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Abstract

Modern industries are increasingly embracing complex, @&-scale processes with
interconnected units for their economic bene ts. The inct&sing scale of industrial
processes and the complexity of unit interactions substaatly complicate the devel-
opment of advanced process control systems. Model reduatibas been recognized
as a promising framework for managing large-scale complgstems. It involves de-
riving low-dimensional models of computationally e cient systems, yet accurately
represent the behavior of the overall system. Hence, this issential for simulat-
ing high-dimensional systems in real-time, such as for coal decisions or process
monitoring, where accurate yet rapidly-solvable models amecessary. However, in-
dustrial processes bring added complexities along with iglimensionality such as
varying time scales, challenges in measuring real-time guts, nonlinearities, un-
known parameters, and dynamic system behaviors. Therefothis thesis focuses on
addressing the high dimensionality of large-scale systemnsprocess monitoring and
control to accommodate various aforementioned industri@lomplexities.

A class of nonlinear systems, expressed by ordinary di ergad equations (ODE)
with implicit two-time-scale behavior, is taken into accoat. The system is decom-
posed into fast and slow subsystems based on the singulartpdration theory and
a composite solution for the system is proposed. Local esttors are designed for
each subsystem and a one-directional communication schemmeised. A benchmark

chemical process example is used to illustrate the proposetethod. Attention is



then given to nonlinear systems with essential process \ales that are not mea-
sured but need to be monitored accurately from an operatioh@erspective. It is

assumed that a mechanistic model is available but is too commationally complex

for estimator design and that only a subset of the states negtb be estimated. The
aim is to form a reduced state estimation that can estimate # desired variables.
A dynamic sensitivity-based approach is obtained to deterime the appropriate in-

puts and outputs for data collection and data-driven modelraining. The proposed
method is applied to a chemical process, and its applicalylis demonstrated.

We consider a type of nonlinear system de ned by partial di eential equations
(PDE) for an agrohydrological system. The inherent largeesle nature of the mod-
els stems from the discretization of the underlying PDE. Thaumerical simulation
of such large-scale dynamical systems imposes overwhefniemands on computa-
tional resources. A reduced framework for large-scale systs is devised, leveraging
unsupervised machine learning. However, in dynamic envinments, the properties
and behavior of the system might undergo changes. We theredaely on dynamic
data-driven reduced models where di erent reduced modelseacomputed based on
the performance of the model. The proposed approach is implented to estimate
the soil moisture of a real agricultural eld located in Lethbridge, Canada. We also
explore the proposed dynamic model reduction in estimatindpe soil water content
and soil hydraulic parameters in real-case analysis apaliéo the farm, using exper-

imental data collected in the summer of 2022.
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Chapter 1

Introduction

1.1 Motivation

Due to the increasing global demand, the prevalence of largeale complex processes
has become commonplace in the modern process industry. Theustrial processes
are inherently nonlinear, dynamically complex, and assated with high dimensional
variables typically arise from a wide range of complex physil and chemical phenom-
ena. Such systems are becoming increasingly prevalent imigas domains; chemical
reactions, heat transfer, and agro-hydrological systemseaonly a few examples.
Performing operational tasks such as predictive modelingrocess monitoring and
optimal design of control often leads to challenges due togloverwhelming demands
on computational resources. This encourages us to develogthods of complex-
ity reduction and acquire relevant information about largescale systems in a more
computationally manageable fashion. Dimensionality redtion aims to decrease
the computational burden by generating simpli ed models tht are faster and more
cost-e ective to simulate, while still accurately capturng the behavior of the origi-
nal large-scale system. During the past few decades, modaduction for dynamical
systems has reached a considerable level of maturity, aseeted in [1, 2, 3, 4].

Traditionally, there has been a substantial demand for enim&ing operational per-



formance, with signi cant capital investments dedicated ¢ improving the productiv-
ity and pro tability of industrial processes. Model predidive control stands out as
an advanced strategy in process control, enabling real-teroptimization of process
operation while adeptly managing constraints and nonlinegies [5, 6]. Neverthe-
less, implementing advanced control systems often entailee challenge of obtaining
comprehensive measurements of the entire process statemteSestimation emerges
as a technigue to reconstruct complete process state esties utilizing a process
model and output measurements. However, state estimationgarithms face several
challenges in terms of computational burden, the high comgtity of their dynamic
models, nonlinearities, unknown parameters, and sensitiwto modeling errors and
measurement noise [7, 8]. In this thesis, we propose compidnally e cient state
estimators for process monitoring and control to accommotkavarious industrial
complexities. Our objectives are to systematically analgzand reduce large-scale
systems, develop reduced-order estimators, and investigaheir performance and

applications across various processes.

1.2 Literature review

The complexity of modern engineering systems results froormknown nonlinear re-
lationships, system parameters, and numerous variablesh& study of complex sys-
tems involves exploring how the relationships between thigbarts give rise to their
collective behavior. Understanding and predicting the bek&r of these systems
necessitate the use of various modeling techniques. Theuléag modeling of the
relationship between the input and output of a system typidéy employs either rst
principles (mechanistic models) or system identi cation sing industrial data. In the
case of rst-principle models, process behavior is mathetially represented using
ordinary di erential equations (ODESs) and patrtial di erential equations (PDES). In

the literature review, we examine state estimation techniges, focusing on a specic
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class of nonlinear systems in each section. We review the kground by investigat-
ing the system based on its characteristics and also discule existing work, along

with the challenges associated with it.

1.2.1 Implicit time-scale multiplicity and state estimation

Chemical processes are inherently nonlinear and generaflgsociated with a com-
mon feature, time-scale multiplicity. It usually arises de to the strong coupling of
the physical and chemical phenomena occurring at disparatene-scales [9]. Typi-
cal examples of multiple-time-scale processes include geeses with a large recycle
[9], reactors with multiple simultaneous reactions [10],ral reactor-separator sys-
tems [11] which are modeled by nonlinear ODEs. The time-seaiultiplicity occurs
typically due to the presence of distinctly di erent time castants or multiple fast
and slow reactions. A direct application of standard contioor estimation methods
without considering time-scale multiplicity may lead to il-conditioning, or even the
loss of closed-loop stability [12]. To deal with such systamsingular perturbation
theory provides a natural framework for modeling, stabilit analysis, model reduc-
tion, and controller design [12]. The design of fully centliaed nonlinear controllers
on the basis of the entire process system is impractical inrtes of computational
burden, high complexity of its dynamic models, and sensiity to modeling errors
and measurement noise. These considerations generate rogs interest in decen-
tralized (composite fast and slow control) [13] and distrilted control [14] strategies
using proportional (P) control [9, 15] or Model predictive ontrol (MPC) [13, 14].
However, relatively much less attention has been paid to seestimation of systems
with time-scale multiplicity.

Recently, in [16], two alternative nonlinear observer degn approaches, one full-
order and one reduced-order are designed for two-time-scalystems. The full-order

observer is designed based on linearization of the originalodel around its sta-



ble steady state, whereas, the reduced-order observer igided based on a lower-
dimensional model to reconstruct the slow states which aresed to calculate an
invariant manifold for the fast state estimation. In [11], atwo-time-scale nonlinear
system is decomposed into a fast subsystem and several slabsystems, and a dis-
tributed moving horizon estimation (DMHE) scheme is develogd. One directional
communication from the slow subsystem MHEs to the fast subdgsn MHE is es-
tablished and su cient conditions on the convergence of thestimation error of the
DMHE are derived. However, both [16] and [11] considered tworte-scale systems
that can be described in the standard singular perturbatioform where the fast and
the slow dynamics are associated with distinct process vables and can be separated
explicitly. There is a wide range of applications where sloand fast dynamics cannot
be separated explicitly. This implicit time-scale multipicity cannot be expressed in
the standard singularly perturbed form [10].

To handle implicit two-time-scale systems, one approach ts nd a coordinate
change to transform the implicit two-time-scale system it a standard singular per-
turbation form. In [17], the coordinate change constructio for linear two-time-scale
systems is addressed using modal analysis. In [18, 19], "amdependent ( is a
small variable indicates the separation of time scales) aach was developed to
nd the coordinate change. In [20], an'-dependent coordinate change for a class of
nonlinear two-time-scale systems was also proposed. A esrdf results was devel-
oped to obtain the standard singularly perturbed represeation from the original
two-time-scale process using bothrindependent and'-dependent coordinate change
[10]. However, for large-scale systems, it is typically chahging to nd such a co-
ordination transformation. More recently, fast and slow slisystem reduction-based
methods were developed to address the limitation of the calimate change-based
approaches in control system design [9, 15, 21]. Similar appches have also been

used and developed in aerospace control applications [2owever, there is little



attention given to state estimation of implicit two-time-scale systems, which is a
common occurrence in chemical processes. To the best of onowledge, there is
no systematic study that considers slow and fast dynamicsgation for implicit
two-time-scale systems from a state estimation perspeatiand provides the corre-
sponding composite estimator design.

In Chapter 2, a composite solution for implicit two-time scke processes is pro-

posed and a distributed state estimation method is designédr chemical processes.

1.2.2 Input-output selection and state estimation

In recent decades, modern process industries are increggmemploying complex,
large-scale chemical processes due to their economic erag. A rigorous dynamic
model for a process can consist of hundreds of di erential @g@tions to account for the
process dynamics. State estimation of essential processialles is quite demand-
ing from an operation point of view to achieve better productjuality and optimal

utilization of available resources. In process industriestate estimators or observers
are commonly used to estimate unknown variables based on aopess model and
some measurable variables. Using a detailed mechanistic rabth perform state es-
timation is often challenging due to increased complexityral higher computational

cost. In many applications, the number of key variables thashould be estimated
is indeed much smaller than the number of the internal statesf the entire system.
A reduced-order estimator that can estimate the key variabk is su cient. brun-

ton2016discovering In the literature, there are some ressilon state estimation based
on the reduced-order models. In [23], a state estimation sthe of wastewater treat-
ment plants was developed based on model approximation, irieh a reduced-order
model was obtained based on the proper orthogonal decompiasi (POD) approach.

In [24], a state estimation scheme was developed on a reduceder approximation of

the forecast error using a Kalman Iter. The reduced-orderystem was developed by



the balanced truncation of the Hankel operator representatn of the estimation error.
In [25], a model reduction was performed using a matched asptotic expansions
method for an implicit two-time-scale system and a distribted state estimation was
implemented to demonstrate the improved computational tira and accuracy. In [26],
a structure-preserving model reduction method using traggory-based unsupervised
machine learning techniques was used to develop an adaptiweving horizon esti-
mation algorithm. A reduced state observer was developedrfa linearized reduced
system using the balancing model reduction technique [27Di erent data-driven
methods are used in many applications to determine the striuze of the reduced-
order model and to reveal important physical properties shicas sparse regression
[28, 29, 30], sparse identi cation of non-linear dynamicsS(NDy) [31] and Koopman
operator [32]. In process modeling, hybrid modeling is arfer data-based modeling,
wherein it combines a kinetic model with a data-based modelhich improves the
model accuracy and robustness [33, 34, 35].

In recent years, machine learning techniques, in particulaneural networks [33,
34, 35] have attracted signi cant attention in reduced-ordr model and estimator
development due to the data-driven nature and easy-to-img@ment feature of these
techniques. In the literature, there are many studies that &ve used machine learn-
ing to develop data-driven models which are in general rededt-order models. For
example, in [36, 37, 38], machine learning was integratedtiwiraditional observer or
estimator frameworks for data-based state estimation sames. However, a careful
examination of these studies reveals that there lacks a sgstatical method to deter-
mine how to choose the appropriate inputs and outputs for tls® machine learning-
based model development. The well-selected inputs and outp can make sure that
the resulting data-driven model captures the dynamics need for the estimation of
the key target variables and can signi cantly reduce the maal training e ort [39, 40].

Another relevant topic in the literature is inferential softsensors built on process



data and explores the correlation between inputs and targetutputs. These infer-
ential soft sensors, in general, do not consider the dynarsiof the system. There
are many applications of soft sensors based on machine leagnand statistical tech-
niques such as neural networks [41, 42], principal compohergression [43], and
partial least squares regression [44]. A soft sensor is deped using a probabilistic
slow feature analysis by extracting slowly varying patters from noisy process data
[45]. In [46], an information fusion system is developed t@ke the bene ts from
fast-rate sampling of online data and the high accuracy ofbadata, which is slow-
rate sampled data, for soft sensing. These soft sensors aseful and can provide
predictions of unmeasured variables and are typically easy implement. However,
as they do not take the dynamics of the process into accounticitly, their per-
formance may be limited. If a dynamic model can be developestate estimation
provides much-improved estimation performance.

The selection of input-output and a reduced estimator degigare provided in

detail in Chapter 3.

1.2.3 Adaptive model reduction and soil moisture estima-
tion for agro-hydrological systems

Discretizing PDEs typically gives rise to high-dimensiorigroblems, which pose sig-
ni cant challenges when seeking numerical solutions. Thighenomenon is referred
to as the "curse of dimensionality," in which the required cmputational e ort scales
exponentially with system dimension, making traditional gd-based methods infea-
sible. In this context, we consider soil water dynamics in ag-hydrological systems
modeled by the Richards equation.

With population growth, climate change, and environmental pllution, freshwater
scarcity has become a global risk [47]. Agriculture, the priany consumer of freshwa-

ter [48], coupled with the persistent problem of low water eciency [49], intensi es



the issue of water scarcity further by utilizing about 38% othe land. Improving
water usage e ciency is a critical step in managing the wateand land crisis. The
open-loop control method, which lacks real-time feedbaclks a widely used irriga-
tion practice in agriculture. However, it heavily relies ondrmers' experience and
observations rather than on actual eld conditions like sdimoisture content. This
can lead to over-irrigation or under-irrigation, both of wiich can be detrimental to
plant growth. In recent years, precision agriculture (PA) ha gained popularity in
the agricultural community. The technique provides the apmpriate amount of wa-
ter and nutrients for optimal plant growth. A closed-loop irigation system that
uses eld soil moisture data to make decisions can signi cty increase water use
e ciency. However, soil moisture sensors are typically plax at selected locations of
the soil pro le. To achieve a comprehensive understanding the dynamic behaviors
of the soil moisture across the entire eld, the implementan of an appropriate
state estimation method is essential. State estimation cagnable real-time estima-
tion of the soil moisture across the eld by utilizing the meaurements collected from
the available sensors. Signi cant progress in developingnous computing methods
for smart and sustainable closed-loop agriculture irrigadn has been made. These
methods involve sensor placement [50], soil moisture esétion [51], simultaneous
estimation of soil moisture and soil parameters [52, 53], mel predictive controller
(MPC) design [54], and scheduler design [55, 56]. In partiewm, various strategies for
estimating soil moisture based on real-time eld measuremts have been explored.
Several well-known algorithms such as the extended Kalmarter (EKF) [57], en-
semble Kalman Iter (EnKF) [58], and moving horizon estimaton (MHE) [51] have
been applied for data assimilation of soil moisture.

The Richards equation is a nonlinear, and three-dimensiolADE, which assumes
local equilibrium between soil water content and soil watgpootential [59]. To ensure

numerical stability and satisfy the local equilibrium assmption, ne discretization



(a few centimeters to a few meters) is often required whichadds to a high number
of nodes, typically ranging from 16 to 10°. Therefore, estimating soil water content
is a major challenge due to the high dimensionality of agrogtrological systems.
For instance, the online optimization associated with nomlear MHE can become
intractable due to the high-order of the system. The EKF is a@ammon generalization
of the classic Kalman Iter to nonlinear systems. However,diearizing the nonlinear
model consecutively and propagating the covariance matrexplicitly to handle the
nonlinear observation may become infeasible for such a lardimensional system.
Model order reduction is a widely used technique to handle dh-dimensional
systems and obtain computationally e cient models. Some othe commonly used
methods include proper orthogonal decomposition (POD) [f(ptimal Hankel norm
reduction, [61], slow feature analysis [62], and balanceduhcation methods [63].
Yet, these methods typically fall short of preserving the pysical meanings of the
system's states. In particular, when any of these proposedethods is implemented
in an agricultural system, the state of a reduced-order mobeill no longer accurately
re ect the eld's soil moisture. Researchers have introdwsd various techniques for
maintaining the topology of the system state in cluster-ba&s model reduction, as
discussed in [64, 50]. Recently, in [65, 55], a reduced motaked on system tra-
jectories was proposed for an agrohydrological system. $hinethod can e ectively
represent the system's behavior throughout the entire gramg season. Nonetheless,
these approaches are typically implemented for linear sygshs, and a single reduced-
order model is built at the beginning of the season to operafer the entire duration.
In [51], another approach that employs dynamic model reduon and an MHE-based
estimator was proposed. It is important to mention that thee trajectories are not
updated in real-time. This limitation could lead to a substatial discrepancy be-
tween the system model and the actual dynamics of soil watgesenting challenges

in adapting to real-time conditions that vary over time. Addtionally, MHE, an on-



line optimization method, generally leads to longer compation times than explicit
recursive methods such as EKF.
Chapter 4 proposes an adaptive model reduction method withmiggering criteria

and estimator design for large-scale agricultural elds.

1.2.4 An application of adaptive model reduction to soil
moisture and its hydraulic parameter estimation via
remote sensing

While both tensiometers and point sensors are reliable fordalized measurements,
these methods require signi cant labor, incur substantiatosts, and involve intricate
procedures [66]. Unlike point sensors, microwave radiomesteo er a broader per-
spective, essential for large-scale moisture analysis. elimtegration of microwave
radiometer sensors into center-pivot irrigation systemsrpsents a unique opportu-
nity for real-time, comprehensive soil moisture monitorig [67]. However, the use
of microwave radiometers also introduces new challenges.neOsigni cant issue is
the constantly changing locations of measurement as the semns rotate with the
irrigation system. Hence, the ability of microwave radiometr sensors to provide a
continuous and complete mapping of soil moisture over timend space is limited,
resulting in spatial and temporal inconsistencies in soil aisture observations for ir-
rigation systems. A promising approach is the integrationfesparse sensor data with
advanced modeling techniques. This strategy, known as seqtial data assimilation,
merges real-time sensor observations with a dynamic mathatical model, creating
more accurate and comprehensive soil moisture estimates,[68, 69]. They enhance
the precision of soil moisture readings by lling in the gap# sensor data, ensuring
that irrigation systems operate more e ectively and e ciertly.

In improving soil moisture predictions in agricultural moekls, the accuracy de-

pends on precise soil hydraulic parameters, which have arsigant impact on the
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model's ability to simulate soil moisture content. Recogring the signi cant impact
these parameters have on a model's performance in predicfisoil moisture con-
tent, a simultaneous soil moisture and parameters estimati is more suitable as it
considers the interdependence between these estimateadieg to enhanced accu-
racy [52, 70, 71]. In [72], sensitivity analysis is carriedubto evaluate parameter
estimability for a remote sensor mounted on a center-pivotThe study proceeded
to estimate the soil moisture and selected hydraulic paramets by assimilating the
soil moisture data from microwave remote sensing into the &tiards equation uti-
lizing EKF. Despite the advancements made through this methiwmlogy, the study
acknowledges that scalability issues in larger agricultal elds present a signi cant
challenge. The data assimilation technique used in the aghydrological model is
ine cient and demands high computational resources due tohe substantial numer-
ical complexities involved in solving the model. This limg many studies to only
applying a 1D system or low-dimensional 3D systems [58, 7&]5

Chapter 4 is expanded to include considerations for rotatjnmeasurements and
parameter estimation. This is applied and validated usingcual eld data from
microwave remote sensing in Chapter 5 by implementing a dagsimilation approach

based on an adaptive reduced model.

1.3 Contributions and thesis outline

The rest of the thesis is organized as follows:

In Chapter 2, a subsystem decomposition approach and a distted estimation
scheme are discussed for a class of implicit two-time-scalenlinear systems. Tak-
ing advantage of the time scale separation, A system is rstetomposed into fast
subsystems and slow subsystems according to the dynamicsirtker, an approach
that combines the approximate solutions obtained from botlthe fast and slow sub-

systems to form a composite solution of the system is presedt Also, based on
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the fast and slow subsystems, a distributed state estimatioscheme is explained to
handle the implicit time-scale multiplicity. It is found that the slow estimator is
entirely decoupled from the fast estimator which is a signcant di erence from the
control of two-time-scale systems. The decoupling ensurést only one-directional
information transmission from the slow estimator to the fasestimator is needed and
the fast estimator does not send out any information. To denmstrate the usefulness
of the proposed method, a typical chemical process is coresied in the simulations
and the simulation results demonstrate the e ectiveness tfie proposed approach.

