

The following example shows that Lemma 1.3.2 is no longer valid
if five is replaced by four: Let a, b, c, d, e, £, g and h be eight
distinct elements, none of which belong to any Fi s 1=1,2,...,k-1 .
Now let the F-disjoint sets satisfying the conditions of the lemma be

{3i-2_,a’b}: {31—2,C,d}, {31_2 ’esf}s {31"2’8911}

{3j—2,e,g}, {3j-29f:h}, {3j-2,a,c}, {3j-2’b:d}

{32-2,e,h}, {32-2,f,g}, {32-2,a,d}, {32-2,b,c} .

It is not possible to choose three pairwise disjoint sets from the above

collection as would be necessary in the proof of the lemma.
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Lemma 1.3.3 For those i , 1 <i<k-1, such that rone of the sets
CA31_2, A 31 1 ©°f A 34 contain at least five 3—dls;|omt sets, distinct
in the sense of Lemma 1.3.2, the maximum number of sets in 6 which

belong to one and only one ch, j=1,2,...,3k-3, is at most 4k .

M: Consider any such i . Assume ‘A3i-2 contains t & -disjoint
sets, distinct in the sense of Lemma 1.3.2, where 1 <t < 4 . Further
assume neither ‘"A3i-l nor J( 34 contains more than t such sets.

If t=3 or &4, the result follows by the arguments used n.n the

proof of Lemma 1.3.1. The same arguments show that if t = 2 the maximum
" number of sets of .the desired type is at most 2k+4 . If t =1, then
each of A 34-2° A 347 2and Jg3i can contain at most k-1 sets of

the desired type and this completes the pi:ooﬁ of the lemma.

We are now in a position to obtain an upper bound for ¢(3,k) ,
k > 6 . We will obtain this upper bound by counting the maximum number
of sets in a family F of ¢(3,k) 3-sets in two ways and maximizing

each with respect to the other.

Theorem 1.3.1  4(3,k) <3 (k-1)¢(2,0) + = (-1, k> 6.

Proof: For some t , 1< t<k-1, assume that t of the collections
®; » i=1,2,...,k-1, contain at least five F -disjoint sets, distinct
in the sense of Lemma 1.3.2, in at least one of the collections J% 34-2°
J&3i_.1 or ')‘3:'. . We may as.sume without loss of generality that these

1
®;'s are (E)l, 8 5> ...,(Bt and that the Jc,i s are ‘Al’ cﬁc&, ""”431:—2 .
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By the preceding lemmas we have that any set that is not F -
disjoint appears at least twice in the collection of all the ® i’s when
repetitions are counted. Also, ;2 i>t , contains at most 4k
sets which belong to exactly one of the collections Aj s J=1,2,...,3k-3 .

Therefore, by Lemma 1.3.1 we have
(1.3.1) $(3,k) < (k-1) + t (¢(2k,k)-1) + t _____2(4’(2510-1)

+ (k-1-t) i(&g)ﬁ + (k=1-t) 4—15 )

On the other hand, Lemma 1.3.2 and Lemma 1.3.3 imply that any
set in &F belonging to "AZ’ "/{3, 'AS"AG’ cees ‘A3t—l or A 3¢ also

belongs to some other A i j > 3t . Therefore it follows that
(1.3.2) ¢(3,k) < k-1 + t($(2,k)-1) + (k-1-t)3(4(2,k)-1) .
Now if t < -2—(k—l) > inequality (1.3.1) Zmplies the result of the theorem

and if t > 3(k-1) the result holds by inequality (1.3.2).

§1.4 Some remarks on ¢(3,k) .

One possible approach to obtain improved estimates on the size
of ¢(3,k) is to comsider it as a graph theory problem as we did the
case ¢(2,k) . The graph of a family F of ¢(3,k) 3-sets is a generalized
graph, G, where the edges of G are triangles. Given a maximal
collection, . , of k-1 pairwise disjoint triangles in G we call
these dark and all others light. To each triangle of G we associate

a distinct node of the same color and define an alternating tree of G

as follows: An alternating tree of the graph G is a collection, J ,
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of triangles of G , J = {Tl,Tz,...,T} , satisfying

(i) any pair of light triangles of J have empty intersection
(ii) any triangle in J having non-empty intersection with
some light member of J belongs to J .
(iii) there exists a spanning tree on the corresponding set of
nodes such that

(a) two nodes are adjacent only if the corresponding

triangles have non-empty intersection
(b) adjacent nodes are of opposite color

(c) all the endpoints correspond to light triangles of G .

The following lemma may be proved in the same way as Lemma 1.2.1:

Lemma 1.4.1 The collection of independent triangles J in 6 is

maximal if and only if G contains no alternating trees.

Defining the weight of a member of J in a manner analagous
to the weight function defined in the ¢(2,k) case it would be of some
advantage to prove a lemma analagous to Lemma 1.2.2. However we have not

been able to prove such a lemma in this direction.

§1.5 An improved upper bound for ¢(n,k) .

Previously we have mentioned that Erdés and Rado [15] proved

n-1
t

(1.5.1) ¢$(a,k) < n!(k-1)* 1 - ] ————
21 (£41) ! (k-1)

We now wish to establish the following theorem:
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Theorem 1.5.1 For all positive integers n and k, k> 3,

2 3 )a
¢(n,k) < (otl)! { k-1 + (IZ +6k-7) } .

It is clear from the preceding sections that Theorem 1.5.1 holds for
n=1 or 2 . In what follows we will assume that n > 3 and let g
be a family of sets, each with n elements, no k members of which have

pairwise the same intersection.

We shall establish the following two term recurrence inequality

for ¢(n,k)

(1.5.2) 32,1 < EL {@H)4@-1,0+0-1) % (a-2,00-n(-1)} .

Assume for the present.that (1.5.2) has been proved. Then it is easy to
deduce Theorem 1.5.1 by induction. Let ¢ be the positive root of the

equation
(1.5.3) 2¢? - (k-1)c - (k=1) = 0
so that

k-1 4 (K2H6k=7)3
c = 4 .

By the remark made above we have for n = 1,2
¢(n,k) < (atl)! ™ .
Let n > 3 and assume

6(2,k) < (24+1)! o*
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for & <n-1 . Then by (1.5.2) we have

-2

¢, < EH @1 + @Dl@D! 7 - a1}
2
< (nt+l)! B k-1 + (o-1) (k-1)
2c 2 2
c n(atl)
< (atD)! -l (k—l)c+§k—1) _ 23n-1 .
2c 2¢"n(ntl)

It now follows from (1.5.3) that for n > 1

6(n,k) < (p+1)!

To complete the proof of Theorem 1.5.1 we must now prove (1.5.2).
We assume that J is maximal, that is |F | = ¢(n,k) . This implies
that there are k-1 sets in F which are pairwise disjoint. Let

these sets be

F, = {A| (i-1)n+l < A < in} i=1,2,...,k-1.

[N

*
Let F be the family obtained from F by deleting the sets

F., i=1,2,...,k-1 and for j = 1,2,...,(k-1)n, let
*
ch={FlFe3 , jeFt .

Call a set F e F* F-disjoint if F belongs to exactly one of the
families J?:j . For notational convenience, for 1 <i<k-1, 1<j<n,

we denote the integer (i-l)n+ j by (i,3) .

We now prove a number of lemmas and from these deduce (1.5.2).
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Lemma 1.5.1 Let T be an F-disjoint set in A 1,5 Then anv
S

F-disjoint set in A (i,4) Das non-empty intersection with T .
3

Proof: Let S be an F -disjoint set in Jc(i 2) ° Then if SN T = ¢ ,
>
the k sets S,T Fl’FZ""’F l’ ""’Fk-l are pairwise disjoint.

This is a contradiction and Lemma 1.5.1 is proved.

Lemma 1.5.2 Let Mi be the number of F-disjoint sets in the family
(i,n) -

. Then
t=(Li",1>”bc t

(1.5.4) M, < ¢(n-1,k) + (@-1)% {s(-2,k)-1} - 1 .

-

Proof: if Mi = 0 there is nothing to prove. Hence we may suppose
M, > 0 . This implies that for some 2 , 1 <2 <n , there is a set

T e r/ot(i’z)
..A(. %) is at most l‘A(i,z)l < ¢(n-1,k)-1 . If S dis an F-disjoint

which is F-disjoint. The number of F -disjoint sets in

setan’c i) > L=Tsm, r+ %, then by Lemma 1.5.1, TN S #$ ¢ .

There are at most (n-1){¢(n-2,k)-1} such sets S in A (G.7) ° Thus
S

| + Z (o-1) {¢(n-2,k)-1}
r%z

M < A g
which implies (1.5.4).

Corollary 1.5.2 1Let M denote the number of F -disjoint sets in

(k-1)n
U A ; - Then

i=1




27.
(1.5.5) M < (k-1) {6Ca-1,K)+(a-1)2($(n-2,k)-1)-1}

Proof: This follows from (1.5.4) and the fact that

kil
M = M, .
i=1 %

*
Lemma 1.5.3 Let N be the number of sets in 3 which are not

F-disjoint. Then

(1.5.6) N < 2D (4oo1,0-1) - F

Proof: Each set which is not & -disjoint belongs to at least two of the

families A ; - Thus

RN
N<= s ooy - M,
=2 | =10 @
| kL
<5 1 1a((n-1,k)-1) - M.}
= | *

n(k-1) M
= (¢(n~1,k)-1) - 7

as required.

Inequality (1.5.2) now follows from (1.5.5) and (1.5.6) and the

fact that ¢(n,k) = k-1RHN . This completes the proof of Theorem 1.5.1.

§1.6 A new lower bound for ¢(n,3) and ¢(n,4) .

The main result we wish to prove in this section is
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Theorem 1.6.1 For some constant c and all sufficiently large n

n
5-c log n
¢(n,3) > 10 .

Proof: Since we shall be concerned only with the case k = 3 we will.
write ¢(n) for ¢(n,3) . Define a function Yy as follows: Y(n) is
the largest integer for which there exists a family F of Y(n) sets
such that

(a) each set has n elements

(b) no >th:r:ee membe;:s of F have pairwise the same. intersection

(c) any two members of F have non-empty intersection.

It is easy to see that $(2) = 3 and in fact {(1,2),(1,3),(2,3)} is

a family with the required properties. It can be shown that ¢(3) = 10
and that {(1,2,3),(1,2,4),(1,3,5),(1,4,6),(1,5,6),(2,3,6),(2,4,5),(2,5,6),
(3,4,5),(3,4,6)} is a family with the required properties. (See [4].)

We write F € P(n) if F satisfies (a) and (b) and F e Q(m) if

F satisfies (a), (b) and (c).

Lemma 1.6.1 ¢(m) > 2y(n) .

Proof: Let F 1€ Q(n) and 3-2 e Q(n) and suppose each set in F 1
is disjoint from each set in 3’2 . Then if &F = 31U 32 we have

F € P(n) . This prove Lemma 1.6.1.

Lemma 1.6.2 Y(atb) > p(a)o(d) .
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Proof: Let 31 e Q(a) and 32 e P(b) . Let

3={F|F=F1UF,F1631, F, e F,}.

We need to show that Fe Q(ath) . That F e P(ath) can be proved by
the argument used in [1] to prove. ¢(atb) > ¢(a)é(b) . Hence to complete.
the proof we need only to show that any two sets in F have non-empty
intersection. Let Gl and GZ be two distinct members of F . We
have Gi = Fi,lu Fi,2 where F. 1€ 3-1 and Fi,Z € 3—2 . Since

Fq € Q(a) we must have Fl,ln Fz,l + ¢ and hence ¢, N ¢ 0.

Thus F € Q(atb) .
Lemma 1.6.3 $(ab) > p(a)v()? .

Proof: Let F e Q(a) and let UF={1,2,...,8} . For j =1,2,...,%
let '}j € Q(b) . We assume that all families are maximal and disjoint
(in the sense that F ¢ :’Li’ Ge :}j implies FNG=@). Let Fe F .
We have F = {il,iz,...,ia} , say. From each of the families

311, ‘712’ cees gia select a set and let F* be the union of the sets
selected. We shall say that F generates F* . Let F Dbe the family
of sets generated this way. It is clear that each F € F generates
l!J(b)a sets and hence l:}*l = w(a)w(b)a . Moreover each member of 3'*

*
has ab elements. To complete the proof we must show that F € Q(a,b) .

*
First we show that F € P(ab) . Let Fl*,. Fz* and F3*
*
be distinct members of F and let Fl, Fz and F3 be the sets in
- * * * 3 =
& which generate Fl » F2 and F3 respectively. Let Fln an F3 K
and let Kij = (Fi('l Fj)-K » 1<i<j<3, sothat the sets K, K5 K
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and K23 are pairwise disjoint.

Suppose K, £ ¢ and let ice K;, - Then there exists sets

Fl and F2 in . such that Fl C.F* and F2 cF*  but there exists
i i i i 1 i 2

. . . * . 1 2 %
no set in F ; which is a subset of F3 . Since Fi N Fi + g, Fl,

F;, and F§ do not have pairwise the same intersection. Hence we may

assume K, = § . Similarly K3 = R,z = # . This means that F,, F

1° "2

and F, have pairwise the same intersection, but & ¢ P(a) , hence
= F = . % ok *

Fl = FZ = F3 , i.e. Fl’ F2 and F3 have a common generator, say

F = {il,iz,...,ia} . Then

a
F o= O 5D for r=1,2,3
r j=l 1.
J
(1‘.') . * % % . .
where Fi € 31 . Since Fl, F2 and F3 are distinct sets, there
j h|
is a least integer m , 1l <m< a , such that Fi(l),. FJ.(_Z) > and FJEB)
m m m

are not all equal and, since 3‘1 e P(a) , do not have pairwise the
same intersection. It follows thatm 3-* e P(ab) .

Now we prove that 3-* € Q(ab) . Let F* and G* be distinet
members of 3-* and let F and G be the generating sets. Since
FeQ@ , FNG+P. Thus, if ie FN G, there exists sets
F',G" ¢ 3—i such that F'< F* and G'< G* . Moreover, since
F;€Q®) , F'N G 4§ andhence F*N GX+ g . Thus F * e Q(ab) .

This completes the proof of the lemma.

We now complete the proof of Theorem 1.6.1. From Lemma 1.6.3

and the fact that ¢(3) = 10 we have for k >2
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3 3

(1.6.1) v@ > vEwEEH3 s 10y

and it is & simple matter to verify that (1.6.1) implies

3%

(1.6.2) 1;,(31‘) > 10 2._

Now let n be an integer and write n in base 3. Then by (1.6.2) and

Lemma 1.6.2 we have (using ¥(2) = 3, ¢(2) = 6)

n

5-c log n
{1.6.3) Y(n) > 10
for some constant ¢ and all n sufficiently large. Theorem 1.6.1

now follows from (1.6.3) and Lemma 1.6.1.

The recurrence inequalities obtained in Lemmas 1.6.1 and 1.6.3
provide substantially better lower bounds for ¢(n,3) even for small values
of n . For example if we take a=b =2 in Lemma 1.6.3 we have @(4) > 27
and hence by Lemma 1.6.1, ¢(4,3) > 54 . Note that (1.1.4) yields only
$(4,3) > 16 . If we take a =2, b =3 we have ¥(6) > 300 and consequently

$(6,3) > 600 , whereas (1.1.4) yields only ¢(6,3) > 64 .

If we define Y(n,k) to be the largest integer for which therxe
exists a family F of ¢{(n,k) sets such that

(2) each set has n elements

(b) no k member of F have pairwise the same intersection

(c) among any [-125] + 1 members of F there are at least

two sets which have non-empty intersection.

then it is not difficult to prove
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Lemma 1.6.4 ¢(n,k) > 2¢(n,k) if k is odd
¢(n,k) > P(n,k+H(n,k-1) if k is even.
The following family of sets shows that y(3,4) > 26 :

F = {(1’293),(132’4)>(1’2’5)’(1:3’6)3(1,3’7)9(1,498),(194’5)’(1’5:6):
(136’7)’(19738)’(2,4:6)’(2’4:7)’(23536)3(2:537)’(2’338):(23638)’
(2,7,8),(3,5,7),(3,6,8),(3,5,6),(3,4,7},{3,4,8),(3,4,5), (4,5,8),

(4,5,6),(5,7,8)} .

As we remarked previously, ¥(3,3) = 10, hence we have

Corollary 1.6.4 $(3,4) > 36 .

In [1] Abbott has shown that
¢ (atb,k) > $(a,k)é(b,k)

and this together with ¢(3,4) > 36 implies

" a
3 .
36 if n= 3t
n-1
$(2,6) > ¢ 3-36 3  if n= 3t
n-2
10-36 3 if n = 3te2

\N
which is a substantial improvement on (1.1.4) when k = 4 . However we

have not been able to find any useful generalization of Lemma 1.6.3 to

the case k > 3 which would lead to further improvements of this lower

bound.
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§1.7 An application to a problem in number theory.

In [9], P. Erdds considered the following problem in number
theory: Given positive integers n and k, n > k > 3, what is the
largest integer £(n,k) for which there exists a set S of £(n,k)
integers satisfying

1) sc{1,2,...,n}

(i) no k members of S have pairwise the same greatest

common divisor.

The problem of determining f£(n,k) appears to be difficult and
the upper and lower bounds which have been obtained are very far apart.
In [1], H.L. Abbott proved the following: for every £>0 and every

fixed m and k ,

log n
)(1+e)m log log n

f(n,k) > ¢(m,k

provided n > no(m,k,e) . In particular, by the results of the preceding
section we have

log n
2(1+€) log log n

f(n,3) > 10

for n > o (€) .and “in.gemeral: .

log (k-1)
1:‘.(l-i-t-:) log logn

£(a,k) >

for n > no(s) . On the other hand in [9] Erdds has shown that for each

fixed integer k > 3 and each ¢ > 0

3
Z + ¢
(1.7.1) f(a,k) <n
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provided n is sufficiently large. 1In the case where k + « with n

it is known that for 0 <a <1,
£(o,[n"]) = c n(l+o(1))

where c& is a constant depending only on o (see [9]), and that for

a>0, >0

2a+3

< f(n,[logan]) < n2a+4

+ e

—_— = €
(1.7.2) 2ot

provided n is sufficiently large (see [3]).