In Chapter 3, a sensitivity-based approach is considered tmnstruct reduced-
order state estimators based on recurrent neural networkRRNN). It is assumed that
a mechanistic model is available but is too computationallgomplex for estimator
design and that only some target outputs are of interest ancheuld be estimated. A
reduced-order estimator that can estimate the target outds is su cient to address
such a problem. A systematic method is introduced based omséivity analysis to
determine how to select the appropriate inputs and outputsof data collection and
data-driven model development to estimate the desired oulps accurately. Speci -
cally, a long short-term memory (LSTM) neural network, a tye of RNN, is consid-
ered as the tool to train the data-driven model. Based on it,raextended Kalman
Iter (EKF), a state estimator, is designed to estimate the taget outputs. Simula-
tions are carried out to illustrate the e ectiveness and aplcability of the proposed
approach. The main contributions of this work include (a) aygstematic approach for
input and output selection for reduced-order model develapent based on sensitivity
analysis; (b) a modi ed EKF design that can take advantage ofhe reduced-order
model; (c) detailed simulations illustrating the applicaldity and e ectiveness of the
proposed approach.

In Chapter 4, a state estimation method for large-scale agtiltural elds is pro-

posed using an error-triggered adaptive model reduction dh utilizes a trajectory-
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based clustering technique. A large-scale system is obtathby discretizing a 3D
polar Richards equation that characterizes complex water esmement dynamics. An
adaptive extended Kalman Iter (EKF) is designed accordingl based on the adaptive
reduced model. The performance of the proposed method is gared to an EKF
designed based on the Richards equation, full state estinoat and an EKF based
on a non-adaptive reduced model. A small demo agriculturakld is considered and
extensive simulations are carried out to compare with the fuestimator based on
Richards equation. Further, it is applied to a large eld, and ts performance is
compared to a reduced EKF based on a centralized reduced mbd&lso, a periodic
triggering algorithm with the same structural similarities to a centralized method is
explored to mitigate weather forecast and irrigation dedign uncertainties associated
with the centralized method. The proposed approach is appli to di erent scenarios
to show the e ectiveness and superiority of the proposed freework.

In Chapter 5, a real case study is presented based on the ndis in Chapter
4. We aim to enhance the computational e ciency and accuracyf soil moisture
estimates by implementing a reduced-order approach thatnsultaneously estimates
soil moisture and its soil hydraulic parameters. The interittent nature of data
acquisition and the rotating mechanism of microwave remotgensors necessitate an
information fusion system that incorporates the 3D cylindcal Richards equation, a
reduced EKF, and actual measurements. To address high dimemslity in the esti-
mator, we adopt a sequential triggering approach in develom an adaptive reduced
model, minimizing the need for frequent model adjustmentsThe results demon-
strate the e ectiveness of the adaptive model reduction appach in improving both
the computational e ciency and accuracy of soil moisture @snation within a large-
scale agro-hydrological system.

Chapter 6 concludes these works and discusses future reskeatirections.
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Chapter 2

Subsystem decomposition and
distributed state estimation of
nonlinear processes with implicit
time-scale multiplicity

In this chapter, we consider a class of implicit two-time-ste nonlinear systems and
propose a distributed state estimation method based on fasind slow subsystem
decomposition. In a distributed state estimation scheme, system is decomposed
into several subsystems, and a subsystem estimator is desid for each subsystem.
These subsystem estimators work together collaborativelyy exchanging informa-
tion to estimate the entire system state. Because of inforrian exchange between
subsystems, a distributed framework can give performanchkat is close to or equal
to a centralized framework (when it is feasible). But compad with a centralized
framework, a distributed framework provides more structual exibility, improved
fault tolerance, and reduced computational complexity [7475, 76].

Speci cally, we borrow the idea of the method of matched asypiotic expansions
to decompose the system into a fast subsystem and a slow sugieyn considering

di erent limiting conditions on ". The solutions of the fast and slow subsystems
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are combined to calculate the composite solution of the aalisystem state. The
composite solution approximates the actual system state. uRher, a fast EKF is
designed for the fast system and a slow MHE is designed for theve subsystem.
The fast EKF and slow MHE form a distributed scheme. It is foundhat the slow
MHE is entirely decoupled from the fast EKF which is a signi cat di erence from the
control of two-time-scale systems. The decoupling ensurgt only unidirectional
information transmission from the slow MHE to the fast EKF is eeded and the fast
EKF does not send out any information. Also, we make comparise between the
proposed approach and a decentralized scheme and a certedi MHE scheme.
The system description and subsystem decomposition are foemed in Section
2.1. Section 2.2 addresses the proposed distributed statimation design. The
application of the proposed method to a chemical process exale demonstrates its
applicability and e ectiveness via simulations in Sectior2.3. Finally, we conclude

our results in Section 2.4.

2.1 Preliminaries
2.1.1 Notation

The operatorL h represents the Lie derivative of functiorh with respect to function
f, calculated followingL; h(x) = %Q‘ (x). LEh represents ther™ order Lie derivative
of function f , denoted byL!h(x) = L¢L} *h(x). Subscriptf and s denote fast and
slow subsystems respectively unless mentioned. The suljgicss denotes a variable
associated with the steady state. A matrix is full row rank wkn each of the rows of
the matrix are linearly independent and is full column rank \wen each of the columns

of the matrix are linearly independent.
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System description

In this work, we consider a class of nonlinear system that cdre described in the

following singularly perturbed form [77]:

x(t) = £ (x(1) + g(x(D)u(t) + %b(x(t))k(x(t))+ w(t) (2.1a)
y(t) = h(x(t)) + v(t) (2.1b)

wherex 2 X  R™ is the vector of state variables of independent time variablt,
u 2 R™ is the vector of the manipulated inputs,y 2 R" is the vector containing
all the measured outputs,w 2 R"™ denotes system disturbances and 2 R" is
measurement noise, the initial condition ix(0) = X and " is a small parameter,
such that 0< " << 1. f (x) and k(x) are analytic vector elds of dimensions, and
Py (Px < Ny), g(x) and b(x) are analytic matrices of dimensionsr(xy ny), (Nx  Px),
respectively. In Eq. (2.1), the termib(x(t))k(x(t)) corresponds to the fast dynamics
of the system [77]. We consider that the matrid(x) and the Jacobian% have full
column and row rank, respectively. Though the condition onhe rank of b(x) is not
restrictive. Further, it is assumed that output y(t) is continuously measured [10].
Equation (2.1) describes a class of systems where the separaof fast and
slow dynamics is not explicit. There is a wide variety of prasses that exhibit
time-scale multiplicity. This phenomenon is generally indced by di erent thermal
properties, mass transfer rates, and chemical kinetics dfe reaction [77]. These
systems are mainly characterized by the presence of a smalt@gmeter" in the explicit
mathematical models. The reciprocal of such a small paranegtgives a very large
term that is responsible for the existence of disparate timscale features. Typical
examples of such processes include those with multiple fasid slow reactions or fast
heat/mass transfer rates. These processes typically extibvo distinctly di erent
magnitudes of gains in di erent input directions and di erent time constants: a

large and dominant time constant and a small-time constantssociated with slow
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and fast dynamics, respectively. The small parametéer di erentiates the nature of
the fast and slow dynamics, and both the dynamics control thepeed of the system,
as their names suggest. The overall system response is aeztby either fast or slow
dynamics or both [15].

In the remainder of this section, we will introduce how to déve the fast and slow
dynamics of system (2.1) using matched asymptotic expans@method. Further, a
composite solution is introduced to retrieve the system'somplete dynamics through

a correction term.

2.1.2 Two-time-scales decomposition

System (2.1) describes a class of two-time-scale systemshwmplicit time-scale
separation where each state can have both fast and slow dyniam Solving such a
system is quite di erent from solving a system with explicittime-scale separation
[11]. Matched asymptotic expansion is used to decompose asulve the system. It
involves nding di erent approximate solutions or asymptdic expansions, valid for
a particular time-scale, and then combining these di erensolutions to give a single
approximate solution valid for the original system. Due to he brisk nature of the
fast dynamics, we need a stretched time-scale to capture tdgnamics. Conversely,
the slow dynamics are sluggish in nature, so a squeezed tistale is preferably apt
for it.

Specially, in asymptotic expansions, the limiting solutins for fast or slow dy-
namics are obtained. An outer (reduced layer) approximatioms obtained for the
slow dynamics and inner (boundary-layer) approximation fothe fast dynamics is
obtained [12]. While combining the inner and outer approxintaons for the actual
dynamics, a correction term needs to be subtracted to avoisrsidering their over-
lap value twice. In the following, we consider the nominal derministic system to

illustrate how to decompose the fast and slow dynamics.
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Decomposition of fast dynamics

In the inner approximation, a fast (stretched) time is de ned as = {. Multiplying

both sides of Eq. (2.1a) by", converting into time-scale, and considering the

limiting case™" ! 0, we obtain the fast dynamics of system (2.1):

dx(")

g = xCTPkXC") (2.2)
Denoting x( ") asx¢ ( ), the above equation transforms into,
Zﬁ = b(xs )k(xs) = fr(Xr) (2.3)

The above system as shown as (2.3) approximates the fast dymas of the original
system (2.1).f¢ (X ) is the analytic vector eld of the dimension ofn,, . If the steady

state of the fast dynamics i;ss, it satis es the following condition:
K(Xtss) = 0; (2.4)

We consider systems of the form of Eq. (2.1) for which the mar b(x) and the
Jacobian% have full column and row rank, respectively. The condition fofull
column rank of b(x) ensures that it cannot be zero. However, the condition on the
rank of Jacobian% assures that in the limit" ! 0, the dierential-algebraic
equations (DAE) system that describes the slow dynamics of E¢2.1) (in the next
section) has a nite index and a well-de ned solution, and itis satis ed in typical
chemical process applications.

We obtain the set of linearly independent constraints (2.4that must be satis ed
in the slow time-scalet. In the fast time-scale , the algebraic constraints Eq. (2.4)
are not satis ed unless steady state reaches [77].

The initial condition x(0) = xo of the system (2.1) applies in the inner approxi-

mation i.e. the initial condition of the fast dynamicsx; ( =0) = X;o = Xp.
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Decomposition of slow dynamics

In the outer approximation, multiplying system (2.1) by" and considering the lim-
iting case" ! 0 in the slow time-scale, we obtain the constraink(xs) = 0 which
includespy linearly independent scalar equations. Note thats denotes the vector of
slow states. Note also that the constraink(xs) = 0 should be satis ed by the slow
dynamics for all time. This also implies that the constrainshould be satis ed by the
slow dynamics at timet = 0, which may be used to determine the initial condition
for the slow dynamics.

Taking the limit " ! 0 and de ning

z=lim k(xs) (2.5)
system (2.1) becomes,
e = 1 x9) + glxu+ Hx)2 .
k(xs) =0

Note that in (2.6), z is indeterminate. Once the inputu(t) is speci ed (e.g. by
a control law), it is possible to di erentiate the algebraicconstraint in Eq. (2.6)
to obtain (after di erentiating a su cient number of times d epending on the index
number) a solution for the algebraic variable. Without the loss of generality, it is
assumed in this work that by one di erentiation in time of thealgebraic constraint,

a solution of z can be obtained. Based on this assumption, it is obtained tha

2= [Lo(k(xs)] MLt (k(Xs) + Loy (K(xs)) U] (2.7)

The matrix Ly(k(Xs)) denotes the Lie derivative of functionk(xs) along b(xs) and
is nonsingular. By substituting z in Eq. (2.6), we obtain an approximation of the

slow dynamics of system (2.1):
— =f(Xs) + g(Xs)u + b(Xs)( [Lo(k(Xs))] l[I—f (k(xs)) + Lg(k(xs)) u]) := fs(Xs; u)
(2.8a)
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k(xs) =0 (2.8b)

with an initial condition Xgo = Xtss. fs(Xs;u) is the analytic vector eld of the
dimension ofn..
For more detailed procedures on decomposing fast and slowndynics, the reader

is referred to [77].

Reconstruction of the actual dynamics from fast and slow dynamics

In the preceding discussion, system (2.1) is brought down #ofast subsystem and
a slow subsystem. The fast subsystem approximates the fagtnémics in the origi-
nal system and the slow subsystem approximates the slow dyni&s in the original
system. We also see these explicit equations for fast andvelsubsystems are each
valid in their corresponding time-scale and t, respectively. An approximation of
the actual dynamics of the original system can be construcéased on the fast and
slow subsystems.

We use the idea of matching to nd out the overlap region of fasand slow
subsystems. The overlap region is the intermediate area wheboth fast and slow
approximations should agree for identical values. To elakade, let us consider the
fast subsystem; this approximation dominates in a certairegion of its domain. Sim-
ilarly, the slow subsystem dominates in a speci ¢ but distict area of approximation.
However, there is a common region where the approximationseskap. The overlap
value isXqp Which is the outer limit of the fast subsystem, or the inner lint of the
slow subsystem. That isXqp =1lim 11 X () =1limyu oXs(t) [78, 79].

To obtain the nal matched and composite solution, valid on he whole time
domain, the uniform method is one of the popular methods. Itdds the inner and
outer approximations and subtracts their overlap valuex,,, which would otherwise
be counted twice. Basically, the overlap value isss found from the limits mentioned

above Kop = Xiss). Therefore, the nal composite solutionx., which is applicable
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Composite Solution

Fast Slow
dynamics dynamics

System

Figure 2.1: A schematic of the proposed distributed state estimation scheme

in the entire time t domain [78, 79].
Xep(t) = X¢ (" )+ Xs(t)  Xrss (2.9)

When the exact solutionx for a singular perturbation problem Eg. (2.1) is not
available, x¢, is an approximate solution of such system that remains unifimly valid

in the independent variablet.

2.2 Proposed distributed state estimation scheme

In this section, we propose a distributed state estimationchkeme to estimate the
state of the two-time-scale system (2.1) based on fast andsi dynamics decomposi-
tion. A schematic of the proposed distributed state estima&n scheme is presented in
Fig. 2.1. A local estimator is designed for each fast subsysteand slow subsystem.
Two di erent estimators are used: extended Kalman lIter (EKF) is designed for the

fast subsystem, and moving horizon estimation (MHE) is assated with the slow
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subsystem. The reason to use two di erent estimators is mdinthe existing di erent
time-scales. EKF takes less time to evaluate, which is aptrfthe fast subsystem, but
it cannot take nonlinearity or constraints into account in asystematical way and may
give poor performance. The use of EKF for the fast dynamics astrade-o between
computing speed and performance. On the other hand, MHE is meosuitable for
complex nonlinear and constrained dynamic systems. Howeygmrequires online so-
lutions of dynamic optimization problems, which results inncreased computational
cost. The sluggish nature of the slow subsystem and the nesay high accuracy in
exchange for an increase in computational cost are reasolgaénough for the consid-
eration. The EKF and MHE are designed based on the reduced fagibsystem and
the reduced slow subsystem derived in the previous sectiddote that f-EKF denotes
EKF for the fast subsystem, and s-MHE indicates MHE for the slowubsystem. The
composite solution is computed using Eq. 2.9 incorporatingstimates derived from
f-EKF, s-MHE, and the fast system steady state. The compositekition undergoes
frequent updates on the fast time-scale.

There is no information exchange from f-EKF to s-MHE. Since eh subsystem
evolves at di erent time-scales, it is desirable to use dient sampling periods in the
local estimator designs for the fast and slow subsystems. drefore, the sampling
period for f-EKF and s-MHE are de ned as ; and ¢ respectively. Without loss
of generality, we assume that s is an integer multiple of ¢,i.e., s=n ¢ where
n is a positive integer. In the proposed design, we usg:= o+ q  with q O
andty := to+ k swith k 0 to denote the sampling instants of f-EKF and s-MHE,
respectively. Whilex ( o) denotes the state estimates of f-EKF at 4, Rs(tx) is the
state estimates of s-MHE att,. We denotey; ( o) and ys(tx) as the measurements
for f-EKF and s-MHE sampled at 4 and ty, respectively. In the end, we nd the
estimation of the actual state based on composite solutiongg (2.9). In the follow-

ing discussion, we illustrate the proposed estimator desigrocedure that accounts
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rationally for the nonlinear two-time-scale dynamics.

2.2.1 Proposed implementation algorithms

We decompose two-time-scale systems described in Eq. (drikd two separate re-
duced subsystems evolving in a fast and a slow time-scaledllstrated in the pre-
vious section. The fast subsystem is described by Eq. (2.3)cathe slow subsystem
is described by Eqg. (2.8).

It is important to note that the measurements used in the f-EKk and s-MHE are
directly obtained from the actual system measurement of Eq. (2.1b) but sampled
every ; and s respectively.

In the proposed scheme, the f-EKF and s-MHE are designed inggqently based
on the above subsystems. The implementation details of thesttibuted state esti-

mation are speci ed in Algorithm 1.

Algorithm 1 Proposed estimation algorithm
1: Initialization Initialize the f-EKF and s-MHE with their initial guesses. Find
the steady state of the reduced fast subsystem model
2: for g=0;1,2;3::: do

3 At g receive measuremeny; (Q)

4:  Evaluate the f-EKF to obtain & ( )

5. if Jis an integerthen

6: Evaluate the s-MHE to obtain Xs(tx) and sendx}(tx) to the f-EKF

7. else

8: Obtain open-loop predictionxy from the reduced slow subsystem model and
sendxy( o) to the f-EKF

9: endif

10:  Compute Xp(t) at time instant

11: end for

Note that in a typical distributed estimation scheme, bidiretional communication
between subsystem estimators is in general used [75]. In {®@posed approach, we

take into account the speci c feature of a two-time-scale syem in the design, and
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only a one-directional communication (from s-MHE to f-EKF) isneeded. This is a
unique feature of the proposed design and is possible due he time-scale separation

between the fast and slow subsystems.

2.2.2 Design of f-EKF

In this section, we design an EKF estimator based on the redeat fast subsystem
model to estimate the state of the fast subsystem. Speci dgl in the design of the
EKF, we consider the fast subsystem with additive process @ and the system

output represented in terms of the fast and slow states based (2.9) as follows:

dx
5= frx)+ w (2.10a)
y( )= h(Xi + Xs  Xgss) + V (2.10b)

Note that in (2.10a), ws re ects the modeling error of the subsystem model. The
modeling error may come from the system disturbance of theiginal system {v in
(2.1a)) and the assumption of' = 0 in deriving the fast subsystem. (2.10b) implies
that in the design of the f-EKF, information of the slow subsytem state x5 and the
steady state information of the fast subsystem;ss is needed.

EKF is a common method used for state estimation of nonlineaystems based
on successively linearizing the nonlinear system. It can livided into two steps,

which are prediction and update steps [23].

Prediction step. At a sampling time 4 1, q=1;2;:::, in an open-loop manner
based on the fast subsystem model and the estimate of the fastbsystem state at

q 1, the f-EKF rst predict the state at the next sampling time.
Z

R(jq=%(qdqD+ TR (jqu)d (2.11)

q 1
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wherex} ( ] ¢ 1) represents the prediction of the state at time instant 2 (; ¢ 1].

The propagation of the process disturbance is as foIIZows:

Pe(jqg)=F(; q0)Pr(qaaqdFf(; g0+ Fr (5t)Qr Ff (;t)dt
v (2.12)
where P and Q; are the error covariance matrix and the state covariance na,
respectively,P( 4 ¢ 1) IS a square matrix containing the apriori estimation error
covariance information, andFs (; ¢ 1) denotes the state transition matrix of the
time-varying linearized system matrix,As ( j q 1) := g—;j(kf( i ¢ 1)) and can be cal-

culated as follows:

%:Af(qu)lzf(; q 1)

s.tt. Fe(; )=1

for 2[4 1, gl with | being the identity matrix.

Update step. At each sampling instant 4, a state estimate of the actual dy-
namics of the fast subsystem (denoted as (*4j 4)) is obtained by performing the
measurement-update stepK ( o) is the correction gain updated at 4 which is used

to minimize a posteriori error covariance based on the measurement innovation (i.e.
yf( q) Ch(kf( qj q l)+ /Xs sts))-

K( q): Ps ( qj q 1)HT( q)(H( q)quq 1HT( q)"‘ Rt) ! (2.13)

whereH ( ) = @@;j(m o ¢ 1) IS the observation matrix, Ry is the covariance matrix

of the measurement noisg; . The updated state estimate is as follows:

R( g ) =X (q1dqg)+r K(gW(q bhRi(glq)*+Xs Xrss)) (2.14)

wherex} ( 4 o) represents the estimate ok; attime  given observations up to time

q- The updated state covariance is as follows:

Pr(o )=(1 KC)HC P (gl q 1) (2.15)
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whereP ( ¢ o) is the aposteriori error covariance matrix with respect to the estima-
tion error at 4, and | is the identity matrix with dimension n,, . Note that in the

above f-EKF design,R¢, Qs, Ps are three tuning parameters.

Design of s-MHE

In this section, we design the s-MHE based on the reduced slowbsystem model to
estimate the slow states. Similarly, we consider a stochastersion of the reduced

slow subsystem model in Eq. (2.8) described as in the follawgi form:

% =f (xs) + g(Xs)u+ b(xs)( [Lu(k(xs)] Lt (K(Xs)) + Lg(K(Xs))ul) + Ws
(2.16a)
K(xs) =0 (2.16b)
y(t) =h(xs) + v (2.16c)

In (2.16a), ws accounts the modeling error of this subsystem model which sna
originate either from the actual system \{ in (2.1a)) or the assumption for decom-
position of slow subsystem. As stated earlier, when derivinge slow subsystem,
it is assumed that the fast dynamics have converged to the cesponding steady
state values. Based on the assumption and the expressionwhan (2.9), the output
equation (2.16) can be obtained for the slow subsystem.

MHE is an online optimization-based estimation method [80].The proposed

s-MHE optimization problem at time ty is formulated as follows:

X1 X

L - L, L
aminIRs(kN) (K N)upsﬁjzk NJJWs(J )JJQSl+j:k NJJO(J iig, 1

(2.17a)

st: Rs(j +1) = fsRs();u@)) + Ws(); j 2k Nk 1] (2.17h)

1) =y() hQR&s()); ]2 N;k] (2.17¢c)

xs(k N)=%s(k Njk N) (2.17d)
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Xs 2 XoiWs 2 W39 2 V (2.17€)

where Xy denotes the estimated value of the slow subsystem statg, Ws denotes
the estimated system disturbancey tlenotes the estimated measurement noise, and
Xs, W, and V denote the known constraints on the augmented state, the dgm
disturbance, and the measurement noise, respectively. Edion (2.17a) is the cost
function the MHE tries to minimize. The objective of the s-MHE § to nd the best
estimates of the system states such that the model disturbe@ and measurement
noise are minimized P, 1, Q. and R, ! are positive de nite weighting matrices which
are tuning parameters. The arrival costjjRs  *gjj E’s , summarizes the information
from the initial state of the model up to the beginning of the stimation window of
the MHE. N denotes the length of the estimation window. Equations (27b) and
(2.17c) are the slow subsystem models with system disturb@mand measurement
noise considered. In Eq. (2.17dkstk Njk N) represents the estimated statex*
at time instant k N, which is estimated at time instantk N. Equation (2.17e)
is the known constraints or compact sets that bound the substem state, system

disturbance, and measurement noise.

Remark 1 Note that in this work, EKF is used to estimate the fast dynamics. The
main consideration is that EKF is of low computational complexity and can be evalu-
ated very fast, which makes it appropriate for the fast dynamics. Other estimator or
observer designs of low computational complexity may also be used for the fast sub-
system. Regarding EKF, it is widely used for systems with Gaussian noise. When
the noise is bounded and is non-Gaussian, Gaussian mixture models may be used
to improve the estimation performance as discussed in [81]. Note also that in the
proposed distributed estimation scheme, the s-MHE sends the estimated slow tate

to the fast subsystem every slow sampling time. The f-EKF uggsn the estimation

of the fast statex;. This mechanism may assist the f-EKF in getting an improved
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estimation performance. The reader may refer to [82] for relevant discussion on how
the performance of EKF can be improved by re-initializing the EKF frequently using

information from MHE.

Remark 2 The proposed fast and slow dynamics decomposition is general. While in
this work EKF is used in the design of the fast estimator, other estimator or observer
designs of low computational complexity may also be used. The idea is also applicable
to other applications including process intensi cation [77]. The reader may refer to
[13, 77] for more discussion on how time-scale separation may be used in di erent

applications from a controller design perspective.

Remark 3 Note that in this work, the convergence and boundedness of the proposed
distributed estimation scheme are not investigated. It is expected that wheéns
close to 0, the slow dynamics are essentially independent on the fast dynamics. The
convergence and boundedness of the s-MHE can be established following a standard
centralized MHE design [83]. For the f-EKF, if the estimated slow statg transmit-

ted from the s-MHE to f-EKF can approximate the actual slow state; accurately,

the convergence and boundedness of EKF may also be established locally. However,
before the convergence of s-MHRRs could be di erent from the actual slow state

Xs. This mismatch betweems and xs may lead to divergence of the f-EKF. It is
needed to establish su cient conditions under which the f-EKF can still converge

in the presence of the mismatch betwee&y and Xs. Similar arguments as used in

[75, 11] may be used to nd the su cient conditions. When both s-MHE and f-EKF

can converge, the composite solution will also converge to the actual state. We will

leave the detailed analysis of the convergence property to our future work.

28



/_x
CAOI TA' FA

— |
T, Fy A—> B Tj, Fy,

Figure 2.2. A continuous-stirred tank reactor with heating jacket

2.3 Application to a CSTR

2.3.1 Process description

Consider a continuous-stirred tank reactor (CSTR) with a hating jacket as shown
in Figure 2.2. Reactant A is fed to the reactor at a ow rateF,, initial molar
concentrationCxo and temperatureT,. The reactant A is converted into the product
B through the irreversible endothermic reactiolA B, and the product stream is
withdrawn at a ow rate Fo = FA. This implies that the reactor holdup volumeV
is constant. The reaction rater 5, is given by the following Arrhenius expression:

E
ra = koexp BT CaV (2.18)

whereky and E are the reaction rate coe cient and activation energy, respctively,

T is the reactor temperature, andC, is the molar concentration of A in the reactor.
Heat is provided to the reactor from the jacket, where a heatg uid is fed at a ow
rate F, and a temperatureT;. The modeling equations for the process include the
mole balances for the two components in the reactor and theengy balances in the

reactor and the jacket. The resulting dynamic model is as folvs:
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= V(CAO Ca) TIa
F

Cg = VACB +ra

Fa Ho UA T, T (2.19)
T=—(Ta T) r +

F UA T, T

= T, T
ki Vh( " ) hCph Vh

where,c, and ¢, are the speci ¢ heat capacities of the reaction mixture in t reactor
and heating liquid in the jacket, respectively. Similarlythe density of the liquids of
the reactor and jacket are and i, respectively.U is the overall conductance or heat
transfer coe cient, A is the heat transfer area of the contact surface between ract
and jacket, and H, is the heat of reaction which is the enthalpy of the reaction.
It is assumed that the densities and specic heat capacitiesf the two liquids
are the same, i.e.c, = ¢ and =  and the liquid holdup in the jacket at a
temperature T; has a constant volumeV;,. The heat transfer rate by convection

thought the contact surface can be expressed as:
Q=UA(TAo T) (2.20)

Furthermore, we assume that the heat transfer between the &tng jacket and the
reactor is fast compared to the reaction occurring in the retor. The large di erence
in heat transfer and reaction in the model induces two-timeeale behavior in this

dynamical system. The ratio between the heat transfer to theeaction is de ned as:
- == (2.21)

where" is the small parameter or singular perturbation parameter tich indicates

the presence of fast and slow transients in time response betsystem. Based on
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the de nition of ", the CSTR model (2.19) can be rewritten as follows:

Ca = V(CAO Ca) rIa
F
Cs = VACB trIa
T="ATy, T + =
V] (Ta ) Ta c, m V;
_ Fs 17 T
= "1, T =

For this process, it is considered that the state vector i8 = [X1; X2; X3; X4]" =
[Ca; Cs; T; T;]", the manipulated input vector isu = [ug; up]" = [Fa; Fn]", and
the controlled output vector is 1; Y] = [X2; X4]". The model in (2.22) takes the

form of Eq. (2.1a) with the system functions de ned as:

2 3 2. 3 2 0 3
koexp — Xi % 0
X3 0
E X2
ko exp R X1 vV 0 1
f(x)= 3 , 9(x) = , bx)=a v Z,
H Ta X3 0
Koexp —— Xi— \Y 1
0 h  Xa

k(X) = Xz X3

2.3.2 Subsystem decomposition

Following the method described in the previous sections, éhfast dynamics of the

process can be obtained and the fast subsystem is shown below
dXar _ Xar X

d V
dX a4 _ Xar Xsf (2.23)
d Vi,
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We multiply Eqg. (2.22) by " and consider the limit of an in nitely high heat transfer
rate compared to reaction'!  0) in the original time-scalet. In this limiting case,
the heat transfer resistance becomes negligible, and thector and jacket approach
thermal equilibrium. The heat transfer rateQ is driven by the thermal equilibrium
condition X4s !  X3s instead of the explicit heat transfer correlation. We obtai the

constraint k(xs) which is the linearly independent constraint as follows:
X45 X3S = O (2.24)

This constraint must be satis ed in the slow time-scale. Alsan the limit ("  0),
the term (4= X39) \which implies that the heat transfer present in the energydlance
equations become indeterminate. Therefore, = lim - o &4 %) js de ned as the

algebraic variable { the nite but unknown term. Therefore, the slow dynamics

become:
Fa
X35 = V(CAO X1s) koexp X1sV
3s
Fa
Xos = VXZS + ko exp Rx X1sV
- 3 ’ (2.25)
A r y4
Xas = —(T X ko ex X1V + —
Fn V4
Xas = —(Th X —
4s Vh ( h 43) Vh

which represents the model of the slow dynamics of the prosed he variablez can be
obtained after just one di erentiation of the algebraic consaint of Eq. (2.24). The
values of the process parameters and variables at the nonlisgeady state are given
in Table 2.1. Corresponding to the parameter values shown iable 2.1, the process
has a steady stateCa; Cg; T; T;]" =[1:205 mol/l; 1:295 mol/l; 3023 K; 3026 K]"
when the input vector of the system isffa; Fn]" =[2:01/s; 0:11/s]". It was veri ed

that these values correspond to a stable steady state of thgsgem (2.22).
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Table 2.1: Nominal values of parameters of the CSTR

Cao=2:5 molll | ¢,=c,n=8:0JgK = =800 g/l

k=5 109 s 1| E =60;000 J/mol K "= 52 =0:15sl
Tao =305 K T, =330 K H, =20;000 J/mol
V=101 V, =0:0494 |

2.3.3 f-EKF and s-MHE designs

In this section, we take advantage of the con gured subsysteequations and imple-
ment the proposed distributed state estimation scheme fohé CSTR. Within the
proposed distributed framework, two local estimators areasigned for the two sub-
systems. An f-EKF is designed for the fast subsystem, whileMHE is developed for
the slow subsystem. The estimates from the two estimatorseaused to reconstruct
the actual state estimate.

It is assumed thatCg and T; are the measured outputs of the system. The
objective is to estimate the entire state vector of the syste based on the two outputs.
In the simulations, random process noise is generated faliag a normal distribution
with zero mean and standard deviation 0.1. Similarly, the mdom measurement noise
iIs considered to be Gaussian white noise with mean zero anérsdard deviation
0.001 for both measurements. The weighting matrices are d@nal matrices such
as Q; = 10 2diag([L; 1]), Ry = 10 ®diag([1; 1]) and P; = 10 8diag([L; 1]) for
the f-EKF. The f-EKF is evaluated at a fast sampling time ; = 0:01 s. For the
design of s-MHE, the weighting matrices for s-MHE ar®; = 10 2diag([1;, 1; 1; 1]),
Rs =10 °diag([1; 1]) andPs =10 ®diag([L; 1; 1; 1]). The s-MHE is evaluated at
a slower sampling time ¢ =0:1 s. In the s-MHE, the arrival cost is approximated
using EKF following the approach described in [83]. After téimg di erent values for
the estimation window size of the s-MHE, it was found that an d¢isnation window
size of 3 gives su cient estimation performance.

In the following simulations, a couple of indexes are used &valuate the per-
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formance of the estimators. The average relative standarcedation ,, is de ned

as

<<

B %) xit) 2
Xi N sim =0 Xi(tj)

(2.26)

whereNg, indicates the total simulation stepsxf denotes the estimated value, and
X; denotes the actual value of thé™" state fori = 1;2;::4. Another performance

index is the average root-mean-square error (RMSE) over thiene period

1 XXy xi(y) ?
Nsim . Z._ JXi(tj) J (227)

These performance indexes are expressed in percentagevatuate the performance
of each scheme. All the simulations were conducted in a degktcomputer with an
Intel i7 CPU at 3.2 GHz and 16 GB RAM.

2.3.4 Simulation results

First, the e ectiveness of the decomposition is investigateby comparing the com-
posite state trajectories with the actual system state tragctories. Figure 2.3 shows
one set of the trajectories. The actual system trajectory isolved using an initial
condition [2:5; 0:0; 305 330] for the statesCa, Cg, T, and T; respectively. For
the composite solution, the fast subsystem is integrated thi an initial condition
[305 330] for fast statesT, and T; respectively, and the corresponding steady state
solution is found to be [309L67, 309167]. Then, the slow subsystem is solved where
the initial condition is [2:5; 0:0; 309167 309167] forCa, Cg, T, and T, respec-
tively. Then, according to Eq.(2.9), the composite solutio is evaluated.

It can be seen from Figure 2.3 that the proposed decompositiomethod is able
to track the actual state trajectories very well. The state pproximations using

the composite solution are very close to the true value obtsd from actual model
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Figure 2.3: Trajectories of the actual process states (blue solid lines), fastubsystem
(green dot-dashed lines) slow subsystem (orange dashed lines) and copaosite solution (red
dotted lines)(For interpretation of the references to color in this gure legend, the reader
may refer to the web version of this article.)

equations. It can be observed clearly that the concentratiotrajectories are smooth
and have a at slope but the temperature trends have a very sé@ slope initially,
and then atten gradually. This indicates that the temperature dynamics exhibit
two-time-scale behaviors. The results also show that there no explicit separation
of the fast and the slow dynamics in the system. The composistates based on
the fast and slow subsystems and the actual system trajectes do not match 100%
because' = 0:1 instead of 0. The composite solution approaches the actugistem
states when" = 0. It should be pointed out that in the case considered'(= 0:1), the
mismatch between the composite solution and the actual mdda terms of RMSE is
0.035% which is negligible and shows the decomposed subeyst provide an accurate
approximation of the actual system. It was also observed iruo simulations that a

stable numerical solution of the original nonlinear modelannot be obtained using
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Table 2.2: Initial states of the process and the initial guesses used in di eret estimation
schemes.

states Initial condition | Centralised MHE | f-EKF | s-MHE
Ca (molll) 2.5 1.5 N/A 1.5
Cg (moll/l) 0:0 0:0001 N/A 0:0001

T (K) 306 308 308 308

T (K) 311 313 313 313

the explicit fourth-order Runge Kutta method (RK4) if the integration step size is
greater than Q04 s. This is because the actual system is a sti system exisgj in

both fast and slow dynamics and it lacks numerical stabilityppeyond integration step
size 0.04 s when a fourth-order integration method like RK4 iused.

Next, we apply the proposed distributed state estimation s@me to the CSTR
and compare its performance against two other common schesneSpeci cally, we
consider three dierent schemes: (l) the proposed distritiad scheme; (Il) a de-
centralized estimation scheme; and (Ill) a centralized MHEIn the decentralized
scheme, the s-MHE and f-EKF in the distributed scheme are dtilised but they do
not communicate. That is, in the decentralized scheme, theMHE does not send
any information to the f-EKF. The tuning parameters of the deentralized scheme are
kept the same as the proposed distributed scheme. The cerizad MHE is designed
based on the original full nonlinear system of Eq. (2.19). Ehweighting matrices
for the centralized MHE areQ = 10 2diag([1; 1; 1; 1]) and R = 10 ®diag([1; 1])
and P =10 8diag([1, 1, 1, 1]). For the centralized scheme, the fast sampling time

¢ =0:01 s is used to ensure that both the fast and slow dynamics cae baptured
accurately. For the centralized MHE, we consider the estiman window is the same
as the s-MHE; that isN = 3. In such a case, the centralized MHE keeps the same
number of decision variables as the s-MHE. In all these desgyrthe arrival cost is
included and is approximated using the EKF-based approachofall these schemes,

the system disturbance and measurement noise are the samepgimper comparison.
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Table 2.3: Estimation performance of the three estimation schemes

X; Scheme | | Scheme Il| Scheme Il
c. (%) 127 127 5.7
c, (%) 7:15 7:15 8:42
(%) 0:19 0:55 6:43 10°
7, (%) 2058 10 3| 0667 | 7192 10 2
Average RMSE (%) 2:88 3:26 2:2
. | = 1.251 —
E 254! E 1.00 4
< om
520/ 5 0.75
5 €050
g 151 2 0.25
8 S
. . . . |~ 0,004 . . . .
00 05 10 15 20 00 05 10 15 20
Time (s) Time (s)
€31254 ! < 320!
v \ g |
& 31009 ) 23154\
g \ g \
S 305.0 4 \, 3 \
g N 83051 N
€ 3025 e | — e
00 05 10 15 20 00 05 10 15 20
Time (s) Time (s)

Figure 2.4. Trajectories of the actual states (blue solid line), state estimatesbased on
decomposition under proposed distributed con guration (orange dashed lies), state esti-
mates based on decomposition under decentralized con guration (green dasdotted lines)

(For interpretation of the references to color in this gure legend, the reader may refer to
the web version of this article.)

Table 2.3 summarizes the simulation results in terms of thegpformance measures
introduced earlier. Figure 2.4 shows the estimated and the taal state trajectories
of scheme | and scheme II. From Figure 2.4, we observe that thetimated states are

able to converge to the actual state trajectories in both semes. From Table 2.3, it
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Table 2.4. Average RMSE of the three estimation schemes under di erent noise leels

Scheme || Scheme Il| Scheme IlI
w=0:001 , =0:001 2:58 2:62 1:75
w=0:01 ,=0:01 3:19 3:22 5:4
w=0:5 =0:01 3:58 4:06 5:88
w=0:9 =0:05 6.7 7:61 2293
w=0:9 ,=0:1 107 116 4461

can be seen that the proposed scheme | give better estimatiparformance. Since
the s-MHE are the same in both schemes and it is decoupled frolmetf-EKF, the
estimation indexes for the two concentrationsc, and ¢, are the same. Scheme
| outperforms scheme Il mainly in the estimation ofT and T;. The performance
improvement in scheme 1 is essentially from the informatioexchange in the proposed
distributed scheme. The information exchange in the proped scheme | leads to
faster convergence of the estimated states to the actual t#a compared with scheme
[l. Therefore, it can be more favorable to take scheme | forate estimation for the
decomposition considered.

Figure 2.5 shows the results of scheme | and scheme Ill. The tetastimators
are able to track the actual state trajectories in these twockemes, too. It can be
seen from Table 2.3 that the centralized MHE (scheme Ill) gigeimproved estima-
tion performance compared with the proposed distributed Beme | in this set of
simulations. However, the centralized scheme Il is much m®icomputationally in-
tensive. For the distributed or decentralized schemes, tteMHE takes about 0.032
sec for each evaluation and it evaluates every 0.1 sec. Foetbentralized MHE, it
takes about 0.024 sec for each evaluation, which is a bit srealthan the one for the
s-MHE due to the small sampling time used in the centralized MHBut it needs to
be evaluated 10 times every 0.01 sec. This indeed makes thetiedized MHE much
more computationally demanding. Further, the performancef the centralized MHE
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Figure 2.5. Trajectories of the actual states (blue solid line), state estimatesbased on
decomposition under distributed con guration (orange dashed lines), tate estimates of
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article.)
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Figure 2.6: Average RMSE of the proposed distributed scheme | and the centralized
scheme Ill when di erent estimation window sizes are considered
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is sensitive to the level of noise present in the system andteeorates quickly as the
noise level increases as shown in the next set of simulations

In this set of simulations, we run the three estimation schees with di erent
initial conditions and di erent noise levels. Table 2.4 sumarizes the results. In
Table 2.4, each data point is calculated based on three simtibn runs with dif-
ferent initial conditions and di erent noise sequences. Bm Table 2.4, we see that
the performance of the three schemes overall decreases asribise level increases.
However, the performance of the centralized MHE deterioratepiickly as the noise
level increases. When the noise level is low, the centralizedHE gives the best esti-
mation performance but as the noise level increases, the tahzed MHE gives the
poorest performance. This may be due to the centralized mddehich is sti ) used
in the centralized MHE. The sti model makes the centralized MHE sensitive to un-
certainty and is less robust. This shows the advantage of dsaposing the dynamics
into fast and slow subsystems as in the proposed distributeadheme. From Table 2.4,
it can be seen that the proposed distributed scheme (schenmeoutperforms the de-
centralized scheme (scheme I1) in all the noise levels. Thagain demonstrates the
bene ts of information exchange between the s-MHE and the fi&F in the proposed
distributed scheme.