In this section we wish to prove the following theorem:

Theorem 1.7.1 TFor each fixed integer k > 3 and each ¢ > 0

1
§+ €
(1.7.3) f(n,k) < n
and for each >0, >0
o+l
—= t e
(1.7.4) £(n,[log™n]) < n®+2

provided, in each case n is sufficiently large.

It is clear that (1.7.3) and (1.7.4) give better upper bounds
than those given by (1.7.1) and (1.7.2). We prove first the following

lemma, the proof of which is a modification of the argument used in [9].

Lemma 1.7.1 Let £*(n,k) be the largest number of square free integers

that one can select from {1,2,...,n} no k with pairwise the same
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greatest common divisor. Then for fixed k>3 and >0

1
2 + £
(1.7.5) f*(n,k) <n
and for each ¢ >0, >0
o wzte
(1.7.6) f*(n,[log’n]) < n%

provided n is sufficiently large.

1+
Proof: Let 2 = [n 1 and let Sc {1,2,...,n} be a set of 2

square free integers, no k of which have pairwise the same greatest

common divisor. Let S = SllJ S2 where

w
]

{alae s, w(a > u}

and

S, ={alaces, w@ <u} .

2

Here w(a) denotes the number of prime divisors of a2 and u is an

integer to be specified later. Let
B=1{b|b < m, b square free, w(b) = u} .

Then every number in S1 is a multiple of some number in B . Hence

we have

1 n
Is;l< ] Elzn —:—-—(
1 =z P bep P T W

;% (log log n + oanN® .

Choose u = [log n/2 log log n] . Then a straight forward calculation
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shows that
lSll = o(n ) =o0(2) .

Hence, for n sufficiently large,

3
(1.7.7) |82| li .

The theorem of Erdds and Rado [15] discussed earlier asserts
that any family of more than u! (k-1)" sets, each set with u or fewer

elements, contains k sets with pairwise the same intersection.
Therefore we have

(1.7.8) Is,| < ut x-1)% ,

and by (1.7.7)

(1.7.9) Z<ul D .

1
S+
However, a routine calculation shows that with & = [n2 1 and
u = [log n/2 log log n] , (1.7.9) is false. This completes the proof

of (1.7.5). The proof of (1.7.6) is similar to the proof of (1.7.5),

except that one takes £ = [n ] and u = [log n/(2+2) log log n] .

We omit the details. This completes the proof of the lemma.

Proof of Theorem 1.7.1 To prove (1.7.3) let Sc {1,2,...,n} be a

set of f(n,k) integers no k of which have pairwise the same greatest

Si vhere m = [v/n] and Si consists of

’!.CB

common divisor. Let S =
i

those integers in S which are divisible by 12 but by no larger square.



Given € > 0, we now
to be ‘nZe in (1.7.5)

Lemma 1.7.1, we have

£(n,k) = |s]

This implies (1.7.3).

details.
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choose n large enough such that if we take n

the result of the lempa still holds. Then by'

i= i=1
- €
[n ] m :
= y f*([—;},k + ) £ ([—;‘],k)
i=1 . i T i= n;‘5 - e]-i-l i
% - ¢
[ 1 %+
. nz‘ {% €+ lf _% <n35+_25
i=1 i i=[n;5 - €]+l 1

The proof of (1.7.4) is similar and we omit the



CHAPTER II

A PROBLEM OF SCHUR AND ITS GENERALIZATIONS

§2.1 A problem of Schur

A set S of integers is said to be sum~free if a,b € S implies

atb é S (a2 and b not necessarily distinct).

A well known theorem of I. Schur [25] states that if the integers
1,2,...,[nle] are partitioned in any manner into n classes, then at least
one of the classes is not sum-free. Accordingly we define £(a) to be.the
largest positive integer such that the integers 1,2,...,f(n) can be

partitioned in some manner into n sum-free classes.

It is easy to verify that £(1) =1, £(2) =4 and £(3) =13.

In 1961 L.D. Baumert [7] with the aid of a high speed computer, showed
that £(4) = 44 . One of the many such partitionings of the integers
1,2,...,44 that he found is as follows:

¢, = {1,3,5,15,17,19,26,28,40,42,44}

C2 = {2,7,8,18,21,24,27,33,37,38,43}

C3 = {4,6,13,20,22,23,25,30,32,39,41}

C4 = {9,10,11,12,14,16,29,31,34,35,36} .

The value of £(n) for n > 4 is not known and it appears very difficult

to determine f(n) , even for n=75.

In [25] Schur proved that
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(2.1.1) f(otl) > 3f(m) + 1
and as a result of this

n
(2.1.2) £(n) > 3 5 L

Defining g(m) to be the smallest number of sum—free classes into which

the integers 1,2,...,m can be partitioned, H.L. Abbott and L. Moser [6]

showed that for all positive integers p and gq
(2.1.3) £(patg(p£())) > QE(+1)P -1 .

From this they deduce that for some absolute constant ¢ and 2ll n

sufficiently large
(2.1.4) f(n) > 89 s

which improves Schur's lower bound. On the other hand Schur's theorem states
(2.1.5) f(n) < [nle] -1.

In this section we obtain a lower bound for f(n) which is better
than that given by (2.1.4). However, instead of studying £(n) directly

we consider the following more general problem.

Let fk(n) be defined as follows: fk(n) is the largest positive
integer such that the integers l,2,...,fk(n) can be partitioned into

n classes, no class containing a solution to the following system, (S) ,

k-

(21) equations in (1;) unknowns :

of

X, .+ x. . =x, . 1<i<j<k-1 .
i,j J,j+1 i,j+1 - —
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We will call such classes (S)-free. It is easy to see that f3(n) = f(n) .

That fk(n) exists for k > 3 follows from the results of R. Rado [21].

Now define g (m) as follows: If fk(n-l) <m<f (@, then

2

gk(m) =n 3 i.e. gk(m) is the smallest number of (S)-free classes into

which the integers 1,2,...,m can be partitioned. E.R. Williams [28]

has shown for all positive integers p and q that
P_
(2.1.6) £ (patg (£, (2))) > (£ (+DP - 1 .

This was proven analogously to the work of Abbott and Moser and reduces,

in the case k = 3, to their result (2.1.3).

We now prove by a new method the following theorem which

improves the results (2.1.3) and (2.1.6):

Theorem 2.1.1 For all positive integers n and m

fk(n-i-m) > (ka(m)-!-l)fk(n) + fk(m) .

Proof: Partition the integers 1,2,...,fk(m) into m (S)-free classes

C;5Cpse-esC - Let
A = {a(2f, (m)+1)+] la = 0,1,...,£ (), j = 1,2,...,f m} .

Partition A into m classes C]'_,Cé,...,cl:l by placing a(ka(m)+1)+j
in C]!_ if j e C; . Partition the integers 1,2,...,fk(n) into n

(S)-free classes Dl’DZ’""Dn . Let
B = {a(2f, (m)+1)-j |a = 1,2,...,£ @), j = 0,1,....,5 @} .

Partition B into n classes C£r+1’cz:1+2" .o ’C;ri-n by placing a(ka(m)+l)-j
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1 1 ] =
in Cm-l-i if asDi. It is easy to see that AN B =@ and
AUB = {1,2,...,(2, (m+1)f, (0) + £, (@)} and thus we have partitioned
the integers 1,2,... ,(ka(m)+1)fk(n) + fk(m) into mtn classes

Ci,C'z,...,CI;H_n and it remains only to show that each of these classes

is . (S)-free.
Consider first the classes C]",Cé,...,c_;n . If one of these

classes, say le. » contains a solution to (S) it is of the form
(2.1.7) ai,j (Z;k(m)w'-l) + bi,j + a )i +1(2fk(m)+1) + bj L5+

(m)+1) + b,

£
31,541 (2£, i,j+1

where 1<i<j<k1, libs’tifk(m , and bs,t € Cr . Equation

(2.1.7) implies

(ka(m)+l) = bi,j-i-l -b, . - bj,j"'l >

a, .+a. ., ,.-a. .
(133 J,J+L 1:J+l) 1]

and hence bi,j a5 bi,j - bj L4 = 0(mod 2fk(m)+1) . But then we must

have bi,j + bj L5+ = bi,j-!-l for all1 1 <i < j<k-1, since
1< b, . = fk(m) for all possible choices of s and t . This is a
b4

contradiction of the fact Cr is (S)-free.

Now consider the classes cl;rl-l’c;ﬁ-Z"'”C:;ri-n . Suppose some

class, say CI;H' > 1 <2<n, contains a solution to (S) . Then we
have
(2.1.8) ai,j (2fk(m)+l) - bi,j + aj ,j+l(2fk(m)+l) - bj.,j+l

= ai,j +1(2f(m)+1) - b.

i,j+Hl
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where 1.<i<j<k-l and 0 < b, . belongs

< fk(m) and where 3t

to Dz for all possible choices of s and t . As in the previous case

we must have that bi,j + bj T bi,j-!-l for all 1 <i< j<k-1 and

consequently equation (2.1.8) implies ai,j + aj L+ = ai,j 1 for all

l1<i<j<k-1l. This is a contradition by the comstruction of the

class D‘Q .

Corollary 2.1.1 For all positive integers m and n

floim) > Ef@)+1)E(n) + £(m) .

Proof: Let k=3 in Theorem 2.1.1.

Corollary 2.1.2 PFor n > 4 , and for some absolute constant c ,

a
f(@) > ¢ 8o* .

Proof: By Corollary 2.1.1 we have £(nt+4) > 89f(n) + 44 , and this implies

the result with c¢ = :—g .

It is clear that the lower bound for f£(n) given by Corollary

2.1.2 is better than that given by (2.1.4).

Corollary 2.1.3 For n 3 1 and for some constant <:k s dependent only

on k,
£,@) > ck(Zk-3)n .

Proof: Since fk(l) = k-2 , the result follows from Theorem 2.1.1 with

- k=2
% T2k-3 -
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§2.2 Some applications to Ramsey's Theorem

In 1930, F.P. Ramsey [22] published a combinatorial theorem

which may be formulated as follows:

Ramsey's Theorem Let n, k and r be positive integers with k> r .

Then there .exists a least positive integer Rh(k,r) such that if

s z_Rh(k,r) > S is a set of s elements, and the collection of subsets.

.0of S8 with r elements is partitioned in an arbitrary manner into =n

classes, then there is some subset K of S with k elements such that

the subsets of K with r elements all belong to the same class.

In this section we shall be concerned only with the case r = 2.
We may then reformulate Ramsey's Theorem in this special case as follows:
If G is a complete graph on R Z_Rh(k,Z) vertices and if each edge of
G is colored in any one of n colors, then there results a complete
subgraph of G on k vertices, all of whose edges have the same color,

i.e. a complete monochromatic k-gon.

Many studies have been done on Rh(k,Z) but the problem of
evaluating this function appears very difficult even for small values
cef n and k. P. Erdds [10] and H.L. Abbott [2] have shown that

k

(2.2.1) R,(k,2) > ¢ k 22

from some constant c¢ . The argument used by Erdds to prove (2.2.1) can
be used to prove

R (k,2) &1
n

(2.2.2) >
x !
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k
This gives a lower bound of approximately kn2 . On the other hand

R.E. Greenwood and A.M. Gleason [17] have shown

(nk-n)!

R (k,2) <
n T (x-1H?

and in the particular case k = 3 that

(2.2.3) R (3,2) < [nle] +1 .

In this section we shall be concerned with estimating a lower
bound for R (k,2) for some small values of k . In this direction the
best .previous.results are those of Guy R. Giraud [16] . Giraud has shown

for n> 2

33 .n~2 |, 3
Rn(‘},Z) > -3 5 + 5

and

73 n-2 3
Rn(s,?.) 177 +§' .

Here we shall improve these results.

Let fk(n) and the system (S) be defined as in Section 2.1.
I‘artition the integers 1,2,...,fk(n) into n (S)-free classes
Cl’CZ""’Cn . Let G be a graph with vertices PO’Pl""’Pfk(n) . Color
the edge (Pi,PJ.) color c_ if li-j| € C_ - Suppose that
Pil,PiZ,...,P_ s Where il > i2 > eee > lk s, are the vertices of a.

monochromatic k-gon of color c. - Then it - is € Cr for

l<t<s<k. Butthen
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(it—is) + (is—is +1) = (it-iS +1) l<t<s <kl

is a solution to the system (S) in Cr » a contradiction. Therefore

we have
(2.2.3) | R (k,2) > £ (@) +2 .

Equation (2.2.3) together with the result of Greenwood and Gleason (2.2.2)

imply Schur's result (2.1.5).

Theorem 2.2.1 For n>1, k>2 and for some constant o s dependent

only on k

R (k,2) > ¢ (2-3)" .

Proof: This is an immediate consequence of equation (2.2.3) and

Corollary 2.1.3.

Theorem 2.2.1 as opposed to the inequalities (2.2.1) and (2.2.2)
is effective when k is small and n is large. The theorem could perhaps
be improved substantially if some new estimates for fk(n) could be found
for n > 1 . Although one might conjecture that fk(n) grows like
Rh(k,Z) we cannot obtain any useful estimates of even fk(Z) . However
in certain special cases we can improve the lower bound given by

Theorem 2.2.1.

Theorem 2.2.2 For n > 4 and for some constant c

i
4
R (3,2) > c 8" .



Prcof: This is an immediate consequence of (2.2.3) and Corollary 2.1.

Theorem 2.2.3 For n > 2 and some constant ¢

n
Z
R (4,2) > ¢ 33° .

Proof: Partition the integers 1,2,...,16 into the following sets:

C1 = {1,2,4,8,9,13,15,16}
c2 = {3,5,6,7,10,11,12,14} ,
where Cl consists of the quadratic residues of 17 and 02 the non

residues.

46.

2.

From this partitioning it follows that f4(2) > 16 , since it

is a routine matter to verify that C; and C, are (S)~-free.
The result now follows from (2.2.3) and Theorem 2.1.1.

In a similar manner it can be shown that f5(2) > 37 and
n

consequently Rh(5,2) >ec 752 for some constant c¢ . However in [2]

Abbott has shown for integers a and b > 2

(2.2.4) Rh(ab—a—b+2,2) 3_(Rh(a,2)—1)(Rh(b,2)—l) +1.
Taking a =b =3 in (2.2.4) we have

(2.2.5) R (5,2) > (R (3,2-1)" +1

and in view of Theorem 2.2.2 we have

n

(2.2.6) R (5,2) > ¢ 892
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for some constant c .

§2.3 A generalization of Schur's problem

As was observed by R. Rado [21] the problem of Schur is a special
case of a more general problem. Consider the following equation in £
unknowns Xy sXyseeesXy :

%
(2.3.1) ) ax =0,

i=1

where 3;5355-++53, are non-zero integers. Rado called equation (2.3.1)

n—fold regular if there exists a non-negative integer £(n) , which we

take to be minimal, such that if the integers 1,2,...,f(n)+l are
partitioned in any manner into n classes, then at least one of the
classes contains a solution to (2.3.1). Equation (2.3.1) is said to be

regular if it is n-fold regular for every positive integer n .

One of the main results which Rado establishes is the following
criterion giving necessary and sufficient conditions for am equation to
be regular: Equation (2.3.1) is regular if and only if some subset of the

coefficients has zero sum. Thus the equation x + Xy =Xy = 0 is

regular and it is easy to see that the problem of Schur consists of finding
bounds for f(n) for the equation X tx, - %= 0 . The probleﬁ of
estimating lower bounds for f(n) for 2 number of regular equations was

considered by H. Salié [23].

Write (2.3.1) in the form

(2.3.2) L a;x, = a.x,
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where 2153550053, are positive integers. Suppose (2.3.2) is regular.

Henceforth we assume that

i i
A= a, > a, =B,
i=1 * i=ty1

since otherwise f(n) = 0 for all n .

Theorem 2.3.1 Let m be a positive integer. Let M and N be integers

satisfying

(2.3.3) (A-1)f(m) <M< N

and

(2.3.4) Af(m)+l < N < G 08D} -
where

[x] if =x is not an integer

{x}

x-1 if x is an integer .

Let h(M,N) be the least number of sets into which the integers 1,2,...,M

can be partitioned, no set containing a solution of any of the equations.

t 2
(2.3.5) } ax. = } ax +uN
R o T

where p = —B+l, -B42, ..., A-1 if N < Af‘l M and

. A A
[ - - A 9 — ———
u B+l, -B+2, ..., A-2 if ™=l M<Nc< {!—1 (M)} . Let

h(m) = min h(M,N) where the minimum is taken over all pairs M,N satisfying

(2.3.3) and (2.3.4). Then for all positive integers n
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"£(ath(m)) :.Nif(n) + hl

where Nl and Ml satisfy (2.3.3) and (2.3.4) and h(Ml’Nl) = h(m) .

Proof: Partition the integers 1,2;. "’Ml into h(m) classes
Cl,(;z,...,ch (m) satisfying the conditions.given in defining h(m) .
Let A'= {bNj+c|b =0,1,...,£(@), c = 1,2,...,M} . Partition A' into
t At [ . Y .
h(m) classes Cl’CZ""’Ch(m) by placing le-!-c in. Ci if c¢ c; -
Partition the integers 1,2,...,f(n) into n classes Dl, 2""’Dn none
of which contain a solution to the given equation. Let
B'= {bN-c |b =1,2,...,£@), c = 0,1,...,N,-M -1}, Partition B' into =n
A ] A 1 4 . - .
classes Ch (m)+1° Ch (@)+2° 2 Ch (m)+n .by placing le ¢ in class
1] . . \ b
ch(m)-i-i if be D, . It is easy to see that AN B =9 and
Ay B-=1{1,2,... ,le(n)+M1} and thus we have partitioned the integers
. ] t ot ] - -
1,2,...,le(n)+Ml into h(m)+n classes C ’CZ""’Ch(m)-Pn and it remains

only to show that none of these classes contain a solution to equation (2.3.2).