Note that in the above simulations, the centralized MHE and thes-MHE both
used an estimation window size of 3. The robustness of the tatized MHE may
be improved by using a longer horizon. To study the dependenof the s-MHE and
the centralized MHE on the length of the estimation window, wgerform another
set of simulations. Figure 2.6 shows the average RMSE of theavwgchemes under
di erent window lengths. Each RMSE value is the average vaticalculated based on
simulations with di erent noise levels as shown in Table 2.4From the gure, it can
be seen that the performance of the proposed distributed she has less dependence

on the size of the estimation window. The centralized MHE (seime I1l) may achieve
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a similar performance as the proposed scheme | with = 3 when the estimation
window is about 8. However, wherN = 8, the evaluation time of the centralized
MHE is about 0.057 s, which is much larger than the evaluationinhe (0.032 s) of the
s-MHE. Given the fact that the centralized MHE needs to be evalied 10 times every
0.1 sec, it leads to a much higher computational load. Thisfilner demonstrates the
proposed decomposition and distributed estimation schenie obtaining a balanced

performance in terms of estimation performance and compuianal complexity.

2.4 Summary

In this chapter, we developed a distributed state estimatio method based on EKF
and MHE for a class of implicit two-time-scale nonlinear sysims, where some of the
state variables inhibit both the fast and slow dynamics. Thaonlinear system was
decomposed into fast and slow subsystems based on singulartyrbed parameter
". In the proposed design, a one-directional communicatiotrategy was established
and the method was applied to a chemical process. A series ohidations were
carried out to compare the proposed architecture with cerdtized and decentralized
techniques from a computational time and accuracy point ofiew. Owing to di erent
sampling times, the system is a sti problem where step sizdgys an important role
in the numerical stability of the solution instead of accuray requirements. However,
our design ensures numerical stability, moderate accuracgnd low computational
time.

The potential challenges in implementing the proposed appaich may include (a)
the determination of the small parameter* for a specic process, which may not
be straightforward for some applications, and (b) the solidn of the indeterminate
variable z since it involves the calculation of Lie derivatives, whicltould be com-
putationally expensive for large-scale processes. Futum@rk aiming at addressing

these challenges should be conducted.
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Chapter 3

Input-output selection for
LSTM-based reduced-order state
estimator design

In this chapter, we consider a sensitivity-based approaclo ttonstruct reduced-order
state estimators based on recurrent neural networks (RNN). lis assumed that a
mechanistic model is available but is too computationallyamplex for estimator de-
sign and that only some target outputs are of interest and shitd be estimated. A
reduced-order estimator that can estimate the target outds is su cient to address
such a problem. We propose an approach to nd the most apprdpte inputs and
outputs for data-driven reduced-order model developmendif target variable estima-
tion purposes. Speci cally, we assume that a mechanistic mel of the actual system
is available and we are only interested in estimating a smalét of the desired outputs
instead of the entire state vector. To address such a problema reduced-order esti-
mator that can estimate the desired outputs is su cient to mest the requirements. In
the proposed approach, there are three steps. In the rst gtethe sensitivity matrix
of the target outputs to the initial state is evaluated basean process data. Then the
singular value decomposition (SVD) is applied to the matrixa nd the dominant sin-

gular values and the most important state elements that conbute to the dominant
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singular values. The most important state elements are seted as the reduced state
vector. Once the reduced state vector is determined, the sgtivity of the inputs to
the reduced state vector is evaluated and similarly, the mbsmportant inputs are
determined. These inputs are selected as the elements in tlegluced input vector.
In the second step, process data are collected based on satinf the process model,
and a data-driven model in the form of a Long-Short-Term-Meory (LSTM) neural
network is designed to approximate the dynamics between tiselected reduced input
vector and the reduced state vector. In the last step, an extded Kalman lter is
designed based on the reduced-order LSTM model to estimateettarget output.
The proposed approach is applied to a chemical process andeesive simulations

will be performed to show its applicability and e ectivenes.

3.1 Introduction
3.2 Preliminaries

In this section, we rst provide a description of the discret-time nonlinear system
and de ne the objectives of the work. This section also dissges the formulation of

the reduced-order model brie'y.

3.2.1 System description

We consider a class of discrete-time nonlinear systems désed as follows:

x(t+1)= f(x(t);u(t)) (3.1a8)
y(t) = h(x(t)) (3.1b)
yi(t) = he(x(t)) (3.1c)

where x(t) 2 R™ is the vector of state variables att, u(t) 2 R" is the vector of

the manipulated inputs, andy(t) 2 R" is the vector containing all the measured
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outputs. f () and h() denote the nonlinear state and measured output equations,
respectively. y;(t) 2 R™: represents the vector of target process variables which is
to be estimated, and the functionh;( ) characterizes the relation between the state
x and the target output y;. It is assumed that the state vectorx is observable based
on the measurements of. It is also assumed that the dimension of; is smaller than
the dimension ofx (the number of target outputs ny, is smaller than the number
of statesny). In a process system, the number of states can be many but the
is typically a relatively much smaller number of important sates that need to be
monitored very closely. The above assumption is considerdm a viewpoint of the
operation. It is not a condition but a scenario of the operatin. For convenience, we

will refer to the system in (3.1) as the actual system in the meainder of this work.

3.2.2 Problem formulation

The main objective of this work is to develop a reduced-ordestimator to estimate
the target output y, based on measurements of. Aiming at the y; estimation,
one can develop a full-order estimator using the availableeasurementsy and the
process model (3.1a). Di erent estimation algorithms can é readily applicable to
estimate all the statesx of the system (3.1). However, in many applications, it is
not necessary to estimate all the states of the system when @&ee only interested
in y;. A full-order estimation can be computationally expensiveand the estimation
performance may also be compromised due to estimating all teates with limited
number of measured output variables. It is expected that a deiced-order estimator
that only estimates a smaller subset of the state variablehat are closely related
to the target outputs is su cient to achieve the objective. Compared to a full-
order state estimator, a reduced-order estimator has the famtial to decrease the
computational cost and improve the estimation performance

In this work, we consider the development of a reduced-orderodel for the sys-
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tem (3.1) and the associated reduced-order estimator desigSpeci cally, we pro-
pose to rst use the full-order system model (3.1) to generatdata, and then to
identify a reduced-order model using RNN foy, estimation purposes. Subsequently,
a reduced-order estimator is designed based on the RNN to esdite y; based on the
measurements ofy. In particular, we are interested in identifying a reducedrder

model in the following form:

x(t+1)= fx(t);, ;xt n)e(t); et ny)) (3.2)

wherex-2 R™ is the vector of reduced (selected) state variables, is the length of the
sequence of data 2 R™ is the vector of the reduced (selected) manipulated inputs,
and f{ ) describes the dynamics of the reduced-order model. It issalexpected that
the elements of the reduced variables and u-are the same as the respective elements
in the actual system variablex and u. The measured outputy and the target output

y; are also expected to be able to be described using the redustate x= Let us

denote the relations as follows:

y(t) = Alx(1)) (3.3)
ye(t) = Pi(x(t)) (3.4)

where i and h; de ne the measured output equation and target output equatin
with respect to the reduced state vectok ~

We will discuss howx~and u should be selected so that a reduced model as
shown in (3.2)-(3.4) can be identied and the target outputy; can be accurately
estimated using the measurements gfbased on the reduced-order model (3.2). Itis
expected that the dimensiomg of the reduced state vectox+s much smaller than

the dimensionny of the actual system state vectox (Ry < ny). Similarly, A, <ny.
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Figure 3.1: The ow chart of the proposed approach.

3.3 Proposed reduced input and state vectors se-
lection approach

Figure 3.1 shows a ow chart of the proposed approach. In the st step, we select
the reduced-order statex~and the correspondingu~for the purpose of estimating

yi. Based on the full-order system model, we rst construct theensitivity matrix

@y @y

@Xand normalized. By analyzmg@x,

state vector x that are most closely related toy;, and these elements are selected

we can then determine the elements in the

to construct the reduced-order system stat&.~Once x-is determined, we further
construct the sensitivity matrix %uand normalized [84, 85]. Based 0%& we then
nd a subset of u, u, that has a signi cant impact on x. In the determination of x
and u, the singular value decomposition (SVD) method will be usedn the second
step, based on the full-order system, we vary and collect the trajectories ofx~
Then, based on the data ofu-~and x, an LSTM model is identied. This LSTM
model is a reduced-order model. In the third step, an estimat is designed based
on the reduced-order model identi ed in the second step. Irhis work, we will show

how an extended Kalman Iter (EKF) may be designed based on theeduced-order
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model to estimatey; based on measurements gf

3.3.1 Sensitivity matrix for reduced state selection

In order to select the reduced states, the sensitivity matxi of the target output y;
to state x is considered. A larger element in the sensitivity matrix idicates that the
target output is more sensitive to the corresponding statelThat is, a small perturba-
tion of the states can generate a larger change in the targattput. In the literature,
sensitivity matrices have been used to identify relevant omections between model
outputs and inputs to develop reduced-order model [86, 878]8since the sensitivity
is closely related to both observability and controllabity of a system[71, 89]. To
nd the sensitivity matrix, a practical method is to linearize the nonlinear system at
di erent points along its trajectories and nd the observahlity matrix at each point.
ConsiderN + 1 sampling points fromtg to ty along a trajectory of the system
(3.1). De ning A(t) := %&t), B(t) = %&t), Cy(t) = %Zt), and C,(t) := @@t:((t),

the linearized system at a sampling timé can be obtained as follows:

x(t+1)= AMX(t)+ BM)u(t)+ F° (3.5)
y(t) = Co(D)x(t) + H; (3.6)
yi(t) = Co(t)x(t) + Hy (3.7)

whereF°, H;, and H, are additional constant terms resulting from the linearizéion
at sampling point (x(t); u(t)).

The sensitivity of the target output y;(t) to the initial state X(to) is de ned as

@y(t) : e i " @xt)
Ofto)’ De ning the sensﬁmty of the s.tate to the |n|t|¢.51I conditi on as @Xto)’ from
(3.5) and (3.7) the following two equations can be written:
@g+1) _ , . @)
exo Ve (59
@ut) _ Q@xt)
e~ Ve 59
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@) _ Using (3.8) and (3.9), it can be rewritten

with the initial value at t = t,

S @¥to)
at the sampling pointt as:
@yt)
—_— = A DA 2 A A
Oxt) C(DA(t DA 2)  A(0) (3.10)
F L Lo @MY L
rom sampling timet, to ty, we can construct the sensmvmes,@)((t X t=0;:::;N,
0
and stack them to form a sensitivity matrix So:
2 @)to) @yto) ... @to) °
@x(to) @x(to) ~~ @x, (to)
@yt;)) @yt1) ... @pt1)

So(to;::::tn) = 6 @X(to)) @x(t)) @, (to) (3.11)

@)ty) @tn) ... @itn)
@x(to)) @x(to) ~ @x, (to)

The matrix is a series of snapshots of the sensitivities stad vertically in the time

spantg to ty. We can test the rank ofSg(to:::ty) along a typical trajectory from
to to ty. The sensitivity matrix So will be used to select the reduced state. ~The

SVD analysis will be used to achieve this goal and will be disssed in Section 3.3.2.

3.3.2 Reduced state selection via singular value decomposi-

tion
Once the sensitivity matrix Sg is constructed, we propose to use the singular value
decomposition (SVD) analysis to analyz&, to nd the subset of state elements in
x that are closely related to the target outputy;. The SVD algorithm [90] provides a
way to represent the sensitivity matrixSp as a summation of equally sized matrices

that decrease in dominance:
—_ T T . T
So=U Vi T Up oV, + 100+ Uy, nx Vn, (312)
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where i's (i = 1;:::;ny) are the singular values of the matrixSy sorted such
that ; is the largest singular value and ,,, is the smallest singular value, andy;,
vi (i = 1;:::;ny) are the associated left and right unitary matrices, respéuely.

Equation (3.12) implies that the sensitivity information @ntained in Sg can be

The magnitude of the singular value re ects the amount of idrmation contained in
the associated direction.

After SVD, we rst examine the singular values and can select thdominant ones
that contain most of the information in Sg for further analysis. One way to select
the dominant singular values is to identify a signi cant gapin the singular values
[91, 92].

Suppose thatm out of the n, singular values are selected for further analysis. We

j -th state element ofx to the variance/information of the target variabley; along the
direction of v; [93]. Therefore, in this work, the following measure is usdd re ect
the overall e ect of the j -th state element on the target output:

o .
)iV
D = (3.13)
J i
i=0
where 0 D; 1. Alarge value ofD; implies a larger impact on the target output.
Based on the above measure, a partitioning of the elements finto two groups
can be performed. The rst group has a comparatively large ect on the target
variable than the other group. Therefore, the elements belging to the rst group
are selected to be elements ir. ~After the above processx -€ontains elements that
are most closely related toy;. In order to be able to use the measured output, we

should check whethely can be expressed using the elements in the current Fhis
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is, whether an expression in (3.3) can be obtained. If the gent x is not su cient

to expressy, the missing state elements should be added %0 ~

3.3.3 Sensitivity matrix for input selection and reduced in-
put vector selection

After % is determined, we can proceed to select the reduced input t@ct. The
sensitivity of x with respect to the actual input vectoru, %uwill be used.

Considering again the sampling points fronty to ty along a trajectory of the
system in (3.1a) and (3.1b), from equation (3.5), it can be wten the following
equation:

@xt+1)
@to)

@xt)
@1(to)

Q)

= A0 Qo)

+ B(1)

(3.14)

@xt)
@to)

@a) Is the sensitivity of input vector u at t with respect to the input at to.

@ (to)
@)

As the inputs are not dependent on each other——= = 0 for all the t exceptt,.

@w) o)
@) @) is evaluated as follows:

where

is the sensitivity of the state vectorx(t) with respect to the input u(to)

and

At t = to,

= |. From (3.14),

Q@xt)

gy - At DAL 2 AMB(O) (3.15)

@{(1)
@1to)’

since X

Note that the sensitivity of the reduced state vectox+to the input vector u,

@xt)
@ (to)

from to to ty, and

can be obtained by taking the corresponding elements (rowBpm

@(t)
@ (to)

is composed of selected elements xf By calculating
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stacking these sensitivities in a matrix, we can form the flowing sensitivity matrix:

2 @lto)

@(to) . @ulty) °

@u(to)
@(to)

@u(to) @, (to)
@2(to) ... @(to)

@u(to)

@y, (to)

@u(to) @, (to)

@, (o) ... @, (t)

@wu(to)

@(tn)

@u(to)  @w,(to)
f (3.16)
@(tn) ... @altn)

@u(to)
@ (tn)

@u(to)  @H,(to)
@(tn) .. @(ty)

@wu(to)

@u(te)  @H, (to)

@, (In) @ (tn) . @y (tn)

@u(to)

@u(t)) @4, (to)

For determining the reduced input vector;-a similar approach to the selection of

¥ is considered based on the sensitivity matri$c. First, by applying SVD to Sc, an

equation similar to equation (3.12) can be derived. Next, byxamining the singular

values, we can nd the dominant ones. Next, we analyze the assated singular

vectors to nd the important elements inu that have more signi cant impact on the

reduced statex= A similar measure toD; can be used in determining the important

elements inu and these elements i form the reduced input vectoru-

3.4 Proposed reduced-order estimator design ap-

proach

In the previous section, we discussed how to select the reddcstate and input

vectors x-and & In this section, we discuss how to develop a reduced-ordepdel
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using LSTM to describe the dynamics between and x. We will also discuss how
to design a reduced-order estimator in the framework of EKFdsed on the reduced-

order model.

3.4.1 Reduced-order model development

We propose to use LSTM neural networks to develop the reducedder model. LSTM
networks are typically used for modeling sequential timeeses data, such as the
trajectories of dynamical chemical processes. While the ti@ional RNNs su er
from losing error information pertaining to long data sequeces, LSTM models can
deal with this problem by protecting error information fromdecaying using learnable
gates [94, 95].

As illustrated in Step 2 in Figure 3.1, to develop the reducedrder model, we
need to collect data. The data for model development can berggated based on the
actual system model as shown in (3.1) based on extensive siations with di erent
initial states and randomly generated multi-step input segences. The multi-step
input sequence ensures to capture of most of the system's dymics. Note that since
only the inputs in the selectedu~are important for the target output y;, only these
inputs need to be considered in the data generation and thehar inputs can be
kept constant which is described in detail in the applicatio section. In the extensive
simulations, the trajectories ofu~and x-are collected. It is noted that the generation
of these time-series data is an important step of the LSTM mating. When the data
is collected, the entire data set is divided into training, &lidation, and testing data
sets for the LSTM model development. A brief step-by-step peedure for identifying

an LSTM model is outlined as follows:
1. Normalise the dataset so that all values are within the ramgof 0 and 1.

2. Determine the number of layers of the LSTM model, the numbef nodes in
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each layer; the outputs of the LSTM model should b& and the input to the
LSTM model should bef x; ug.

3. Train the LSTM model using the training dataset. This may @ done using,

for example, the Keras Library in Python for arti cial neural networks.

4. Use the validation and test datasets to validate and evaltathe model perfor-
mance, respectively. If the model performance (both singgep and multi-step
ahead predictions) is not acceptable, go back to Step 2 andreen the LSTM

model. If the performance is good, save the model parameters

After the LSTM model is trained, the LSTM model parameters care extracted
and the model can be described in the form of (3.2)-(3.4).

3.4.2 Extended Kalman Iter design

EKF and its variants are standard methods used for state estiation of nonlinear
systems based on successively linearizing the nonlineasteyn [25, 96]. A traditional
EKF is modi ed to accommodate the sequence length of the LSTvhodel. Note
that EKF is based on successive linearization of the origihaonlinear system. |If
a system cannot be linearized well, numerical approaches ynae used to nd the
Jacobian matrix treating the nonlinear system as a black boxThe EKF is divided
into two steps - prediction and update steps.

Prediction step. At a sampling time t, using the pastn, estimated reduced
statexfromt 1tot n;, the EKF predicts the reduced state at the sampling time

t. The predicted reduced state is as follows:
R(tjt 1) = FE(t L)%t et 1)::ut ny)) (3.17)

whereX(tjt 1) represents the prediction of the reduced state at time itent t based

on past estimated reduced stat®& fromt n tot 1.
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The propagation of the process disturbance is as follows:

X 1
P(tjit 1) = Ag(m +1)P(m)Ag(m +1) + Q (3.18)

m=t n

whereP and Q are the reduced state covariance matrix and process noiseamance

@

matrix. The state-transition matrix, Aq4(t) = —

@ &(t 1).
To nd the expression of P in (3.18), let us consider the reduced-order model

with additive process noisew:

x(t) = Foet 1), ox(t et 1) et o))+ w(t 1) (3.19)
The error between the actual reduced state(t) and the predicted value from (3.17),
%(tjt 1), is given as:

1) R(tit D)=t 1); ot n)et 1) et on))+ wt 1)
Rt )Rt n)e(t 1wt n)) (3.20)

The estimation error can be approximated using by only corgring the linear ap-

proximations of the nonlinear system equation:

x(t)  R(jt 1) & Ce(t 1) Rt 1)+
R(t 1)
+%;M RCORDIE RV ERUGIE
Xl

= Ag(m +1)(x(m) R(M))+ w(t 1) (3.21)

m=t n

The covariance matrixP (tjt 1) can be calculated as follows:
P@jt 1)=E (x(t) %(tjt D)) Kt 1)7 (3.22)

Based on (3.21) and (3.22), the following equation can be ten:
)( 1
P(jt 1)=E Ag(m +D)(x(m)  %m))+ w(t 1)

m=t n
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X1 T
Ag(m +D)(x(m)  %(m))+ w(t 1) (3.23)

m=t n

Given that the noisew(t 1) is not correlated with the estimates at and before 1
and neglecting the correlation between the estimated reded states at di erent time

instants, P(tjt 1) can be approximated as follows:

X 1
Pjt 1)= A¢gm+1)P(m)Ag(m+1)+ Q (3.24)

m=t n

which is the expression using in (3.18).
Update step. At each sampling instantt, an estimate of the current reduced
state ®(t) is obtained by performing the measurement-update step bed on the

predicted valueX(tjt 1) as follows:
R(t) = R(tjt 1)+ K (y(t) CR(tjt 1)) (3.25)

where %(t) represents the estimatedk -at time t given the observations ofy up to

@h

time t and the observation matrix,C = — . The correction gainK; at time t
. . = X(tjt 1) . .
used to minimize aposteriori error covariance based on the measurement innovation

(i.e. y(t) CX(tjt 1)) can be determined as below:
K= P(jt 1)C"(R+ CP(tjt 1)C") ! (3.26)

whereR is the covariance matrix of the measurement noise. The coiance matrix

is also updated as follows:
P(t)=(1 K C)P(tjt 1) (3.27)

whereP (t) is the posteriori error covariance matrix of the estimation error at and
| is an identity matrix. Note that P(0), Q, and R are three tuning parameters for
the EKF.
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CSTR-II

Fs

Figure 3.2: Two continuous-stirred tank reactors and a ash separator process

3.5 Application to a chemical process

In this section, we apply the propose reduced-order estinmtdesign approach to a

chemical process to illustrate its applicability and e edtveness.