Py . ] 4 1
Consider first the classes Cl’CZ""’ch @ ° If any one of these

classes contains a solution to equation (2.3.2) it is of .the form
% :
. a,(b.N+c.) = a, (b,N.+c.)
o1 il i jepg1 I il i

where 0 <b, < f(a) and 1< ¢, < M1 . Hence we must have

§ §
a,c., = a.c, (mod N.) .
i1 1 ogepn T 1

L

t
But 0 < J a.c, < and 0< [} a.c, <BM . Therefore if
jop 11 A jeps] I "
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A
M15N1<A_1AM1, we have AM, < AN, and BMl_gBNl. Then by the
definition of h(m) we have a contradiction. On the other hand, if
A A .
it Ml < Nl <f{ =i (M1+1)} then AMl < (A—l)Nl_ and BMl < BNl and again
by the definition of h(m) we have a contradiction. Therefore none of the

T 1 4 4 - . .
classes Cl ,C2 seee ,(':h (m) contain a solution to equation (2.3.2).

. ' ' y
Now consider the classes ch(m)+1’ Ch(m)+2’ °=e» ch(m)-i-n )

If any one of these classes contains a solution to equation (2.3.2) it is

of the form
E f

a.(b_N,-c.) = a, (b.N -c.)

o3 + 1% i—--!-lllll

where 1 < bi <f (n) and O < ci < Nl-Ml-l . By construction we must
have either

t 2
igl ab.N, < i=.~.2+1 a;b N+
or
t L
i£1 ab N < i=g+l ab.N, .

In the first case we must have that

t L
A(Nl—Ml-l) > 7 a.c, > ) a,c, N, > N,

i=1 i=t+l
which is false if N, < {A;fl (Mt1)} . 1In the second case we must have i
that
t 2
N<N+ } aec < ¥ a;¢; < BON-M-1) < A(N;-M-1)

135 11— 2n
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which again is false if* N < {ﬁ (#+1)} . Therefore none of the classes
1 1 1 . . .

Ch (m)+41° Ch m+2° *** %h(m)+n contain a solution to equation (2.3.2) and

the proof of the theorem is complete.

It is now easy to see that Corollary 2.1.1 follows .from
Theorem 2.3.1. In this case we are considering the equation %, + X, = X,
and we may choose Ml = f(m), Nl = 2f(m)+l and thus h(m) =m . In fact,

more generally, Theorem 2.1.1 can be deduced as.a corollary to Theorem 2.3.1.
Consider the regular equation

(2.3.6) . 2x1 +.x, = 2x3 .

H. Salié [23] proved that for equation (2.3.6) £(n) 3'2n -1 and

H.L. Abbott.[2] improved this result to

n
z-¢ log n
(2.3.7) £(n) > 40
for some constant ¢ and n sufficiently large. Applying Theorem 2.3.1
tu equation (2.3.6) with m= 2, M =9 and N, = 12 we have that
h(2) = 3 as may be seen by the following partitioning of the integers

1,2,...,9 :

¢, = {1,6,7}, ¢, = {2,5,8}, C5= {3,4,9} .
Therefore Theorem 2.3.1 implies that for equation (2.3.6)
(2.3.8) £(ot3) > 12f(n) + 9

and consequently

n

(2.3.9) f(n) > c 12

W
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for some constant. ¢ which improves (2.3.7) considerably.

Salié [23] also proved that £(n) > 2% -1 for the regular
equation x; + x, + X, = 2x, and Abbott [2] improved this to

531-- c logn
f(n) > 10 for some constant ¢ and n sufficiently large.

Theorem 2.3.1 may be used to improve this result . to

n

f(n) > ¢ 10

w

for some constant ¢ .

Clearly estimates for £(n) for many regular equations can be
found in this manner. However the difficulty in determining h(m) may be

as difficult in general as determining £(n) itself.

§2.4 A problem of Turdm

Schur's theorem can be gemeralized in other directions. One such
generalization is the following question raised by P. Turin [26] : If n
and m are positive integers, demote by f(m,n) the largest possible
integer such that the integers m,mtl,...,m+f(m,n) can be partitioned into

n sum-free sets. What can be said about f£(m,n) ?
It is clear that

and since the integers m,2m,...,m(f(n)+l) cannot be partitioned into

n sum-free sets, that
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(2.4.1) : f(m,n) < mf(n) - 1 .
Using (2.1.5) we have
f(m,n) < m[nle] - m-1.

Turén considered the function £(m,2) and proved that f(m,2) = 4m - 1 .
H.L. Abbott [2] observed that in fact we have equality in equation (2.4.1)

for m=1,2,3 and that
f(m,ntl) > 3f(m,n) +m + 2

and consequently

n
(2.4.2) fan) » B B2

S. Znam has also studied the function £(m,n), [29], but does not obtain any
improvements on the results of Abbott. In [2] Abbott asks whether there

exists a constant c¢ > 3 such that
f(m,n) > me”

for all m and all n sufficiently large? We can now answer this question

in the affirmative.

First we prove the following:

Theorem 2.4.1 For any positive integer n , define g(n) to be the

largest positive integer such that the integers 1,2,...,g(n) may be

partitioned into n classes, none of which contain a solution of either

of the equations
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X +x,=x
nEHmElex .

(2.4.3)

We will call such classes strongly sum—free. Then for any positive

integer m
gloim) > 2f(mg(r) + £() + g(n)

where f(m) is the Schur function for the equation xl + x2 = x3 .

Proof: Given a partitioning of 1,2,...,f{m) into m sum-free classes

Al’AZ’ --«5A , partition the integers 1,2,...,2f(m) +1 into m+l

classes Bl’BZ""’Bm-i-l as follows:
B, = {Zaias:Ai} i=1,2,...,m
B = {1,3,5,...,2f(@) + 1} .

mHl

The classes Bi > for i=1,2,....m are strongly sumfree and Bm-i-l

is sum-free.

Partition the integers 1,2,...,g(n) inte n strongly sum-free
classes C]_,Cz,...,Cn . Construct min classes Dj s J=1,2,...,mn

as follows: For j = 1,2,...,m
Dj = {(2a-1)g(n)+atb | 22 ¢ Bj’ b=0,1,...,g(n)}
and for j =1,2,...,n

D_ . = {2ag(n)+atb | 22+l ¢

becC.} .
biizng | J

Bv.r!-l >
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Then the classes Dl’DZ""’D b contain the integers
1,2,...,2f(m)g(n) + £(m) + g(n) and it remains to be shown that they are

strongly sum—free.

Suppose that for some j , 1<j<m, Dj is not strongly

sum-free. Then either

(2.4.4) (Zal-l)g(n)+a +b +(Za -Il.)g(n)-*-az+b2 = (2a 1)g(n)+a 3
or

(2.4.5) (Zal-l)g(n)+a +b +(Za —l)g(n)+a 2+l = (2a l)g(n)+a 3

where in each case 31535534 € Aj and 0 < bl’bz’b3 < £f(n) . Now

(2.4.4) implies
(2.4.6) (2g(n)+1) (al+a —a3) = g(n)+b3—bl b

Since A, is sum~free, 3; + a, = a, =|: 0 . Therefore the left side of
(2.4.6) is at least 2g(n)+l in absolute value, while the right side is
at most. 2g(n) . Hence (2.4.4) cannot hold. A similar argument shows
that (2.4.5) cannot hold and thus Dj is strongly sum-free for

j=1,2,...,m .

Now suppose some.class D o+ 1l <3j<n is not.strongly

sum~-free. Then either

(2.4.7) g(n)+a +bl+232g (n)+a2 2 2a3g (n)+a3 3
or
(2.4.8) 2a1g (n)+a +bl+2a2g (n)+a2+b2+l = 2a 28 (n)+a3 3

where in each case 2a1+1, 2a2+1, 2a3+1 £ Bm+l and bl’bZ’b3 € C . Now
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(2.4.7) implies
(2.4.9) - (2g(n)+1) (al+az-a3 = b3-1:ol-b2 .

But, since b]_’bZ’bB £ Cj » (2.4.9) implies a; + 2, -3, = 0 and thus

bl + b2 = b3 which contradicts the definition of g{m) . A similar
argument shows that (2.4.8) cannot hold. Hence D - is strongly sum-

free for j = 1,2,...,n and the theorem is proved.

Theorem 2.4.2 For any positive integers m and n

f(m,n) > mg(n) -1 .

Proof: Partition the integers 1,2,...,g(n) into =n strongly sum-free
classes Cl’C2’ .o ,Cn - Now partition the integers m,mtl,...,mg(n)+m-1
into n classes C_{, Cé s eees 01'1 by placing amtb in CJ!. whenever

ac Ci » where a=1,2,...,g(n) and b =0,1,...,m1 .

Suppose from some j , 1< j<n, C:!l is not sum-free. Then

we must have

(2.4.10) alm-l-bl + a2m+b2 = a3m+b3

where 3;,35,35 € Cj and 0 < bl’bz’b3 < ml . Equation (2.4.10) implies

(2.4.11) m(al+a2-a3) = b3 - bl - b2 .

But, since Cj is strongly sum-free, the left hand side of (2.4.11) is
either at least m or at most -2m . It now follows since

0 < bl’bZ’b3 < m-1l that C:!l is sum-free and the theorem is proved.
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We may now obtain a much stronger result than that given by

(2.4.2).

Corollary 2.4.1 TFor any positive integers m and n

f(m,n) > m(3f(n-1) + 1) -1 .

Proof: Let n=1 and m= n-1 in Theorem 2.4.1 and we have

g(n) > 3£(n-1) + 1 and the result now follows from Theorem 2.4.2.

Corollary 2.4.2 For any positive integers m and n

n

f(m,n) > cm 89

o

for some absolute constant c .

Proof: This is an immediate consequence of Corollary 2.4.1 and

Corollary 2.1.2.

§2.5 Some related questions

An analogous problem to that of sum-free sets is that of product
free sets, i.e., what is the largest positive integer 2(n) such that
the integers 2,3,...,2(n) can be partitioned into n classes, no class

containing a solution to the equation XX, = Xg ? It is easy to see that

f(n)+l _

(2.5.1) 2 <2(@) <2 1

where f(an) is the Schur function for sum-free sets.
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2 2g(n)

If we partition the integers 21,2 seees into =n classes

Cl’CZ""’Cn » where g(n) is the function defined in Theorem 2.4.1,

and place 2k + j in class Ci whenever 2k € Ci and j = 0,1,...,2k -1,

then it is easy to see that

Theorem 2.5.1 For any positive integer n

f(n)+1 _

28@H 3 < g < 2 1.

Corollary 2.5.1 For any positive integer n

3f(n-1)+1 _ 1

2(n) > 2
These results clearly are substantial improvements of (2.5.1).

We now consider an analogous problem in set theory: Given a
positive integer n , what is the minimum number, k(n) , such that the

2" subsets of a set S of n elements can be partitioned into k(n)

union-free classes?

Consider the following partitioning of the integers 1,2,...,n :

{1,3,7,...}

(2]
]

{2(i~1) ,4(E-1)+1,8(i-1)+3,...} 1 = 2,3,...,[§]+1 .

(@]
]

If we now place all the subsets of S of order k in a class Ci when-

ever k e Ci it is easy to see that

(2.5.2) k) < 1 +1 .




59.

On the other hand, D. Kleitman [18] has shown, for some constant ¢ ,
n

. 2
that no union-free class can contain more thaan ¢ ? subsets of S .
n

Therefore it follows that

(2.5.3) k() > ¢ /o

for some constant c .

At the present time we have not been able to improve either of
these results even though one might expect k(n) to be.closer to (2.5.2)

than to (2.5.3).

One can also raise similar questions about sum-free sets in
Abelian groups. Let G be an Abelian group of order n and denote by
£(G) the least number of sum-free sets into which G - {e} can be
partitioned and denote by £f(n) the maximum of £(G) where the maximum
is taken over all Abelian groups of order n . Then the orginal Schur

argument can be modified to give

c logn
£@) > log log n

for some constant ¢ and all sufficiently large =n .
We can prove that
f(n) < ¢ log n

for some constant ¢ and all sufficiently large n . We have not been

able to sharpen the bounds given above. In fact we cannot even evaluate

£(G) for Abelian groups of "small" order.



CHAPTER IIT

ON A PROPERTY OF FAMILIES OF SETS

§3.1. Property &

A family F of sets is said to possess property ® if there

exists a set B © UZF such that BNF$ P and BDPF for every

Fe &F.

Several well known theorems are related in some sense to
property ® . For example, a theorem of van der Waerden [27] states
that to each positive integer k > 3 there corresponds a least positive
integer w(k) , such that if the integers 1,2,...,w(k) are partitioned
in an arbitrary manner into two classes, at least ome class contains )
an arithmetic progression of k terms. P. Erdds [10] pointed out that
van der Waerden's theorem can be formulated as follows: Let F K
denote the family of all arithmetic progressions of k terms contained

in the interval [l,w] . Then there exists a least positive integer

w(k) such that if w > w(k) , then 3k . does not possess property 8 .

Ramsey's theorem can be used to prove the following (see [2] ):
Let s > Rz(k,r) and let S be a set of s elements. Let K be a
subset of S with k elements and let F be the set whose elements
are the (l;) subsets of K with r elements. Let ‘?}k,r be the
family of all possible sets constructed in this way. Then ‘?k,r does

not possess property & .
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There have been several papers written about, families of sets
which do or do not possess property ® . The first papers on.the subject
were devoted primarily to the study of infinite families of infinite
sets. However, as was pointed out by Erdds and Hajnal [14] several

interesting questions can be asked about finite families of finite

sets.

Erdds and Hajnal posed the following problem: What is the
smallest integer m(n) for which there exists a family, & n° of
sets Al,A ""’Am(n) such that IAiI =n for i=1,2,...,m(n) and
which does not possess property ® ? They observed that m(l) =1,
m(2) =3 and m(3) =7 . That m(2) <3 and m(3) < 7 follows from
the fact that the families

32 = {(,2), (2,3), 1,3)}
and

Fy = 1(1,2,3,),(1,4,5),(1,6,7),(2,4,6),(2,5,7),(3,4,7), (3,5,6)}

do not possess property ® . By trial and error one can easily show
that m(2) > 2 and m(3) > 6 . The value of m(a) for n > 4 is mo*

known and appears very difficult to determine.
H. L. Abbott and L. Moser [5] showed that
(3.1.1) n(ab) < m(a)m(b)?

for all integers a and b apnd from this deduced that for every € > 0

(3.1.2) n(n) = 0(/7 + )",
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and that
1

lin m()®

n >«

exists. Erdds [11] proved that, for all n > 2

o) > 2°°%

and by more complicated arguments he was able to prove that
n
m(n) > (1-€)2 log 2

for every £ >0 and n > no(s) . The best lower.bound that has been

obtained up to the present time is the following due to W. Schmidt [24] :

m@) > 2% &) -
More recently Erdés [12] proved that for all n

m(n) < a? 27t

and that for every € > 0 and n sufficiently large,

n() < (-e)nZ 2871 10g 2 .
It follows easily from these results that
1
lin m@®=2 .

n-)w

In [12] Exdds raised the following question: Let N > 2n-1
and denote by mN(n) the smallest positive integer for which there

exists a family & of subsets Al,A seessA of a set of N elements
m (@)
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such that IAil =n for i= 1,2,...,mN(n) s and which does not possess

property B . It is not difficult to show that

2n-1
®on-1 (n) = ( ) >
n

and it is clear that if N dis sufficiently large
mN(n) = m(a) .
In [13] Erddés proved that

n

n-1 i
oy 1@ 2 my(n) > 2 :zo A +5x57)
and
n n-1 i 1
A =2

This problem suggests the following question raised by Erdds
in [13)]: What can be said about mN(n) if we impose the condition
that |UZF| =N and if F is a proper subfamily of F and
[lUF'] <N then F' has property B ? Here there are two questions;
first, do such families exist for given integers N and n and secondly,
whenever such families exist, what can be said about their size? It

is to a slight modification of this problem that we devote this chapter.

§3.2 A problem of P. Exdés

In [13] Erdds posed the following problem: Let n and N

be positive integers, n > 2 and N > 2n-1 and let S be a set of
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N elements. What is the least integer mﬁ(n) » (provided such an

integer exists), for which there exists a family ZF of mﬁ(n) subsets

of S satisfying

(a) |F] =n for each FeF
) UF=s
(e) & does not have property ®

(@ If Fe<F and |UF| <N then F has property B ?

Erd8s pointed out that mét +1(2) = 2t+1 and that ml'q(Z) does
not exist if N is even. This is just a restatement of the fact that
the only critical three chromatic graphs are the odd circuits. We shall
prove that ml}(n) exists for all n> 3, N > 2n-1 , and obtain some
upper bounds. However, instead of studying mﬁ(n) we shall consider

the function mﬁ(n) which is defined in the same manmer as mIfI(n) except

that (d) is replace by
(e) If F' 1is a proper subfamily of F then F' has

property B .

It is clear that the existence of m§(n) implies the existence

of m(n) and in fact mlli(n) < m(n) . Further we note that

m(n) = min m*(a) .
N ™N

Theorem 3.2.1 If mﬁ(a) exists, then for every positive integer b ,

m§+a-i-2b—l (a2+b) exists.

Proof: Let 4 be a family of mﬁ(a) sets satisfying (a), (b), (c)

and (e) . Let T be a set with a+2b-1 elements. We assume that T is
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disjoint from every member of 4 . Let 4+ be the family of b-subsets

of T and let £ be the family of a+b-subsets of T . Let
F=1{F|F=HUG, HeH,Ge4 or F=L,Lel } .

It is clear that each member of F has a+b elements and.that
|JUZF| = N+a+2b-1 . We need to show that F satisfies (c) and (e).
Su;ipose & has property B . Then there exists aset Bc<c U F
such that 0 < |Bn F| < atb for every Fe3F . Since 4 does not
have property ® , either there exists a set G ¢ % such that
BN G = @ or there exists a set G, € 4 such that B> G, . How-
e%}er BN G = P implies BN H+ @ for each H e A4 . Hence

|B r;Tl >atb and BDL for some L e £ . This is a contradiction
and therefore BN G, = g is impossiBle. AMlso BNL# 9 for all
LeL implies |[BN T| >b and hence BDH, for some H & # .
Thus B> G2 is also impossible since it would imply B D Hlu G2 .