3.5.1 Process description and simulation settings

A chemical process consisting of two continuous stirred tkrreactors (CSTR) and a
ash separator in series is considered [11]. A process sch#imis shown in Figure 3.2.
Pure material A is fed at the rate of Fg and F,q respectively, into the two CSTRs,
in which the rst-order irreversible exothermic reactionstake place, i.e. A! B
andB!' C. The reactors are assumed to be perfectly mixed, with constadensity,
liquid volume, and heat capacity. The outlet of the second AR is fed into the ash
separator at a ow rate F,. The overhead of the separator is condensed and passed to
a downstream unit at ow rate F, with a recycle to the rst reactor F, and the bottom
product stream is removed at ow rateF;. Each tank is equipped with a jacket to
heat or cool the tank andQ;, Q», and Q3 are heat inputs/removals. A detailed model
of the process in the form of ordinary di erential equationJODES) is described in

[11]. The parameter values of the model are shown in Table 3.1n the model,
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Table 3.1:

Parameter values

Tor =300 K

To, =300 K

E,=5 10 kJ/kmol

E,=6 10" kd/kmol

C, = 4:2 kJ/(kg K)

3:57 10* kd/kmol
Hyaps = 1:57 10* kd/kmol
Hyapc = 4:07  10*kJI=kmol
A=35
c=0:5

Xg10=0:0

Xg20=0:0

Q:=3 1 kJ=hr

Q:=3 1 kJ=hr

Fio = 12:0 m3=hr

H vapA —

H,= 60 10" kJ/kmol
H,= 7.0 10" kd/kmol
R =8:314 kJ/ kmol K
ki =9:972 1 hr !
k, =9:36 10 hr !

V; =4 m?3
Vo, =4 m3
V=4 m?3

g =1:0
Xa10=1:0
Xa20=1:0

= 1000 kg=m?®
Q=1 10 kd/hr
Fp =0:5 m*=hr
Fa0 = 3:0 m*=hr

F, =13:4 m3=hr

there are in total nine ODEs corresponding to the dynamics dhe concentrations
and temperatures of each tank. It is assumed that the temperaes of all the
tanks are measurable, so the system outpuys= [ Ty; T»; Tz]". The concentrations of
components A and B in each tank and the temperatures of the t&s are the states of
the process; that isx = [Xa1; Xg1; T1; Xa2; Xg2; T2; Xaz; Xg3; T3]" and input vector
is U = [Fao; Fa0; Q15 Q2; Qs; Fr s Fp.

In order to control and monitor the quality of the product, it is assumed that the
concentration of componenB in the separatorX g3 is an important process variable
and is considered as the target variable; that i3 = [Xg3]. It is desired to estimate
X g3 at each sampling time based on the process information of thgut u and the

measured outputy. Since we are mainly concerned about the target outpX g, it
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Figure 3.3: Trajectories of input F1g and the target output Xg3

Is not necessary to estimate all the other states of the prase

A rst principle model of the process was built based on physichemical phe-
nomena to connect di erent unit operations by mass and heatdbances [23]. It is
veri ed that based on the measurements of and the rst principle model, the entire
state x can be estimated. In this section, we illustrate how a redudeorder estimator
may be designed using the proposed approach to estimatgs and will compare the
performance of the reduced-order estimator with a full-oet estimator based on the

actual rst principle model to show the bene ts of using a redced-order estimator.

3.5.2 Selection of the reduced state and input vectors

Following the steps illustrated in Figure 3.1, rstly, to obtain sensitivity matrices for
reduced state and input selection, we perform open-loop sifations based on the
rst principle model of the process to generate data. In theiswlations, the values

of the process parameters used are shown in Table 3.1. A randprocess noisev(t)
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is added and the noise is generated following a Gaussian vehitoise with zero mean
and standard deviation of 0.01. The process model is solvesing the fourth-order

Runge Kutta method with a sampling time of 0.01 hr. The entiredata is produced

using randomly generated inputs within the allowable range The inputs change
every 2 hours. Figure 3.3 shows the trajectories of one of thguts and the target

output.

We nd the sensitivity matrix of the target output to the stat e Sp following
(3.11). Then, we apply SVD to the sensitivity matrix to nd the singular values and
the associated singular vectors. Figure 3.4A represents thenzero singular values
of the sensitivity matrix in a semi-log plot, in descending mler, along with its index
number. There are eight entries in this plot therefore it has zero singular value.
It can be observed from the plot that there is a clear gap betwa the 39 and 4"
singular values. Therefore, the rst three singular valueare considered the dominant
ones.

After determining the dominant singular values, we calcul& measure (3.13)
based on the three dominant singular values. Figure 3.4B shewhe D; values of
each of the state elements or the contributions of the statdesnents to the three sin-
gular values. From Figure 3.4B, it can be seen thak;, Xg3, T2, Xg» have relatively
larger D; values, which implies that these state elements contribute® the three
dominant eigenvalues most. FurtherXgi, Xg2, Xa2, Xa1, Xaz have a much smaller
D; values andT; has aD; value equal to 0. These smalleD; values imply that the
corresponding state elements contribute much less to therte dominant singular
values. Therefore, the initial reduced state vector can ihede T1, Xg3, T2, and Xgo,
which have relatively larger impact on the three dominant sigular values. That is,
% =[T1; Xg3; T2; Xg2]". Note that the current x is determined based ory;. Next, we
continue to check whether the measured outputg = [y1;Y.; Ya]" = [T1; T2; T3]" can

be expressed based an -t can be found that y; = T3 cannot be expressed based
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Figure 3.4: Singular values ofSp and the D; values associated with the dominant singular
values.

on x. However, sinceTs is not related to the three dominant singular valuesd; = 0
for T3), ys is not really useful in estimating the target output. Instea of expanding
% to include T3, we can removey; from the measurements used in estimating.
Oncex-=[Ty; Xg3; To; Xg2]" is determined, we continue to determine the reduced
input vector . Similarly, based on open-loop simulation data, we calcutathe sen-
sitivity matrix Sc following (3.16). Then, we apply SVD toS¢ to nd the dominant
singular values ofSc and then the closely related inputs. Figure 3.5A shows the
singular values ofSc. From the gure, it can be seen that there is a signi cant
gap between the 8 and 7" singular values. Therefore, these six singular values are
considered to be the dominant ones. For these singular vasjeve further calculate
the D; values, which are shown in Figure 3.5B. From Figure 3.5B, it care seen that
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Figure 3.5:  Singular values ofSc and the D; values associated with the dominant singular
values.

there are six inputs that contribute signi cantly to the singular values. These inputs
are included in the reduced input vector. That isu~= [Qx; Fao; Fr; Qz; Q2; F1g] .
The elements of the reduced state vectox, the reduced input vectoru;y and the

measured outputs used for estimating; are summarized in Table 3.2.

3.5.3 Reduced-order model and estimator

Based on the selected,+, further open-loop simulations of the actual process model
are performed and data is collected for LSTM model developmte Noted the data
is only collected forx~and u-

In the training of the LSTM, di erent n, values were considered and it was found
that n, = 2 is su cient to get a good LSTM model. The LSTM has two hidden
layers of 50 neurons and one dense layer of 4 neurons as theoutayer.

Once the LSTM model is developed, the EKF is designed based the LSTM
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Table 3.2: Elements of the reduced state and input vectors and the used measuwteutputs

State XB3 Ty T2 XB2
Output T Ts
Input Q1 Foo Fr Q3 Q2 Fio

model. For the EKF estimator, the weighting matrices are digonal matrices with
Q = diagf [0:00%;0:00%; 0:00%;0:00%]g, R = diagf[20?;2("]g, and the matrix
P (0) = diagf [L0F; 10¢; 10C’; 10F]g.

Although, the LSTM was selected due to its ability to remembeboth short-term
and long-term temporal dependencies, the real bene ts of ¢hLSTM are expected
to be observed when the system under study considers a longequence length.
Therefore, it is possible to apply di erent modeling approehes to nd the structure
of the model, and some of the methods are mentioned brie y ftris application. Itis
the case that for the sequence length used in the simulatioraample, a vanilla RNN
will be applicable since the vanishing/exploding gradiemgthenomenon is not expected
to occur. Another model structure such as a deep neural netvko(DNN) can also
be used to describe the system employed in the simulation exple, after an initial
manipulation of the dataset's inputs. However, such a modelilvnot be exible
since a sequence length of two must be used during the modeligplementation.
This limitation is however absent in the RNN/LSTM since the segence length used
for the model development may be varied during its developmie

In this work, the number of epochs (30) and batch size (100) pgrparameters
were selected based on a number of simulation experimentswas also observed that
the default learning rate value set by the Keras library wasustable for the developed
model. Similarly, the LSTM architecture (units = 50) was deermined through a
number of simulation experiments. While this brute force apach may be somewhat

suitable for smaller LSTM models, a systematic approach cde considered to tune
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the hyperparameters of the identi ed LSTM model. The "Kerabuner', a tool in the
Keras library, can be used for selecting and tuning hyperpameters of the LSTM

model

3.5.4 Results and discussion

In this subsection, we evaluate the performance of the abedeveloped reduced-
order estimator. To evaluate the performance, we will use ¢haverage normalized

estimation error of the target output Xg3 as shown below:

V !

u . T2

_H 1 % Res(t)  Xes(t)
Xes Nsimj XB3(tj)

(3.28)

=0

where N, indicates the total simulation steps,)@m denotes the estimated value,
and Xpg3 denotes the actual value of the target variable. All the simaktions were
conducted in a desktop computer with an Intel i7 CPU at 3.2 GHzrad 16 GB RAM.
The LSTM models were trained using Keras and TensorFlow in Plyon programming
language.

We design various simulation cases to test the performancé the proposed
reduced-order estimation. Speci cally, we consider thredi erent schemes: (a)
Scheme 1 - the proposed reduced-order estimator based on H&'M model with
n; = 2, (b) Scheme 2 - a soft sensor that exploits the correlatiobetweeny, u and
Vi, () Scheme 3, a full-order state estimator design based onmegular EKF based
on the actual full-order process model, and Scheme 4, an LSTikodel (n, = 2)
with all the measured variables (, y) as well as the target outputy; as the inputs
and the target output y; as the single output. For these schemes, they are tuned
to give their best performance for a fair comparison. Furthewe note that the soft
sensor in Scheme 2 was developed based on a dense neural rietwith y and u are

the inputs and y; as the output. Such a soft sensor explores the static corrétm
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Figure 3.6: Trajectories of the actual statesX g 3, the single-step ahead prediction (SSAP)
(A), the multi-step ahead prediction (MSAP) using the LSTM model (B ), and the estimated
target variable using the proposed reduced-order estimator in Schemg (C).

between they, u, andy; but does not consider the dynamics of the system. Scheme
4 explores only the dynamic relation between the measuredriables and the target
output. While in the proposed Scheme 1, the LSTM includes moisate variables

in its inputs and outputs to capture the dynamics that are esmntial for estimating
the target output. Since there are unmeasured state variadd in the LSTM model
used in Scheme 1, the EKF is used together with the LSTM to estate the target
output based on the measured variables.

First, we show the LSTM modeling and reduced-order estimatioperformance.
Figures 3.6A-B shows the actual target outputXg; and the one-step ahead and
multi-step ahead open-loop predictions using the trainedITM. From these plots, it
can be seen that the trained LSTM model has a very good perfoamce in predicting
the evolution of X g 3. Based on many simulations with di erent initial conditions and

noise realizations, the correspondingx,, for the single-step and multi-step ahead
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Actual trajectory Vs. Soft sensor prediction
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Figure 3.7: Trajectories of the actual statesX g3 and the predicted target variable using
the soft sensor in Scheme 2.

Actual trajectory Vs. full state estimation

i i

0.6 : Actual )

0.55 *\"yw-.“ IO — — —Scheme 3 | 4
AT}

0.5 N

>(B3

s
045 Ay,

0.4

. . . . . . 7
0 0.5 1 15 2 25 3 35 4
Time (hr)

Figure 3.8: Trajectories of the actual statesX g3 and the estimated target variable using
the full-order estimation in Scheme 3.

predictions are 0.111% and 1.003%. These numbers furtherifyethat the trained

model has a good performance. Note that the results in Figures3-B are based
on an initialization of the LSTM model from the actual initial Xg3 value. It only
shows the performance of the trained model.

Figures 3.6C shows the estimation performance of the propdsesduced-order
estimation scheme. The estimator was initialized using a kee that is di erent from
the actual X g3 value. From the plot, it can be seen that the estimate of the pposed
reduced-order estimation scheme (Scheme 1) can convergthtoactual value quickly
and then follow the actual value closely. The correspondingx,, of the proposed
reduced-order estimator is 1.43% from extensive simulati® with di erent initial
conditions and noise realizations. This demonstrates thahe proposed approach is
e ective and applicable if only the target output is neededa be estimated.

Next, we present the performance of the soft sensor in SchemeTae inputs of
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Figure 3.9: Trajectories of the actual statesX g3 and the predicted target variable using
the soft sensor in Scheme 4.

the soft sensor ard,, Ty, T3,Q1, F2o, Fr, Q3, Q> and F1g and the output is the target
variable Xg 3. A dense neural network is trained. Figure 3.7 shows the retibn the
same trajectory ofX g3 as used in the previous simulation. From the gure, it can be
seen that while the soft sensor can overall track the trend &fg 3 but the prediction
performance is much poorer compared with the estimator in Beme 1. The x,,
of the soft sensor (Scheme 2) calculated from various simtibes was 5.36%, which
is much larger than the value for the proposed reduced-ordestimator. This set
of simulations illustrated that the proposed reduced-ordeestimator gives much-
improved estimation performance compared with the soft sear. The improvement
in the estimation performance in Scheme 1 compared with Sche 2 is from the
explicit consideration of the dynamics of the system and these of EKF. Note that
the performance metrics reported are obtained from many siutations.

Then, we consider the full-order EKF based on the actual nankar model of the
process. Figure 3.8 shows the estimation performance of til-brder EKF (Scheme
3). From Figure 3.8, it can be seen that the full-order EKF canlao track the trend
of X g3 but the estimate is much noisy compared with the estimated Waes in Scheme
1. The corresponding x,, value of the full-order EKF is 4.61%, which is relatively
higher than the value for Scheme 1.

The decreased performance of the full-order estimator in I&me 3 compared

with Scheme 1 may be explained by examining the degrees of thieservability of
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the estimated variables in the two schemes. Let us considdret following criterion
for measuring the degree of observability of a system [23,]89
minf (Doji =1; ;n)g

(Do) = raxt i(Doji =1; ;n)g

(3.29)

where D, is the observability matrix of the system and ; is the i singular value

of D,. For the nonlinear process and the nonlinear reduced-orderodel, we use
linearization to nd the corresponding linear system and ten construct the corre-

sponding observability matrix D,. For the full-order nonlinear system, the degree
of observability was found to be about 1.310 ° and for the reduced-order model,
the degree of observability was 0.02. It is obvious that theeduced-order system
has a much larger degree of observability compared with thellforder system. This

makes sense since in the reduced-order model, the measunegphuts are only used

to estimate the 4 selected states but in the full-order estiator, the same number

of measured outputs are used to estimate the entire state vec x which contains 9

elements. The much-improved degree of observability expia why Scheme 1 gives
much-improved estimation performance compared with Schen3.

Now, we present the performance of the LSTM model in Scheme 4.g&ie 3.9
shows the predicted target output and the actual trajectoryof the target output.
From the gure, it can be seen that the LSTM in Scheme 4 gives alatively poor
performance in predicting the target output compared with he proposed approach
in Scheme 1. This can also be seen from thg,, value, which is 2.00% for Scheme
4 and is 1.43% for the proposed Scheme 1. This is indeed expddince the LSTM
in Scheme 4 only uses the measured variables and they cannmpr@priately capture
the essential dynamics that are needed to describe the tatgautput Xgs. The
proposed approach keeps all the necessary variables neeadechpture the dynamics
of Xg3 in the LSTM and the EKF can be used to estimate the target outpuand

the other unmeasured variables. It is also veri ed that the pposed approach is
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Table 3.3:  x,, values for the trained LSTM model and the di erent schemes

Methods x5, IN percentage (%)  Simulation time (s)

SSAP 0.111 -
MSAP 1.003 -
Scheme 1 1.43 15
Scheme 2 5.36 3
Scheme 3 4.61 20
Scheme 4 2.00 3

more robust to noise in the measured variables given the usktibe EKF while the

LSTM in Scheme 4 is more sensitive to measurement noise. Whée variance of the
measurement noise increases tQ = 0:1, the proposed approach givesk,, = 2:02%
while the LSTM in Scheme 4 leads to a much worse,,, = 6:12%.

Finally, we consider the computational complexity of the fouschemes. Table 3.3
shows the simulation times of the four schemes. It can be sethiat the soft sensor
in Scheme 2 and the LSTM in Scheme 4 are the fastest. The propdseduced-order
estimator (Scheme 1) gives the best estimation performanead has a relatively
smaller computational complexity (15 seconds for the entireimulation) compared
with the full-order estimator (20 seconds for the entire sioiation). The smaller
computational times of Schemes 2 and 4 are due to the fact thdtey do not need
to evaluate the EKF. Whereas, Scheme 1 and Scheme 3 calculate thacobians at
every instant for predicting the covariance matrix, and als EKF has the update
step which requires additional time. Scheme 3 evaluates tacobian matrix which
is bigger than Scheme 1 and also updates for all the variables comparatively,
the computational cost is higher than Scheme 1. This furtheitlustrates that the
proposed reduced-order estimator can bring much-improvestimation performance

using even less computational resources compared with a-ider estimator.
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3.6 Summary

This chapter proposes an approach to select the appropriateputs and outputs
for data-driven reduced-order model development in the fnaework of LSTM neural
network for reduced-order estimator design. A sensitivithased approach was used in
the reduced state and input vector selection. The LSTM neutaetwork was used to
develop the reduced-order model and the EKF was used to deygekhe reduced-order
estimator. The application to a chemical process demonsteal the applicability and
e ectiveness of the proposed approach in achieving good gt output estimation. In
the simulations, the proposed approach was compared with afssensor design that
did not consider the dynamics of the process, a full-order BK and an LSTM that
only uses the measured variables. It was found that the proped approach gives the
best target output estimation performance whosex,, is about 30% smaller than
Scheme 4 which uses only measured variables in the trainingtbe LSTM, and is
more than 70% smaller than the full-order state estimator ahthe soft sensor that

only uses the static relation between the measured variabland the target output.
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Chapter 4

Adaptive model reduction and soll
moisture estimation for
agro-hydrological systems

This chapter presents a model reduction approach for statestemation of agro-
hydrological systems. Speci cally, we consider estimatioof soil water content of
agro-hydrological systems. Accurate soil moisture inforrtian is crucial for devel-
oping a precise irrigation control strategy to enhance wataise e ciency. However,
addressing the challenges associated with state estimatibecomes necessary when
dealing with large-scale elds. The major challenge in samoisture estimation lies in
the high dimensionality of the spatially discretized agrdwdrological models. We pro-
pose an error-triggered reduced state estimation approatd address this challenge.
The proposed approach introduces a model reduction methodat uses trajectory-
based unsupervised machine learning techniques. Due toigéions in soil dynamics,
model mismatch is inevitable over time. Therefore, an errdrigger criterion is chosen
to adaptively update the reduced model such that the prediain error between the
reduced model and the original model over a prediction hodm is maintained below
a predetermined threshold. An adaptive extended Kalman Ite (EKF) is designed

accordingly. The performance of the proposed algorithms é&valuated rst using a
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Figure 4.1: A diagram of an agro-hydrological system

small simulated eld. Then, the proposed approach is also pjed to a large-scale

simulated agricultural eld to evaluate its applicability.