Hence & does not have property @& .

Let ' be a proper subfamily of 7 . We need to show that
there exists a set B such that 0 < |[BN F| < a#s for all Fe 3.
Let Ae F - F'. Suppose first that A=GU H, Gls§« » By e R .
Since 4 satisfies (e), there exists a set Bl < U Q, such that
0<|[Bn gl <a forall Ge ¥ - {&;} . Set B=H U B . The
clearly 0 < IBﬂ F] <ath forall FeF ' . The only other possibility

1

is that A e £ . Then one can take B = A . It follows that 7 has

property ® and the proof of Theorem 3.2.1 is complete.

Corollary 3.2.1 mﬁ(n) exists for all n > 3 and N>2n, N even.
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Proof: As was pointed out by Erdds, m%t +1(2) exists for all t>1.
= = *
If we take a =2, N = 2t+l in Theorem 3.2.1 we see that ¥, 1ob +2(b+2)

exists for all b>1, t >1 . This clearly implies the corollary.

Theorem 3.2.2  mf ,,(3) exists for all t> 2.

Proof: Let 4 be a family of m%t—l(z) 2-subsets of a set S of
2t-1 elements satisfying (a), (b), (¢) and (e) . We may assume.
s =1{1,2,...,2t-1} and 4 = {(1,2),(2,3),(3,4)500.,(1,i+1),...,
(2t-2,2t-1),(1,2t-1)} , that is, the sets in £ formthe edges of an
-odd circuit. Let F be the family consisting of the following sets:
6 U {al, 6 U {bl},{a,b,1},{a,b,2},{a,b,3},{1,2,3}, where. Ge § and
a,b ¢ S . To prove the theorem we must show that F satisfies (c)

and (e) .

Let B < UZF have ncn-empty intersection with each member
of 3 . If acB and b e B then, since BN {1,2,3} $+ 6 , B must
contain one of {a,b,1}, {a,b,2} or {a,b,3} . If 2ac B and b ¢ B
then BN G + @ for each G e 4 . Since § does not have property B ,

B> Gl

and b ¢ B then B> {1,2,3} . Thus F does not have property & .

for some G, € § . Hemce B> G U {a} . Finally if a ¢ B

Let 7' be a proper subfamily of & and let Ae & - F' .
We need to show that there exists a set B such that 0 < [BN F| < 3
forall Fe 3 . If A= G U {a}, G ¢ 4 , then since 4 satisfies
(e), there exists a set B, < U 4 such that IBlﬂ G| = 1 for each

1
Ge § - {Gl} and Blf\ Gl =@ . Since at least one but not all of

1,2,3 belong to B, we may take B =3B U {b} . Then 0 < [Bn F| <3

1




67.

for all Fe 3 . The case A= 6, U {b} can be disposed of in the
same way. If A is ome of {a,b,l}, {a,b,2} or {a,b,3} we may
choose B = A . Finally if A = {1,2,3} we may take B = {a,b} .

It follows that 3F' has property 8 .

Corollary 3.2.2 mf¥(n) exists for n>3 and N2> 2o-1, N odd.

Proof: The case n = 3 has been taken care of in Theorem 3.2.2.
For n >3 take a= 3, N= 2t+l in Theorem 3.2.1. This shows that

15, 0143 (b+3) exists for b > 1, t > 2 and hence Corollary 3.2.2 holds.

From the above results we obtain that mﬁ(n) exists for all

n>3, N>2n-1 and

2n-3 2n-3
(N—2n+3)( + » if N is even, n > 3
n~2 b3
*(n) <
R 2n-4 2n-4
2(N-2n+4) +( ) » if N isodd, n> 4.
n-3 n

Theorem 3.2.3 If K > 2k-1 and L > 22-1, then

mt, (k2) < mE(k) (mk(2))"
provided mé(k) and mf(z) exist.

Proof: Let F , = {Al,A ""’Ami(k)} be a family of sets satisfying

m2 (k)
definition of mE(k) . Let U Ai = {xl,xz,...‘,x.K} and for
i=1

i = = j j j e
j=1,2,...,Kk let 3’3’,1 {B ’BZ""’Bmf(z)} be families of sets
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satisfying the definition of m{(z) . We assume that the sets.in JF .8
t)

are disjoint from the sets in JF m.2 if j =|= m . Choose.
H]

Ai = {xil,xiz,...,xik} e S‘k and from each of the families

pick a set B . The union of these B's

F1,0°F1,,07 0
is a set_Ac'onsisting of k& elements. We shall say that such sets are.
generated by the set Ai . Let F be the family of all possible sets
constructed in this manner. Clearly there are mi(k) (inf(z))k such sets;
[UF| =KL . Suppose & has property B , i.e. there exists a

set BC U F such that BN F+ @ and B-PF for each Fe F .

There are two cases to be considered.

Case 1. There exists A, = {X. ,X, ,...,X.} € &, such that B has
—_— i i1, i k
non-empty intersection with each member of each of the families

Then B contains at least one member of .

Fi 00 Fay,0000 3ik,z .

each of these families and hence contains a member of & .

Case 2. 1In each Ai € 3’k there is an element which we denote by

Xy 1 such.that B has empty intersection with one of the sets in
i
:}Ai’z . Let T {xA:{Ii 1,2,...,mk(k)} . Then TN A#.§ for

each A& L}k . Thus TDAj ={xj sX., seessX. } for some j ,

1 32 Ik
1<jx< mi:(k) . It follows that B has empty intersection with at
least one of the sets in each of the families F. ..F. ,seees F.
Jlsx' 3232 Jksz

and hence has empty intersection with at least one F ¢ & . This

contradicts the assumption BN F + @ for each Fe F . It follows

Pl

that F does not have property & .
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¥t remains to show that any proper subfamily 3' of F
has property & . Let Agd - F' and assume that A is generated
by Ai. for some i-, 1 <ic< mE(k) . By the definition of mi(k)
there exists a set B' such that B' n A =0, B'n Aj $¢ and

' i i '= ' . .
B#Aj for all j4#i . Let B {x}\,x)\z,..,xl} For

1 t
each of the families 3}\ »3=1, 2, ..., t, choose a set B,
3s2 J
such that BA nF+p forall Fe F N . Then if
h js2

Bl=UBij »B;nFf¢ and B $F forall Fe F not generated

by A. . Now consider those F ¢ F generated by Ai « Since

i i, i

A=y F for some F, £ F. > j=1, 2, «e.y k , there
=l j,f, J"Q' j,l

1 1
exists sets B. , j =1, 2, ..., k , such that B, nF $0¢ and

J k|
B! 3 F forall Fe F. -{F, } and B! nA=¢ . Then .
i, i. i, i, -
J . 3.2 -2 J
=y B! is such that 32 has non-empty intersection with every
] f
set generated by Ai except the set A , and B2 contains none of

)

these sets. Clearly Bl n B2 =@ and hence if we choose. B = Bl v B2 s

the set B shows that 3' has property ® .

The first half of the above proof is essentially that used
by Abbott and Moser to obtain the inequality (3.1.1). This inequality
can readily be deduced from Theorem 3.2.3 as a consequence of the fact

that m(n) = min mN*(n) and from the existence theorems already proven.
N

Theorem 3.2.4 m§+2n(n) _f_nmﬁ(n—Z)+2n_l' if n is odd.

Proof: Let 4% be a family of ml’&(n—Z) sets satisfying (a), (b),
(¢) and (e). Let F, = {2i-1,2i} and let # = {F; | i=1,2,...,0} .

Let £ be the family consisting of all sets of the form {al,az,...,an}
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where | ai £ Fi and ai = 2i~1 for an even number of values of i .
We may assume that G N {1,2,...,2n} =@ for all. Ge 4 . Finally

let

F={F|F=GUH,Ge4 ,He#H# or F=L,Lel}.

It is clear that the number of sets in F is a mﬁ(n-z) + Zn-l and

that |U3F| = N¥2n . It remains to be shown that F satisfies

conditions (c¢) and (e).

Let B be any set such that BN F+ § foreach Fe F .

To show that F does not have property ® we must show that B contains

a member of F .

Case 1. For some i and j , BDFi and BﬂFj=¢.

BN Fj =@ dimplies that BN G# #® for each G ¢ 4 . Since
4 does not have property 66 , B> Gl for some Gl € 4« . Hence

BD Glu F. , that is B contains a member of F .

Case 2. For some i , BDFi, anFjlil for all j .

We may assume without loss of generality that B O Fl’FZ""’Ft
and IBﬂ Fjl =1 for j=tHl, t+2, ..., n . In fact we may assume
BN Fy = {2-1} for j = t#l, t42, ..., t4r and BN F, = {2j} for
j = t+r#l, t+r+2, ..., n . If r is even then B contains
{2, &4, ..., 2t, 2t4+1, ..., 2t+2r-1, 2t+2r+2, ..., 2n} and if r is odd,
B contains {1, 4, 6, ..., 2t, 2t+1, ..., 2t+2r-1, 2t+2r+2, ..., 2n}

so that in any case B contains a member of F .
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Case 3. lBﬂFi]f_l for all i,B(\Fj=¢ for some 3 -

In this case B , the complement of B with respect to
{1,2,...,2n} , satisfies the conditions of Case 2. Hence B contains
a member of JF and thus B is disjoint from a member of F which

contradicts our assumption that BN F+ § for each Fe F .