4.1 Preliminaries

4.1.1 Description of agricultural systems

An agricultural eld represents the complex dynamics involing soil, crops, the at-
mosphere, and water. A diagram of the agricultural system shown in Figure 4.1.
The water inputs into the system encompass external irrigain to the eld and rain
and other precipitation, while the main outputs include natiral evaporation, tran-
spiration, and groundwater drainage. The process of watar itration into the soil,

driven by both capillary and gravitational forces, is mathenatically modeled by the
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Richards equation, which was initially developed in [97] d®llows:

%mt = c(h)%:l: r (K(h)r (h+ z))+ S(h;2) 4.2)
where h [m] is the pressure head as the length of the water column, [m®m 3] is
the volumetric soil moisture content which is the volume of ater to the unit volume
of soil, c(h) [m 1] is the soil water capillary capacity,K (h) [ms 1] is the unsaturated
hydraulic soil water conductivity which shows how readily ater can ow through
soil, z [m] is the axial coordinate, andS(h; z) [m®m 3s 1] is the sink term corresponds
to the removal or decrease of water from the system. The equat betweenK (h)
and h is provided as below [98]:

( 1
m\ym1i2.
K(h) = ESQS[]- (1 (Qs ) ] ; gs < i:_-

where K [ms 1] is the saturated hydraulic conductivity, and Qs can be expressed

(4.2)

asQs=1+( h )", m;; ,andn are the soil shape factors which are hydraulic
soil properties and vary with soil type. Thec(h) is represented in following equation
[99]:

(s rRINE@ ENC h)"*A+( h)") @ &M h<o

h) =

(4.3)

where s [m®m 3], g [m®m 3], and Sg [m 1] correspond to the saturated soil mois-
ture content, the residual soil moisture content, and the sxi ¢ storage coe cient of
the porous medium when subjected to positive pressure. Theilshydraulic function
m IS de ned as:
n= r*(s RL+( )Y (4.4)
The S(h; z) is the rate of root water uptake by plants. The optimum waterextraction
by the roots of the plants is considered and evaluated as desd below [100]:

ETP,

Smax(h; Z) = L
z

(4.5)
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where ETP, [ms '] denotes the rates of potential evaporation and., [m] is the
length of the roots in the soil. The rate of the potential evapration ET P}, is found
by:

ETP, = K.ET (4.6)
whereK . [-] is the crop coe cient and ET [ms 1] is the reference evaporation rate.
ET can be evaluated using the Penmon-Moneith equation can baifa in [100]. K
[-] is an ambient temperature dependant variable. Additionansights and supporting

equations can be found in [55].

4.1.2 Problem formulation and state-space model

We consider agricultural elds equipped with a center-pivbirrigation, as depicted
in Figure 4.1. This center-pivot rotates in a circular patten. To capture the motion
of the center-pivot irrigation system, the Richards equatin in (4.1) is reformulated

in 3D cylindrical form, as detailed in [57] as follows:

" # " ¥ " I#
@h_ 1@ @h 1@ K(hy@h @ @h _
Mo rar Martre 1 o "M gl *SMh2 @7

The Neumann boundary condition characterizes the surface tnadary as follows:

@h IO
@z K(h)

Z =1Zs

wherer, , and z represent the spacial variables for radial, azimuthal, andxial
directions, respectivelyu(t) is the input that includes irrigation and precipitation at
the surface of the eld, andzs is the soil depth. The bottom boundary condition of
the soil is speci ed as free discharge. The Richards equati@.7), which models agro-
hydrological processes in three dimensions, is a nonlinédDE that poses challenges
for analytical solutions. For numerical analysis, we adopthe explicit centralized

nite di erence method to discretize Equation (4.7) to tacke this challenge. The

73



Figure 4.2: Discretization of the agricultural eld where each dot denotes the disretized
node and red dots indicate the point sensors

spatial discretization of the model establishes a continus-time state-space model

as follows:

x(t) = f(x(t);u(t)) + w(t) (4.8a)
y(t) = Cx(t) + v(t) (4.8b)

where x(t) 2 RNx denotes the soil pressure head value (state vector) of sikig
and u 2 RNv represents the irrigation at the surface (input vector) wih dimension
N,. y(t) 2 RV denotes the measurements at each sensor node in pressured hea
(observation vector),w(t) 2 RNx is the additive process disturbanceC is a matrix
indicating the relation betweenx andy, and v(t) 2 R\y denotes the noise associated
with measurements.

A discretized diagram of the agricultural eld is provided n Figure 4.2. The
model is discretized into totalN, nodes withN,, N , and N, nodes in the radial,
axial, and azimuthal directions, respectively. Noted that he total number of soil
moisture nodes (states) is the discretized nodeés,. Therefore, the dimension of
the irrigation input u is the same as the radiaN, nodes shown in the diagram 4.2.

That means, at any moment, the central pivot can irrigate radl nodesN, for a
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Figure 4.3: A schematic of a point sensor

particular axial direction, leaving the rest of the eld unirrigated. However, the eld
experiences rainfall that is evenly distributed across itsntirety.

In this work, we assume that point sensors (as shown in Figure3} are deployed
over the eld. The principle and details of the point measumments in soil are pro-
vided in [66]. These sensors measure the soil pressure heagbaci c locations and
depths within the eld, such as the surface, the rooting dejbt, or at various depths
within the soil. During each sampling period, the sensors gerd the soil pressure
head measurementy at a total of N, locations and the equation (4.8b) shows the
relation betweenx and y. This system possesses inherent stability, rendering it
easily detectable. Moreover, it is presumed thall, Ny, yet it still enables the
observability of the complete set of states.

Since this system is inherently high-dimensional, the statspace model as shown
in (4.8), can be challenging to implement in any state estinti@n framework. To
address this issue, one possible approach is to use modelotidn. A reduced-order

model that approximates the Richards equation can be obta#ad and used in state
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Figure 4.4: Proposed error-triggered adaptive model reduction and state estimation
scheme

estimation. Over a growing season, soil properties may clggover time especially
when the soil is too dry or too wet. Therefore, it is crucial taadapt the reduced
model to di erent conditions.

Our goal is to obtain information on soil moisture in terms opressure hea at
each discrete node throughout the eld by utilizing the measgementy. Itis assumed
that y is sampled with a sampling time ; that is, y(tx) with t, =k, k=0;1;:::,
are available. This is a standard state estimation problemxeept that the size ofx
can be very large. The large dimensionality typically lead® two challenges: (a)
computational complexity of the model and the associated t@sation schemes and
(b) low degree of observability of soil moisture pressure && (x) when the number of
measured outputs ¥) is small. To address this challenge, an error-triggered aptive
model reduction is designed by using a clustering techniquespired by the work
[101]. Finally, we propose a state estimator for soil moisterbased on this adaptive

model reduction approach.
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4.2 Proposed model reduction and state estima-
tion

In this section, we present the error-triggered adaptive nal reduction method and
the associated extended Kalman Iter design. Figure 4.4 ilgirates the essential steps
involved in the proposed approach. The state-space modelRithards equation (4.8)
serves as the original model, and an error metrig is evaluated at each sampling
time ty to observe the prediction accuracy of the reduced model agsi the original
model. In Figure 4.4,X, and X, are the open loop predictions from the original
model and reduced model respectively aftldenotes the estimated state using model
reduction. The error metric e will be introduced later in equation (4.18). If the
current reduced-order model begins to fail in describing ¢hsoil water dynamics,
for instance, due to variations in the soil moisture dynams; e starts to increase,
indicating a deviation from the original model. Whene_ exceeds a pre-determined
threshold the, the scheduled irrigation input and the weather forecast arused to
collect the state trajectories based on simulating the oriigal model, and a new
reduced model is created. Soil moisture estimation of theter eld is performed
based on the reduced model and eld measurements. The maimgmonents of the

proposed approach are explained in the remainder of this sea.

4.2.1 Adaptive model reduction

The implementation involves identifying a reduced model @sl for soil moisture es-
timation. At each sampling time, the metrice. is computed, and if it surpasses the
thresholdthe, the reduced model is re-identi ed. For model identi catio initially or

upon e surpassing the threshold, identical steps are followed, tined as follows:
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Step 1. State trajectory generation

At a sampling time ty, when the identi cation of the reduced-order model is triggred,
the soil moisture head or state trajectory of the original mael (4.7) is generated.
Speci cally, the currently estimated state atty is used as the initial condition, and
the equation (4.8) is simulated with prescribed irrigatioractions for total sampling
intervals of N¢,. The trajectory of the state over theN;, steps is denoted aX , as

follows:
Xom = [X(tk) X(tker) 20 X(tweny )17

where X , 2 RN Nx js the state snapshot matrix for them™ model reduction
assuming that there werem 1 model reductions performed beforg. The reduced
models that are generated during this process are expecten gerform well for at

least N¢, sampling time intervals.

Step 2: Clustering and reduced model creation

The new reduced-order model is created using the snapshottma X ,,. Each column

The purpose of the clustering is to merge similar trajectoes into one cluster. In-
stead of the state elemenk;, a cluster will be considered as a state element of the
reduced model. In this study, we used an agglomerative hiechical clustering [102]
technique to nd the clusters for the trajectories. Initialy, individual state elements
are treated as clusters, and subsequently, the distancestween these clusters are
computed. Then, the clusters are merged such that the averaglistance is smaller
than a thresholdthc. The threshold of the distance between the clusters plays a
crucial role as a tunable factor in determining the performece of the reduced-order
model. In assessing accuracy, the state elements' simitaris quanti ed commonly

by the Euclidean distance between trajectories or the statelements. The average
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distance between two clusters is calculated as follows:
1 Xa Xbo

D(a;b = d(Xam’; Xbn)

allb m=1 n=1
where a and b denote the two distinct clusters,n,, ny are the sizes of the clusters
of a and b respectively, Xx,m and Xp, denote data points within clustersa and b
respectively.

Consider that after clustering, there are, clusters. DenoteC(™ = fCim); Cém);
:11;C!™g as the collection of clusters for them™ model reduction. The clusters
adhere to the important criteria: i) C{™\ Cj(m) = andi) c™[pc[ o cm=
Xm-

The creation of them™ reduced system relies on the utilization of the Petrov-
Galerkin projection methodology, as elaborated in the worky Antoulas (2005) [1].
Within this Petrov-Galerkin projection approach, the fundanental component is the
projection matrix, denoted asU(™ 2 RNx " This matrix is systematically crafted
based on the structure of the clustersG(™)). The individual elements ofU(™ are
mathematically represented as follows:
wi; if point i 2 (™

b 0, else

wherew; is the weight of each state elemeritin a cluster C; during the m™ model

reduction and can be found in the following equation:

W =1 iji; = Ef

where denotes the inclusion of the state element in the cluster cdre de ned as
=[1;:::;1]" 2 RNx, jj iji denotes theL, norm of ;, E; = e;, 2 RNx Nei (N
denied as the size of clustarC;) is a matrix with columns of g 's and eache is the

j -th column of the identity matrix RNx Nx,
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Figure 4.5: A representation of m" model reduction

The m™ reduced model of (4.8) is illustrated in Figure 4.5 and the reged state
space expressed as follows:

M) = £ M Mt); u(t); w(t)) (4.9)

wheref (™ = UMT{ and (M (t) = UMTx(t). It is worth noting that the predicted
state from (4.8),x can be found by approximation of the original state throughtis
equation x(t) = UM (M After carrying out the numerical discretization, we found

a discrete-time reduced model is shown below:

M (ter) = T80 ™ (te); u(tic); w(t)) (4.10)

where f,4 is the discrete-time function of the reduced-order model.t'd essential
to highlight that during the transition from one reduced moetl to another, the di-
mension of the new reduced-order model may not align with thdimension of the

previous one. To facilitate a seamless transition betweehdse reduced models, a
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Figure 4.6: Information transformation from one reduced model to another

two-step process is employed. Initially, the state infornteon of the previous reduced
model is mapped back to the full state space. Subsequentifet entire state space
is projected onto the new reduced model using the recently mputed projection

matrix. Figure 4.6 illustrates how information is transfered between models.

4.2.2 Adaptive extended Kalman lter

We propose an adaptive reduced state estimator in the framevk of an EKF. EKF is
a commonly utilized method for state estimation in nonlinelasystems, characterized
by its process of consecutively linearizing the nonlineaysem at each step. The
advantage of using EKF is its computational e ciency [25].

As explained earlier, when there is a model update or re-idewttion, the di-
mension of the new reduced-order model may not remain the samTherefore, the
standard EKF cannot be applied. To address this issue, we ddup an adaptive EKF

based on the adaptive model. Let us de ne the discrete reduterder model (4.10)
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with the corresponding output equation as follows:

™ (tea) = 17 ™ (00; u(ti); witi)

(4.11)
y(t) = C™ M(t) + v(ty)

wherev(ty) denotes the measurement noise at timig, ci™ = cum,

Adaptive EKF design

There are two steps in EKF: the prediction and the update of thestates. At the
sampling time ty, in the prediction step, the adaptive EKF rst predicts ™ at ty

based on the state estimate at, ; and the reduced model as follows:

N (g 1) = fr(J”)("m)(tk 1), u(ty 1), W(tk 1)) (4.12)

where ’\(m)(tkjk 1) represents the reduced state prediction at time instant, using
an initial guess (M(t,) or the previously estimated reduced staté™(t, ;). The
evolution of the variance of the reduced states is also pragsted based on the reduced
model:

Pt 1) = A" (tc DPI™ (e AT (e 1) + Q™ (4.13)

whereP,™ and Qﬁm) denote covariance matrices for the state and process didtance

m)
% is the state-transition
M) (b 1)
matrix obtained by linearizing the nonlinear reduced modeht the estimated state

in reduced form, respectively, and\fjm)(tk 1) =

at ty ;. Note that if P and Q are the covariance matrices of the state and process
disturbance for the original systempP™ = UMTp UM and Q™ = UMTQUm,

At the sampling instant t,, once the measuremeng(ty) is available, it is used to
update the predictions generated in the prediction step. Ithe update step of EKF,
the current reduced state estimateé\(m)(tk) is calculated based on the predicted value

M)ty 1) as follows:
M) = ™t 1)+ KM )(y(t)  C™ ™tk 1)) (4.14)
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where (M (t,) is the estimated reduced state at timey, and K r(m)(tk) is the correction
gain which minimizes aposteriori error covariance using the observation innovation

y(tk) Cr(m)'\(m)(tkjk 1). The correction gain can be determined as below:
KM (t) = PM™(tige 1)CMT(R + CMPM (1 1)C™T) * (4.15)

Here, R represents the covariance matrix for observation noise. Adidnally, the
process involves updating the covariance matrix of the sysh state in the following
equation:

PM(tk) = (1r,  KM(t)CM)PM™ (g 1) (4.16)

where P{™(t,) denotes theposteriori error covariance matrix related to the state
estimation error at time t, and I, is denoted an identity matrix speci ¢ to the mt™
reduced model with size,,. It is noted that P (tp), Q, and R are tuning parameters

for the EKF. The state estimate at the timet, is # and evaluated from:
R(t) = UMAM (1) (4.17)
Information exchange during model transition

When there is a model update, the information in the EKF estim@r of the previous
model should be smoothly transferred to the EKF built on the ne reduced model.
The information transfer is performed by mapping all the irdrmation back to the
full state system and then projecting it to the new reduced nael. Consider that we
need to transfer the information of the EKF based on then™ reduced model to the

EKF built on the (m + 1) model. The following steps are performed:

" Mapping the estimated reduced state and state covariance tbe full order
state and covariance® = UMM p = ympMymmT

" Projecting the full order information to the new reduced moel using the new
projection matrix: Xm+D = ymDTR p M — ym+)Tp y(m+1)
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4.2.3 Design of the error metric e and implementation al-
gorithm

The reduced model update or re-identi cation is triggered ¥ an error metric e_,
which is evaluated every sampling time. Speci cally, aty, the estimated stateR(ty)
is considered as the initial condition. The trajectory of tle system state over the
next N¢, steps is predicted both based on the original model of (4.8hé@the current
reduced model. It is assumed that the irrigation amounts ofie next N;, steps are
known, which is typically the case in agricultural irrigaton. After generating the
predictions, the deviation between the trajectory generad by the reduced model
and the trajectory of the original model is calculated by peentage mean absolute
error (% MAE) and used as the error metrice.. The design ofe_ is inspired by the
work of [101] and is shown below:

100X"¢ X

e (tk) = (i) Xitee )] (4.18)

X j=1 i=1

wherex; and x; denote the predictions of" state element using the reduced model
and the original model respectively. A prediction horizoiNs, is considered. A model
reduction is triggered ife (tx) exceeds the prede ned thresholth.. A new reduced

model is generated as discussed earlier.

In order to optimize computational resources and minimizehe need for frequent
model generation, the Algorithm 2 employs the metrie. and g_ as the criteria for
model adjustments. The current value o _(k) is derived from the moving average
calculated over the preceding ten consecutive di erences@® whene_ is on the rise.
This is used to Iter out model disturbances that could a ectmodel change decisions.
To generate a snapshot matrix for cluster formation, the atgithm applies an ini-
tial soil content, irrigation uj, , rain, evapotranspirationET, crop coe cient (K,) to

Richards equation (4.8). The estimation process takes pkam a reduced space, with
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the necessary variables transformed using the projectionatnix. By utilizing the
EKF design, from (4.12) to (4.17), the algorithm computes ésates for soil mois-
ture. By incorporating these strategies, the algorithm adbves e cient computation,
reduces model updates, and provides accurate estimatiorfssoil moisture.

The proposed reduced-order state estimation is summarizedthe following Al-
gorithm (2):

Algorithm 2 Error-triggered reduced EKF algorithm

1: Initialization  Initial guessxy, P(0) > 0, Q;R > 0, the ,thc, m =0, and N,
2. for k=0:::ndo

3 if g(k)>the”™ ming (k) 005 k== then

4: m m+1l

5 Apply %« and input to generateX ,, and obtain U(™

6: Convert Wk = umg., PM(k) = UMTPKUM™ and QM =
U(m)TQu(m)

7. end if

8:  Obtain measurementsy(k)

9: Calculate current reduced estimate$™ (kjk)
10:  Convert to actual state K, = U™ (M (kjk)
11: Compute e_(k) and e_(k)

12: end for

4.3 Simulation results for a small agricultural eld

In this section, we demonstrate the e ectiveness of the proged adaptive model
reduction and estimation in the state estimation of a small @mo farm. The eld is
located to the east of Lethbridge, Alberta, Canada, with geagphical coordinates
latitude 49:68 N and longitude 11273 W. The eld consists of a central pivot
irrigation system, and the crop being grown is sugar beet ibsigrowing stage.

The soil depth considered in this study is 0.4 m, which is disgtized evenly into

12 nodes. The eld has a radius of 50 m, which is discretizeddially into 20 nodes
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Figure 4.7. Demo farm in Lethbridge

and azimuthally into 40 nodes. The surface boundary conditn is characterized
by the Neumann boundary condition, which speci es the ow of ater out of the
system, and the bottom boundary condition is speci ed as feedrainage. In this
work, we assume the use of point sensors to measure the sodssure head values
at 90 selected nodes of the eld at each sampling time, includ) surface nodes
and nodes at various depths. The total number of nodes in theeld is 9600. The
discretized diagram of the research farm and the farm itsedfe shown in Figure 4.2
and Figure 4.7 respectively.

The soil parameters in the eld are known to vary across the le, as shown in
Figure 4.8. In order to simulate the system, information abduevapotranspiration
(ET), crop coe cient (K,), irrigation, and rain are used, as shown in Figure 4.9.
The initial actual soil moisture X, in pressure head is simulated to be a distinct value
for each quadrant of the eld, namely, 3.5, 4.0, 27,and 1.5 m.

We consider three di erent estimation schemes to illustra the proposed ap-
proach. Scheme | involves using the proposed adaptive madgland EKF. In Scheme
Il, a reduced EKF is designed based on a single non-adaptiveduced model. This

approach assumes that all information, such as irrigatiorgvapotranspiration (ET),
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Figure 4.8: Di erent soil parameters used in the simulation

Figure 4.9: Input (irrigation, ET and rain) and K to the system
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Figure 4.10: Actual state trajectories and state prediction of schemes | and Il

Figure 4.11: The proposed error-triggered adaptive EKF Scheme |

88



Figure 4.12. Actual state trajectories and the state estimation of all schemes

Figure 4.13. State estimation performance of the schemes
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and rain, is available for the entire growing season and iseagto generate trajectories
for the non-adaptive model creation. Finally, Scheme Il imvves a full-order estima-
tor design based on a regular EKF, in which the original modes iused. These three
schemes will be compared to evaluate the proposed adaptivi€fEs performance and
determine its e ectiveness in accurately estimating the eme eld's soil moisture.

The simulation runs for a total of 52 days, and the initial guss for the soil
moisture X{0) is setto 2.5, 3.0, 1.9, and 2.0 m for the four quadrants, which
di er from the actual values of soil moisturex(0). The units for the soil pressure head
values are measured in meters (m). The covariance matric€sand R are de ned
as identity matrices with diagonal elements 0Q = 1:0 Inx and R = 0:08 |y,
respectively. The initial state covariance matrixP has entries of 5 10 ° for all
o -diagonal elements and a value of :D for all diagonal elements. The measurement
noise is considered normally distributed with a zero mean dra standard deviation
of 0:1. The sampling time is = 30 min.

Note that the initial reduced model is generated based on thg@) as the initial
state and not the actual initial state x(0). The x(0) is only utilized to generate the
actual trajectories of the system. In Figure 4.10, the trajeories of actual states
and predicted states of Schemes | and Il are shown for a fewestéd states. The
constant thresholdsth¢ for cluster generation are @2 and Q5 in creating the new
reduced model for Scheme | and Scheme II, respectively. Additally, the non-
adaptive reduced model used in Scheme Il is found to be acdera&nough at the
order of 4708.

The proposed estimation approach, scheme |, employs a thnekl th, = 0:3 for
the error-triggered criterion with N¢, = 48. As depicted in Figure 4.11, the bottom
plot displays the instances where error-triggered model -réenti cation occurred,
with varying model orders. The re-identi cation is promptel by the error indicator

e_ exceedingth.. At the start and end of the simulation, frequent model changs
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were observed, with the highest model order of 2005 corresdmng to high values of
K. and ET and a rapid decrease in the soil moisture.

In Figure 4.12, the state estimates for all schemes are showm ltave excellent
agreement with the system's actual trajectories. Figure 431further highlights the
percentage of the mean average error (% MAE) between the actiend EKF es-
timated states for all schemes. Note that the proposed scherheonverge much
faster compared with the other two schemes may be due to thecheased degree of
observability of the estimation problem. In the proposed $eme, the number of mea-
surements is kept the same (90) but the number of states thatrd to be estimated
is signi cantly less. This helps the estimation scheme to ogerge faster. But at the
same time, in the proposed approach, since each reduced magses fewer nodes
and the model mismatch error accumulates, the accuracy aftthe convergence is
slightly poorer as can be seen from Figure 4.13. But with the iggered model
adaptation, scheme | can maintain the estimation error witim the pre-determined
threshold through model adaptation. This can also be seen figure 4.13. The
tuning parameters for re-identi cation of the reduced modse include the xed time
N¢,, threshold for cluster generatiorthc, and error thresholdth.. These also provide
more exibility in tuning the estimation performance of the proposed approach.

The proposed approach is also much more computationally eient. The error-
triggered adaptive EKF scheme I, which includes adaptive w$tering, model reduc-
tion, and recursive calculation, takes approximately 3 sends to evaluate at each
sampling time. Whereas, the non-adaptive reduced EKF schenheutilizes a high
number of reduced states, and takes longer for estimationroand 9 seconds per
sampling time. It is worth noting that the assumption of havhg all information
beforehand in the non-adaptive reduced EKF is not realisti@and subsequently, the
system is prone to process and weather disturbances. Impleming the classical

EKF based on the actual full-scale nonlinear model schemd With 9600 discretiza-
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tion nodes is computationally challenging, and it takes appximately 35 seconds for
each step. With an increase in the number of system states, tegaluation time for
calculating the large state transition matrix Ay also experiences a substantial rise,
rendering the estimation process computationally intraetble, as indicated in [51].
The small eld is considered to provide a comparison with thdull estimator
which is intractable for a large system. The conference pap@d03] has succeeded in
establishing that the reduced approach converges much fasttcompared to the full
estimator, primarily due to the enhanced degree of obsenility in the estimation

problem.

4.4  Simulation results for a large agricultural eld

In this section, we present a demonstration of the e cacy oflie proposed adaptive
model reduction and state estimation in the soil moisture @mation of a large-scale

agricultural farm.

4.4.1 Simulation settings

The investigated eld is a circular eld measuring 264 hectares, situated at the
Alberta Irrigation Technology Center in Lethbridge, southen Alberta at latitude
4972 N and longitude 11280 W. The research farm, highlighted in green in Figure
4.14, serves as the study area. Within this expansive eld, ave-span center-pivot
irrigation system is deployed, covering a lateral distancef about 290 meters. Fur-
thermore, the eld is facilitated with a commercially viable irrigation system with
variable rates. The soil hydraulic parameters used in thistigdy are provided in
Figure 4.15.

In this study, the soil depth is set at 0.4 m and is evenly divied into 12 discrete

nodes. The eld has a radius of 290 m, which is discretized ratly into 30 nodes
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Figure 4.14: Investigated area in Lethbridge, Alberta, Canada.

and azimuthally into 68 nodes. In this work, we assume the usé point sensors to
provide measurements of the soil pressure head values at 8l@sted nodes of the farm
at each sampling time, including surface nodes and nodes ariwus depths. Readers
are encouraged to explore the optimal placement of soil sers for accurate state
estimation [50] and sensor selection for continuous monaichl antibodies production
[104]. The total number of discretized nodes (states) in theesearch eld is 20400.
To simulate the system, information aboutET, K, irrigation, and rain is used, as
shown in Figure 4.16. The initial actual soil moisturex, in pressure head (m) is
simulated to be a distinct value for each quadrant of the eldnamely, 135, 140,

127, and 115 m.

The simulation runs for a total of 30 days with a sampling time = 30 min,

and the initial soil moisture x(0) is unknown and taken as an initial guess as 100,

120, 9:0,and 14:0 m for the four quadrants, which di er from the actual values
of soil moisturex(0). The units for the soil pressure head values are measurgd

meters (m). The covariance matriceR and Q are de ned as diagonal matrices with
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Figure 4.15: Dierent soil parameters ( , Kg, n, , and ) used for the study

Figure 4.16: Input (irrigation, ET, Kg, rain) of the system: real-time irrigation and
rain information (top) and scheduling and forecast error irrigation and rain disturbance

(bottom)
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Figure 4.17: Actual state trajectories and state prediction of schemes I, Il, and Il for
large eld

diagonal elements ofR = 0:08 Iy, and Q = 1:0 Iy, respectively. Iy, and
In, are the identity matrices of dimensionN, and N, respectively. The initial state
covariance matrixP has entries of 5 10 ° for all o -diagonal elements and a value of
1:0 for all diagonal elements. The normal distribution of the masurement noise and
process disturbance are considered with a mean of zero. Theispective standard
deviations are 0 and 1 10 ”.

We explore three estimation schemes to demonstrate the ete@ness of the pro-
posed approach. Scheme I involves using the proposed adeptnodeling and EKF.
In Scheme I, a reduced EKF is designed based on a single naajative reduced
model for the total simulation time. To reduce input disturtance in Scheme II, a re-
duced EKF is designed based on a time-triggered adaptive teméd model in Scheme
[1l. We assume that all the information, such as irrigationET, K, and rain, is avail-
able for the total operation duration accurately. It's impatant to highlight that the

traditional EKF is not included in this study due to its computational infeasibility
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Figure 4.18: Actual state trajectories and the state estimation of schemes |, II, andlll
for large eld

................................................
..........................................................

(@) Nj, =250 (b) N, =350

Figure 4.19: The proposed error-triggered adaptive EKF Scheme I. change of % MAE for
the reduced model (top) and model re-identi cation instances with model orders (bottom)
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(a) Initial soil water map on day one

(b) Final soil water map on the last day

Figure 4.20: Soil moisture pressure head distribution for actual, estimated, and abolute
error between actual and estimated states for surface (From left to righ

limitation for the large-scale system, as discussed in [103

Note that the initial reduced model is created by applying thenitial guess x(0)
as the initial state and not the actual initial state x(0) which is unknown for all
the schemes. The purpose of the estimator is to estimate theitial soil moisture
of the agricultural system. Considering(0) as the actual state att, = 0, actual
trajectories are generated to compare the reduced modelgrformance for the entire
growing season. In Figure 4.17, the trajectories of actualates and predicted states
of all the schemes are shown for a few selected states. Sirtylas shown in Figure
4.18, the actual and estimated state trajectories of all thechemes are shown for the

same states.

4.4.2 Estimation accuracy

In Figure 4.19, Scheme I, the proposed approach, employs smethresholds for
the error-triggered criterion: the = 40 for the error threshold andthc = 1:0 for
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(a) Initial soil water map on day one

(b) Final soil water map on the last day

Figure 4.21: Soil moisture pressure head distribution at 30 cm for actual, estimatedand
absolute estimation error between actual and estimated states (From l¢fto right)

(a) Nfd =250 (b) Nfd =350

Figure 4.22: The time-triggered adaptive EKF Scheme IlI: change of % MAE for the
reduced model (top) and model re-identi cation instances with model orders (bottom)
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Figure 4.23: State estimation performance (% MAE) of all the schemes for large eld

the cluster threshold. Two di erent horizon lengths ofN¢, = 250 and N¢, = 350
are utilized in this scheme. The bottom plots in Figure 4.19 pwide insights into
instances of reduced model re-identi cation and the corrpsnding reduced model
dimensions for the error-triggered approach. Simultanesly, the top plots show
the variation of % MAE for the reduced model. The re-identi cdion process is
initiated when the error indicator e surpasses the thresholdhe. Initially, at the
start of the season, the reduced-order model indicates a lomodel order, indicating
a homogeneous eld condition. However, as time progressesiahe system receives
input, the model order gradually increases, suggesting aifhin eld dynamics.
Figure 4.19a showcases an additional model identi cation @uo considerations of a
short horizon. Notably, the highest model order is observedifthe longer horizon at
2778, while the short horizon exhibits a model order of 218Bigure 4.20 presents the
surface soil pressure head distribution of the actual, estated, and absolute error
between the actual and estimated states for both the®1land 30" days, considering
the longer horizon. From Figure 4.20(a) absolute error plott&ach node, it is evident

that the absolute estimation error on the rst day is signi cantly reduced to the last
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day, as shown in Figure 4.20(b). Similarly, in Figure 4.21, theoil moisture maps at
a depth of 03 m are presented, and the absolute error between actual arstimated
states is decreased over the estimation period except foreaflocations.

In the centralized model, Scheme Il, the cluster generatiaihreshold th¢ is set
to 5:0, resulting in a model order of 1974 which can capture the dgmics for the
total simulation time. As shown in Figure 4.23 the solid greerire, the estimation
barely converges, with a long convergence delay leading tgrs cant estimation er-
rors. Furthermore, the centralized model is highly vulnerdb to forecast and input
disturbances, as the assumption that all information is pé&ectly known is unrealistic
in real-world scenarios. Although it is assumed that infornteon is exactly known,
in real scenarios, this can be way deviated from the actualrérast and input infor-
mation. Therefore, using input and rain with disturbance sbwn in the Figure 4.16
bottom plot, it is observed that the estimation diverges, povided as in the green
dotted line in the Figure 4.23. Thus, the adaptation of systemdynamics to the
reduced model is necessary to address the problem. To impdhis, we propose a
time-triggered adaptive model reduction that can be used f@omparison.

Scheme IlI, which demonstrates time-triggered model rediimn, is illustrated in
Figure 4.22 for two distinct values ofN¢,. To mitigate weather forecast and irriga-
tion decision uncertainties, we explored the time-trigged algorithm with structural
similarities to the centralized method. In this design, theyenerated trajectories are
updated at shorter xed intervals, di ering from the centralized method, which takes
into account the entire operational dataset. The performare of the time-triggered
estimator is depicted in red in Figure 4.23. FoN;, = 250 and N;, = 350, the highest
model orders are 2528 and 2868, respectively. When comparthg two triggered
EKF designs, error-triggered and time-triggered, the estiation error remains similar
for a speci c horizon N¢, considered; however, the time-triggered model reduction

exhibits a higher number of model changes. To investigatedlplotted results, Figure
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4.23 displays how Scheme | witiN¢, = 250 achieves a reduction in estimation error
around the 229 day, showcasing the bene ts of model reduction.

In Figure 4.18, the actual trajectories and estimated trajeores for all schemes
are presented to have excellent agreement with the systemastual trajectories. Fig-
ure 4.23 further highlights the percentage of MAE between thactual and EKF
estimated states for all schemes. Note that the proposed tggred methods con-
verge much faster compared with the centralized model due tbe increased degree
of observability of the estimation problem. In the proposedriggered schemes, the
number of measurements is kept the same (90) but the number sthtes that need
to be estimated is signi cantly less. This helps the estim&in scheme to converge
faster. However, in the proposed approach, since each rediiceodel uses fewer
nodes and the model mismatch error accumulates, the accuyaafter the conver-
gence is slightly poorer as can be seen from Figure 4.23. Withethdoption of the
time-triggered model scheme, Scheme | e ectively keeps thstimation error within
the prede ned threshold, ensuring reliable performance. he tuning parameters for
re-identi cation of the reduced models include the xed tine Ns_, threshold for clus-
ter generationthc, and error thresholdthe. These also provide more exibility in

tuning the performance of the adaptive estimator in the propsed approach.

4.4.3 Computation times

The proposed approach in this study o ers signi cant improements in computa-
tional e ciency. All the computational simulations were performed on a computer
loaded with Intel(R) Core(TM) i7 8700 CPU operating at GHz and 240 GB
RAM. The proposed error-triggered adaptive EKF, scheme |, wbl incorporates
adaptive clustering, model reduction, and recursive callation, requires approxi-
mately 5 seconds to evaluate at each sampling time in Tablel4.0n the other hand,

the time-triggered EKF scheme Il, which experiences fregouiemodel changes, takes
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Scheme Simulation time (Sec)
Scheme IN¢, = 250 5.01
Scheme IN¢, = 350 4.93

Scheme Il 2.20
Scheme I1IN;¢, = 250 5.52
Scheme I1IN¢, = 350 5.48

Table 4.1: Average computational speed per iteration comparison of di erent schemes

a slightly longer estimation time of around % seconds per sampling time considering
the total simulation time. It is important to note that the as sumption of having all
information beforehand in the non-adaptive reduced EKF isnrealistic, leaving the
system vulnerable to process and weather disturbances. Whtre eld dynamics
exhibit variations, the centralized model ends up with a hig reduced-order model.
Consequently, as the number of reduced system states in@ges, the evaluation time
for calculating the large state transition matrix, denotedas A4, also increases expo-
nentially. While Scheme Il may require slightly less time, usg a centralized model

is not practical due to its limitations.

4.5 Summary

In this chapter, we addressed the problem of state estimatioof a large-scale agro-
hydrological system equipped with a central pivot. We empjed a nite di erence

method to discretize the Richards equation, which descrisghe dynamics of the
agro-hydrological system within a cylindrical coordinatdramework. We designed
a reduced state estimator using an error-triggered reduoti method approach. To

validate the e ectiveness of our approach, we implementedhé¢ proposed adaptive
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state estimation in a small demo farm and a large agricultutaeld. The reduced
state estimator demonstrated a satisfactory performanceln particular, accurate
estimates of the soil moisture were obtained and improvedroputational speed was

achieved as compared to the centralized method.
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Chapter 5

An application of adaptive model
reduction to soil moisture and its
hydraulic parameter estimation via
remote sensing

In this chapter, the work presents a real case study of the apiive model reduction
in data assimilation of an agro-hydrological system. Whilehe preceding chapter
showcased the e ectiveness of the triggered adaptive modelduction approach in
state estimation, this chapter delves into its applicatiorwith rotating measurements,
exploring the simultaneous estimation of both state and pameters. An informa-
tion fusion system for rotating microwave measurements wasnsidered in [72]. In
[72], the cylindrical coordinate version of the Richards eation, the EKF, and mea-
surements from microwave remote sensors were used to estienabil moisture and
hydraulic parameters of elds equipped with center-pivots The current study aims
to improve the computational e ciency and accuracy of the sib moisture estimates
by implementing a reduced-order approach. In Chapter 4, wergposed an error-
triggered model reduction for state estimation which is deged speci cally for point

sensors that are continuously available [105]. However, ini$ chapter, we discuss the
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challenges associated with the discontinuous data acqtisn and the bene ts of the
proposed model reduction. The intermittent nature of rema sensors necessitates
adaptive model reduction, triggered upon measurement alability. Simultaneously,
we only develop new reduced models when the prediction penmf@ance falls short
of the existing reduced model, minimizing the need for fregat model adjustments.
The results demonstrate the e ectiveness of the proposed o reduction method
in improving the computational e ciency and accuracy of sdi moisture estimation

in a real large-scale agricultural eld.

5.1 Model description

As discussed in Chapter 4, the spatial discretization of thegao-hydrological model

establishes a continuous-time state-space model in theléaing form:

x(t) = £ (x(t); p(t); u(t)) + w(t) (5.1a)
y(t) = C(O)x(t) + v(t) (5.1b)

When the soil moisture measurements are obtained from the migvave radiometers
mounted on the center-pivot, theC matrix in the output equation changes over time.
As the center-pivot irrigates the eld, the microwave radioneter rotates and provides
the measure of the soil moisture content shown in Figure 5.1.e@erally, the radiome-
ters measure the moisture content of areas that have not yetbn irrigated. Thus,
we receive the measurements of di erent locations of the @lwhich are changing
during the rotation cycle of the center-pivot. At any partiaular sampling time, the
measurements are available fal, nodes at maximum according to the location of
the center-pivot. In this work, we also consider estimatingoil hydraulic parameters.
Owing to the heterogeneity of soil texture, each discrete de is assigned its unique

set of parameters. In this study, we consider ve soil hydrdic parameters: Kg, s,
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Figure 5.1. A top view of microwave remote sensors on center-pivots

r, ,and , for each node. We also assume that the same surface soil gmjes

exist at various depths within the saoil.

5.1.1 Problem formulation

Microwave sensors can operate round-the-clock, weathadépendent, ensuring a
continuous stream of real-time data for farmers. While theseemote sensors play
a signi cant role, they have limitations in providing comprehensive and precise soil
moisture information, mainly due to their constrained spaal and temporal coverage
of the eld. The time required for a center-pivot to completeone rotation cycle is
typically two to three days which delays the generation of arsgle water content map.
That's why leveraging an agro-hydrological model becomessential to generate an
accurate soil water map across the entire area.

Data assimilation methods serve as valuable tools for themuous estimation
of soil moisture through the fusion of information, deliveng essential information

for e cient eld management [57, 72, 106]. These studies expre the application of
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microwave remote sensing-based data assimilation methpdpeci cally focusing on
constructing water content maps suitable for closed-looprigation implementation.

In [52], it performs simultaneous state and parameter estmtion of the Richards
equation by identifying and selecting a subset of the mosttesable parameters. The
selected parameters that have the greatest impact on the $ys behavior or model
predictions, along with system states, are augmented fomsilltaneous estimation to
maximize information from observations. Nevertheless, g the high dimensionality
of the system, these methods, while promising, require sudnstial computational

resources and simulation time. Additionally, the augmentabn of discrete states and
parameters leads to a considerably large system that posesmrerical challenges.
Scaling these methods for use in large-scale elds preseatsigni cant challenge,
necessitating further studies to make them more practicalna e cient for broader

agricultural applications.

5.2 Proposed approach

In the previous chapter 4, we introduce error-triggered aghéive model reduction
aiming at enhancing soil moisture estimation accuracy. lItsifocused on the point
sensors which provide the soil water head for the correspang sensor locations and
also at di erent soil depths continuously at each samplingite. Additionally, the
work assumes a priori knowledge of parameter values. Dragithe inspiration, we
expand our investigation to incorporate microwave remoteessing and simultaneous
estimation to further re ne the eld soil moisture estimation.