Case 4. anFi|=1 for all i .

We may assume BN F, = {2i-1} for 1 =1,2,...,t and
Bn Fi = {2i} for i = t¥l,t+2,...,n . If t is even them B
contains {1,3,...,2t-1,2t+2,...,2n} , i.e. B contains a member of F .
if t dis odd, then since n is odd B is disjoint from

{2,4,...,2t,2t+1,...,2n-1} , i.e. B is disjoint from a member of

F and this is impossible.

Since there are no other possibilities, FJ does not have

property 8 .

Let 3' be a proper subfamily of & . We must show that
there exists aset B such 0 < [BNF| <n forall Fe3F . Let
Ae F -3F . Suppose first that A=6 VUF,, Gls%. Since 4
satisfies (e), there exists a set B, < U % such that 0 < |5, N 6] < n-2
c _ N
for all Ge & {Gl} . Moreover we may assume B, D G; (for if Bl:i>(;l
then we must have Bl n Gl = @ and instead of choosing Bl we choose
B, the complement of B, with respect to 4 ). Let B = BjUF, .
Then it is easy to see that 0 < [BA F| <n for all Fe F . The only
other possibility is that A e £ . In this case we take B =A . Then

clearly |BN F| <n for all Fe F’ . Moreover BNF+ @ since
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BNF=¢ implies F =A , the complement of A with respect to
{1,2,...,2n} . But A contains an even number of odd elements and
since n is odd, A must contain an odd number of odd.elements and
hence A ¢ J . Therefore 0 < |[BN F| <n forall Fe 3' and

#' has property & . This completes the proof of the theorem.

Corollary 3.2.4 m(5) < 51 and m(7) < 421 .

Proof: It is easy to see that m§(3) = 7 , hence

¥, (5) < 5.7 + 16 = 51

and

mg (7) < 7.51 + 64 = 421 .

The best previous results known are m(5) < 126 and m(7) < 708.

Theorem 3.2.5 m§+2n(n) <n m§(n—2) +221 4 2n—2 if n dis even.

Proof: Let 4 be a family of mﬁ(n—Z) sets satisfying (a), (b), (¢)
and (e). Let F, = {2i-1,2i} and let # = {Fi |i=1,2,...,n} . Let
d(l be the family of all sets of the form {l,az,a3,...,ar-l} where

a, € Fi . Let £ 2 be the family of all sets of the form

{2,a2

values of i . We may assume that G N {1,2,...,2n} =@ for all

,a3,...,an} where a; ¢ Fi and a, = "2i. for an even number of

Ge 4 . Finally let

3‘={F|F=GUH,G84,HE# or F;=L,L€£1 oraf.z}.
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It is clear that the number of sets in F is n mﬁ(n-Z) + 2n-l +.2n-2

and that [UF| = M2n . It remains to show that J satisfies conditions

(c) and (e).

Let B be any set such that BN F + § for each Fe# . To
show that F does not have property & we must show that B contains

a member of F .

Case 1. For some. i and j,-BDFi and BN Fj=¢.

BN F, =§ implies that BN G ¢ @ for each Ge 4 . Since
% does not have property ® , B> Gl for some Gl € {{ . Heace

BDO Glu Fi > that is, B contains a member of F .

Case 2. For some i , B:Fi, and for all j , IBnFjlil.

If 1 e B then B contains a member of &£ 1 Therefore we
assume 14 B and hence 2¢ B and i+ 1. Then B contains a set
of the form {2,a2,a3,...,an} where a:j € Fj . If aj = 2j for an
even number of values of j then B contains a member of £ 9 - If
aj = 2j for an odd number of values of j and if a; = 2i (respectively
2i-1) , replacing 2i by 2i-1 (respectively replacing 2i-1 by 2i)
we now have that aj = 2j for an even number of values of j and again

B contains a member of £ 9 -

Case 3. |Bn1-*i[51 for all i, and BN Fj=¢ for some j .

In this case B, the complement of B with respect to

{1,2,...,2n} satisfies the conditions of Case 2. Hence B contains a



740

member of F and thus B is disjoint from a member of 3F which

contradicts our original assumption that B/ F + @ forall Fe & .

Case 4. |BN Fi|=l for all i .

As in Case 2, if 1 € B then B contains a member of 3F .
Therefore we .may assume that B contains a set of the form {2 ,a2,>a3,.. .,an}
where a_ € Fi . If a, = 2i for an even number of values of i then
B contains a member of £ 9 * If a; = 2i for an odd number of values
of i then B is disjoint from the set {1} %U:(Fz'-:{?i}-_l)u'-f‘:b (’Féi;‘_;fa._ﬂ}%ﬁ}?

which belongs to £ 1 and we again have a contradiction.

Since there are no other possibilities, 7 does not have

property & .

Let #' be a proper subfamily of F , we must show that
there exists a set B such that 0 < |[BN F| <n for all Fe & .
Let Ae3F - F’ . Suppose first that A= G U F.» G ¢ 4 . Since
—g' satisfies (e), there exists a set Bl c U & such that
0<|Bn 6 <n-2 forall Ge 4 - {6} . Moreover we may assume
B, > G, as in the proof of Theorem 3.2.4. Let B = BlU Fi . Then

1 1
it is easy to see that 0 < |[BN F| <n for all Fe F'.

Now suppose A Ll R Llsoﬁl and A={1,a2,a3,...,an}

2i for an odd number of values of i , let

where a.L e F., . If a,
i i i

B=AU{2}. Then BNF3$ @ forall FeZF . If BDOF for some

Fe 3' then F belongs to £ 5 - Then B - {1} contains F .

But B - {1}] = n and contains an odd number of elements 2i . Hence

we have a contradiction. If a, = 2i for an even number of values of i ,
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let B=A . Then clearly |[BnF| <n forall Fe F . Horeover
BnF+pP forall Fe 3F , for BnF=9¢ implies that F is Z,
the complement of A with respect .to {1,2,...,2n} . But A has an

odd number of elements 2i, i > 1 and no such sets belong to F .

Finally, suppose A e XZ g+ If 3eA let B=Avu {4}
and if 4 e A let B=Ay {3} . Then clearly BnF # @§ for all
Fe 3 . If B>F forsome Fe F then F must belong to £ 2 s

but then F = A, a contradiction, since A ¢ F . Hence F' has

property ® . This completes the proof of the theorem.

Corollary 3.2.5 m(4) < 24 ,

Proof: Since m_g:(z) = 3 , we have by the above theorem

* =
mll(4)._<4.3+ 8+ 4 =24 .
The best known previous result was m(4) <26 .

The final theorem we will state.in this chapter is quite

weak for large values of n and N , however it is useful to estimate

mﬁ(n) for small values of these variables.

Let -gr be a family of mﬁ(n—l) sets satisfying (a), (b),
(c) and (e) . Let T = {N+1,N+2,...,Nn-1} and S = {N+n-1,N4n,...,

N+2n-1} .




Now let
3={FIF=GU.{t},G54’,tsT,F=TU'{s},seS or F=5S}.

Using this construction, and by successively replacing elements of S
by elements from U%’ > We can prove the following theorem by

similar methods to those used previously:

Theorem 3.2.6 For n>3 and i=0,1,...,n-1

e @ < (2-1) mﬁ(n—l)-i-n-i—l .

Theorem 3.2.7 is useful in estimating mﬁ(n) for small values

of n and N .

In conclusion we mention some problems related to mﬁ(n) which
we have been unable to settle. For fixed n , for what range of values of

N is mﬁ(n) decreasing or increasing? Secondly for fixed n , does

*(n)
does lim mNN exist? It follows from our results that there exists
N>

constants a and bn such that for all N sufficiently large

*(n)
a, < mNN < bn .

Since for n > 3, mﬁ(n) exists for all N > 2pn-1 , it is
natural to ask the following question: Does there exist a countably
infinite family F of sets, each set with n elements such that 3
does not have property ® but every proper subfamily does? That such
families do not exist was proved by Erdds and Hajnal [14]. In fact
they pointed out that if F is a countably infinite family of sets,

each set with n elements, and if every finite subfamily of F has



property ® , then so does F . This result may also be proved using

Roénig's 'lemma of infinity' [19] .

The following is a table of estimates of | mk(n) for certain

values of n and N obtained from the theorems of this chapter:

n
N 2 3 4 5
3 3
4 -
5 5 10
6 - 10
7 7 7 35
I 8 - 10 35
9 <9 1 14 27 126
10 - 14 26 -} 126
11 11 18 24 156
12 - 18 26 146
13 13 22 26 146
14 - 22 26 110
15 15 26 35 66
16 - 26 47 66
17 17 30 47 51
18 - 30 59 66
19 19 34 56 86
20 - 34 71 86
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