In Figure 5.2, we depict the essential steps of the data asslation process
within an adaptive reduced model framework, aiming to acque a comprehensive
understanding of the proposed method. Initial soil moist@ and hydraulic parame-
ters are determined by interpolating soil moisture obsertians and prior parameter

knowledge. The availability of measurements, acting as arvent-trigger, guides
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Figure 5.2: The proposed model reduction and simultaneous state and parameter esti
mation

the decision-making process, determining whether to purswpen-loop predictions
employing the Richards equation or opt for simultaneous éastation using a reduced-
order model. Sequentially, the prediction performance ohé existing reduced model
is assessed, and only the reduced-order model exhibitingadequate performance
is replaced with a new model that is evaluated in real-time. Ae newly generated
trajectory is initiated based on the current estimates or prdicted soil moisture infor-
mation. Subsequently, clusters are formed using the hiecdiical clustering method,
separately identifying clusters for both states and paranters. These trajectories are
developed with consideration of anticipated irrigation, ainfall, evapotranspiration
(ET), and crop coe cient (K.) over three days. The reduced model performance
is compared with the Richards equation. Within the gure, | serves as the perfor-
mance trigger metric, while 4 represents the allowable performance threshold, which

will be discussed in more detail later. Utilizing the reducedrder model, we con-
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struct a reduced-order estimator through an EKF algorithmenabling simultaneous
soil moisture and parameter estimation. Parameters choséor estimation are those
associated with nodes where measurements are availableidgrthe sampling period,
as discussed in [52]. To update the unselected parameterstjraated parameters are
interpolated using the Kriging method. In this section, we x@lain the methodology

of the adaptive model reduction method and the design of thesttmator.

Remark 4 This work is mainly application-oriented and addresses a speci ¢ prob-
lem of rotating and intermittent measurements, drawing inspiration from our prior
research outlined in chapter 4. The model reduction employs the same clustering
technique, with distinct clusters generated for soil moisture and parameters, which
are subsequently combined to form a reduced augmented system. The key deviation

in the methodology lies in the incorporation of parameter clusters.

We brie y discuss the methodology of the adaptive model redtion. We assess
measurement availability and calculate_ . If the metric | exceeds the thresholdy,,
the new reduced model is identi ed and replaced with the exiag reduced model.
To identify the reduced model at the beginning or to re-iderfly a reduced-order
model, the same steps are followed and explained brie y.

The open-loop simulation is performed using the current sk estimates atty,
R(tk), and the system equation (5.1) with prescribed irrigatioractions for the fol-

lowing N¢, steps.
Xm = [X(t) X(tirn) 705 X(ern,, )]

where X , 2 RNx Nig js the state snapshot matrix for them™ model reduction
assuming that there wereifn 1) number of model reductions performed befortg.

The set of parameters for generating clusters is as follows:

Pm=[Ks(tk); s(te); r(tk); (t); (t)]

109



whereP ., is the current parameter estimate aty.

Once the setsX , and P , are established, clustering is independently applied
to each. Following the methodology outlined in Chapter 4, wanplement the ag-
glomerative hierarchical clustering technique to group miilar trajectories in X
and parameters inP , into clusters. Parameter clustering follows similar stepas
state clustering. The thresholds for these clusters, whiduwre critical for maintain-
ing the accuracy of the reduced model, are denoted &3, for states andth, for
parameters. For each variable set, the projection matricesre constructed using
the Petrov-Galerkin projection method, resulting inU (™M 2 RNx 'm for state vari-
ables andVv (™M 2 RNe Pm for parameter variables, where, and p,, represent the
dimensions of the reduced state and parameter spaces, respely.

The parameters have a di erent range, variability, and in uence on the model
compared to the states. This separate clustering ensuresatht is performed for the
type of data it processes, potentially leading to more accate and topology-preserved
clusters. The clustering-based model reduction employsgpection methods to create
cost-e ective, simpli ed models of the nonlinear state spae (5.1). For a nonlinear
system, the projection matrices cannot be explicitly comgad without going back to
the original model (5.1). This contrasts with linear systers, where reduced models
often feature a more compact and computationally straightfward representation.
Consequently, in (5.1), the correlation between reduced maneters and states is
inherent within the system itself, eliminating the need foa separate characterization
of the correlation.

As previously mentioned, the microwave radiometers measuseil moisture con-
tent during the center-pivot rotation. Consequently, the neasured soil moisture
content locations of the eld move along with the pivot. The ptentially estimable
parameters corresponding to the measured states may charagethe pivot rotates.

When the center-pivot rotates, the estimable parameters amgrouped in one vector
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and assigned top® 2 RNr and the rest of the parameters of the nodes not mea-
sured are collected irp™ 2 RN, such as total parameterp = [p® p™]. The states
and parameters are augmented in order to estimate simultameasly and it takes the
form: x,(t) = [x(t) p(t)]. The augmentation of the simultaneous state and parame-
ter model is performed by adding the state space equation §.with the following

equation for the soil parameters:

p(t) = 0 (5.2)

where the soil hydraulic parameters are assumed to be cortduring the study. The

augmented form for simultaneous parameter and state estiti@n is shown below:

Xa(t) = fa(Xa(t); u(t)) + wa(t) (5.3a)
y(t) = Ca(t)Xa(t) + va(t) (5.3b)

where subscripta to each variable and function denotes the augmentation. Thsoil
parametersp which are not estimable are replaced with the soil nominal lizes
during the state estimation of the augmented stat&,. Consequently, the primarily
estimable variables arex(t) and p(t). The total augmentation is necessary for up-
dating the covariance matrix in EKF, simplifying the calculdion of the simultaneous
estimation. At last, the Kriging interpolation approach isapplied to evaluate the en-
tries of p"® after obtaining p® from the simultaneous estimation. For the augmented
reduced model we de ne the augmented projectiod 2 RNx*Ne) (fm*pm) gfter mth

model reduction as a block diagonal matrixi{lkdiag) as shown below:
U™ = blkdiagf[U ™];[V"]g (5.4)

where a block diagonal matrix is de ned as a matrix where theiagonal contains
sub-matrices, and the o -diagonal blocks are lled with zevs. The continuous time

m'" reduced model is represented as follows:
AM(t) = £M M (t); u(t); wa(t)) (5.5)
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where is the reduced state and, is the reduced-order model expressed d8(t) =

UMTx,(t) and f{™ = UMTf, respectively. Note that the predicted statex, from
the state space (5.3) can be approximated based on mappixgty= U™ (M The
continuous-time reduced state space is discretized to ingphent a discrete-time EKF.

Hence, the discrete-time reduced-order model takes the fomm follows:

M (ten) = £ 57 C ™ (te); u(ti); Walti) (5.6a)
y(t) = CM(tk) ™ (ty) + Va(ty) (5.6b)

wheref 4 is the discrete-time function of the reduced model an@™ = C,UmT,
The state information of the former is mapped to the full-ordr system and then
projected onto the latter using an updated matrix, ensuringconsistency between
model transitions.

EKF is designed based on the reduced augmented model for thealassimilation
design. CasADi [107], an open-source library for numericgbtamization, is used to
symbolically solve the reduced model and the required Jacahimatrices. The EKF
algorithm needs to initialize with a prior guess of the unknaen initial augmented state
Ra(to) and its augmented covariance matridP,(tg). Qa is the augmented covariance
matrix for the system disturbancew,. R is the covariance matrix of the measurement
noise. Itis noted thatP,(to), Qa, and R are the tuning parameters for the algorithm.
The conversion to reduced space and further details on thisqress can be found in
Chapter 4.

5.2.1 Design of the triggered metrics

The event-trigger is a binary decision: when measurementseaavailable, the EKF
will be executed; otherwise, the open-loop prediction willdbocomputed. This event
is de ned by the availability of measurements, which trigges the use of the EKF.

When the EKF is active, it's essential to assess the performea of the reduced
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model to minimize any model-plant mismatch. A sequential tggering approach is
particularly well-suited for microwave measurements. Theeduced model update or
re-identi cation is triggered by an error metric _, which is evaluated for every event-
trigger. While investigating the model performance, the ratted model is compared

with the Richards equation by checking the prediction accarcy.

1 100 X¢

L(tk) = N_dmj: Ha(tcej)  Xa(ti+j)i (5.7)

where X3z and x, denote the augmented state and parameters from the open-oo
predictions from the reduced model and the Richards equatiorespectively. The

term N4 denotes the prediction horizon.

5.3 Application to real-data: Case study analysis

We showcase the e ectiveness and performance of the adaptimnodel reduction,
and simultaneous state and parameter estimation method bynplementing to the
microwave remote sensor data acquired from an agriculturald with a center-pivot

irrigation system.

5.3.1 Study area

The investigated agricultural eld is located at lat 4972 N and long 11280 W in

Alberta, Canada with an average elevation of approximately& m, and the study
area is shown in Figure 5.3. The eld primarily consists of cla loam soil, and
sand. The eld is a circular eld facilitated with a ve-span center-pivot system.
The microwave radiometers are installed on the center-piv@ystem to obtain the

measurement of soil moisture at various points during the tation cycle and the soil
moisture observations utilized in the work are collected ithe summer of 2022. The

soil parameters in the eld are known to vary across the eld ashown in Figure 5.5.
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Figure 5.3. Investigated area in Lethbridge, Alberta, Canada

Figure 5.4: A schematic diagram of the quadrant 1 where red nodes have the soil moiste
measurements
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Figure 5.5. Spatial distribution of the nominal soil hydraulic parameters ( , s, ,Ks,
and n) and initial guess for soil moisture content for quadrant 1
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(a) Dalily precipitation rates

(b) Daily reference evapotranspiration (ET)

(c) Daily crop coe cient

Figure 5.6: Inputs to the model for the entire simulation period
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A quadrant of the eld has been chosen, delineated by a solidue line in Figure 5.3,

where wheat was in the growth stage.

5.3.2 Numerical modeling of Richards equation

The quadrant of the agricultural eld under investigation encompasses approximately
a radius of 290 m, a depth of 0.32 m, and spans an angle d& Orad. The bound-
ary conditions used in Richards equation for a quadrant canebfound in [57]. For
discretizing the quadrant, we have divided the radius, ang) and depth into 30, 17,
and 10 equally spaced sectors, respectively, as illustrdten Figure 5.4. Hence, the
total discretized nodes ard\N, = 5100 (number of states) and the total number of
parameters isN, = 2550 giving in total of 7650 estimates. The spatial discreda-
tion is selected based on the resolution of the microwave iatheter and additional
discretization to the axial nodes is required due to having minimal e ect on the
system trajectories. We consider a timestep of 30 min the tgraral discretization
of the reduced and Richards model. An explicit numerical metid is utilized to
approximate the time and space derivative. The system tragéories are assessed for
di erent timesteps, and a suitable timestep is chosen. In 8ong the Richards equa-
tion, we employ a symbolic CasADi integrator, speci cally tle Runge-Kutta (RK4)
method, which is an explicit technique featuring third-or@r nite di erence [107].
This symbolic approach with CasADi simpli es the computatimmn of the necessary
Jacobian matrices for implementing the EKF. All the simulatiors are performed on
a computer equipped with an Intel(R) Core(TM)i7 8700 CPU at 32GHz and 240
GB RAM.

5.3.3 Data preparation

The soil moisture content measurements are considered framly 15, 2022 to Au-

gust 8", 2022 in the investigated quadrant in this study. On averagehe microwave
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radiometers provide soil moisture measurements twice in &@our. The simultaneous
state and parameter estimation is trained bygth portion of the measurements and
the rest of the measurements are utilized for validation. Fahe data preparation, the
initial raw soil moisture measurements undergo a sequendedata preprocessing pro-
cedures. These steps include sorting the measurements byedand time, grouping
them by quadrants, removing outliers, and mapping the measements to the nodes
of the model. The data pre-processing and preparation are@ained explicitly in
our previous work [72].

Daily reference evapotranspiration (Figure 5.6b), and dail precipitation data
(Figure 5.6a) are crucial model inputs for the Richards equiain and reduced model
and are acquired from the website of Alberta Information Serwe. Also, the irriga-
tion information for the entire crop season (Figure 5.6a) isosirced from the Alberta
Irrigation Center. To determine the crop coe cient values Figure 5.6¢) for wheat
throughout the simulation period, we employ a daily tempeitare-dependent equa-

tion as outlined in [72].

5.3.4 Adaptive model reduction

The proposed adaptive model reduction strategy utilizes stinct thresholds for clus-
ter generation. Speci cally, we seth, to 0:01 for the state andth, to 0:0005 for
the parameters. As the model undergoes a change, a traject@ganning three days
(N¢g = 144) is generated to account for the extended prediction hi@aon. The criteria

for performance assessment consider the prediction for tf@lowing day (N4 = 48).

To set the error threshold, we xed a threshold for the reduagemodel's performance
at y = 3. To determine these parameters, several values are assgs as their

selection signi cantly in uences the frequency of model ductions.
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5.3.5 Reduced simultaneous estimation

The reduced estimator is initialized with initial guesx2(to) which is set with limited
knowledge about the actual conditionx,(tp) shown in Figure 5.5f. The initial con-
dition is interpolated using the Kriging interpolation method based on the available
observation. The initial states and nominal hydraulic pareeters map are depicted
in Figure 4.15 for quadrant 1. In our prior study [72], we detenined the parame-
ter values for quadrant 4. In this current work, we make an imrmed initial guess
for these parameters by leveraging the similarities in saiype. The initial covari-
ance matrix P,(tp) is a matrix with higher diagonal elements than the o -diagnal
elements to accommodate the uncertainty in the unknown irnal guessx(tp). In
particular, the state elements are initialized in a range dd:1 1700, while for the
parameters, 5 is assigned t@,(tg). The EKF is typically capable of handling this
selection of large initial variance. The covariance matres of process disturbance
Q = 0:008 n,+n, and measurement nois&® = 0:01y, are tunable wherel is the
identity matrix. However, our experience reveals that dynamally adjusting these
matrices signi cantly improves the performance of the EKF. W designedQ and
R varying with the sampling time i, which ranges from 1 to 48 for a day, depend-
ing on the poor performance of cross-validation. We s€ = 0:008 (‘5) I+ N
and R = (2%) Iy, when the mean absolute error between the validation data
and the estimates is greater than:02. Notably, it places increasing importance on

measurements as time progresses, enhancing the ability bétestimators.

5.3.6 Performance evaluation criteria

The proposed reduced simultaneous estimation employs dient ways of cross-
validation. First of all, the available measurements are ratomly divided into as-
signed portions of training and validation sets to evaluatehe accuracy of state

estimates. The state estimates are cross-referenced witlfetmeasurements from the
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validation dataset. Essentially, this validation approah aims to assess the accu-
racy of the soil moisture estimates. The performance of thagposed approach is
quanti ed using the Normalized Root Mean Square Error (NRMSE)It is calculated
comparing between the soil moisture conteng(fy) obtained from estimation and

sensor measured soil moisture conteg(t,) and de ned as follows:

Y
(y(te)  ¥(tv)

1 k=1
5.8
(ymax ymin ) N;/ ( )

oo o<

NRMSE =

where Ny represents the number of measurements within the validatiodataset,

and ymax and ymin are the highest and lowest soil moisture content present \ih

the validation set, respectively. In addition to the overdINRMSE, we also use the
performance measure to monitor the performance of the esttion whenever the
measurement is available. Achieving a smaller NRMSE value rcts an improved
alignment between the estimated and measured values.

Furthermore, we conduct a thorough comparative analysis ithe context of the
soil moisture observations. We utilize the estimated varides to evaluate model
predictions up to the time when the latest measurements beme available, allowing
the model predictions to be directly compared with the actdameasurements in both
cases. Since we trust the actual measurements more than thedels, this analysis
provides valuable insights into the performance of each eawhen aligned with the
true values. We assess this performance using NRMSE daily.

Lastly, the Absolute Dierence (AD = jRa(tk) R/ (tk)j) is a metric used to
quantify the discrepancy between estimated variables at ¢hend of the season. The
estimated variablesx) and X, are obtained from full estimation and reduced esti-
mation, respectively. Note that the AD measures the di erencef an estimated
variable, which is evaluated for each node in quadrant 1. Bytroducing both AD

for individual nodes and NRMSE for the overall performance, @vcan have a more
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comprehensive assessment of the proposed method.

5.3.7 Results and performance evaluation

Figure 5.7 provides a comprehensive summary of the resultaifal through the pro-
posed adaptive model reduction approach. In Figure 5.7a, wepresent instances
where measurements are available i.e. events are triggewdth solid circles, followed
by error-triggers depicted as solid squares with the measment count for training
the EKF. The rst trigger corresponds to the initial reduced nodel. The occurrence
of an event-trigger, followed by an error-trigger, signalghe necessity for a model
adjustment. Out of fteen available days with soil measuremants, error-triggers are
activated seven times.

Figure 5.7b shows the error metric that triggers the re-identation of the new
model. It is evident that the threshold is violated six times resulting in the re-
identi cation of reduced model on each occasion. The tuningarameters for the
cluster generation are set to ensure that the new model's mies fall within the
speci ed threshold. The same cluster con guration may not & universally e ective
for di erent scenarios. However, it is important to ensure that the new model's
performance consistently aligns with the threshold set to aintain the plant model
mismatch within acceptable limits.

Notably, we observe frequent model changes, especially whba system incor-
porates feedback from microwave sensors in Figure 5.7c. Thaximum model order
is recorded as 3507 (3260, and 247), while the minimum modedler stands at 1969
(1619, and 350). The initial model order appears lower in cgrarison to the end-
season, which is a re ection of the di erent soil moisture aaditions. This di erence is
most evident when examining 3D soil moisture estimation datfurther emphasizing
the importance of conducting a 3D analysis. This variationni the eld corresponds

to changes in system dynamics due to di erent environmentalonditions, soil prop-
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erties, and crop water intake, leading to alterations in thén Itration process.

In Table 4.1, the simulation time required for estimation ateach sampling point
varies from 30 seconds for model orders around 2000 to 10Msds for model orders
around 3500. However, the full-order system with 7650 varikds takes more than
twice as long compared to the highest-ordered reduced modeéls the number of
the system states increases, the evaluation time for the tgg state-transition matrix,
Ag4, also grows exponentially. For the same reason, employinget EKF in the large-
scale eld becomes nearly intractable with the available coputational resources.
While comparing the computation time, as shown in Table 4.1, @vcan observe a
signi cant improvement in computational e ciency of over 50% attributed to the
reduced estimator. On average, the reduced estimator canoprde assimilated soil
moisture in just 3.5 s, while the full estimation takes apprdmately 7.4 s. Despite
the additional online simulation time required for model cAnges and performance
metrics, this extra time remains signi cantly lower compaed to the estimation time
needed for the full estimator. This is why the reduced apprah highly realistic and
feasible approach for application in the large-scale eld.

In the context of assessing computational performance, & essential to consider
the accuracy in comparison to the actual measurements, asosn in Table 5.2. The
cross-validation Figures 5.8a and 5.9a compare the actual aserements with the
estimated states derived from both the reduced estimator drthe full-state estima-
tor. The results clearly indicate that both state estimatesare in good agreement
with the actual measurements and a closer alignment to the ta@l data towards
the end of the season. Following the convergence of the vélis, it is anticipated
that the estimation accuracy will surpass the predictive awracy of the eld model.
Noted, these plots do not represent the trajectory instead ogpare the actual samples
during the period. We achieve overall NRMSE values of 0.1385c0.1244 for the
reduced and full order estimations, respectively. Howevat highlights a discrepancy
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of approximately 12 % in the cross-validation results, whiccorresponds to model
approximation errors. When examining the daily NRMSE in Figure 5.8b and 5.9b,
we realize that a limited number of measurements can result decreased accuracy.
Also, a similar error pattern is observed on most days, excefir the 21 and the
following day, which could be due to a potential model-plantnismatch. Further,
in Table 5.2, the narrower range of reduced estimates compdrto the full estima-
tion highlights the relatively consistent and reliable reslts o ered by the reduced
estimator.

Figure 5.10, the plot illustrates the NRMSE between the open ¢p predictions
obtained using the estimated variables and the actual measments. For example,
we utilize observations on 22 July to estimate the variables and perform the open
loop simulation based on those estimates until the next alable measurement on
25" July. The comparison shows the collective performance of tineodels and esti-
mators and both are closely aligned towards the end of the seam. Also, the error
consistently fall within a similar range, a rming the consistency and reliability of
the reduced model.

Finally, in Figures 5.11, 5.12 and 5.13, the spatial distributn of soil moisture
yield consistently within the same range, with an average ablute di erence of ap-
proximately 0.07m3m 3. Similarly, in Figure 5.14 and 5.15, the estimated parameter
K s is converged, and average values are in the same range aroQrgd5mday * [72].

While the results are promising, it's worthwhile to addresste demanding re-
quirements and explore other potential modi cations. Thisproposed method in-
volves tuning various model parameters, such ds,, th,, selecting the type of error
measure, setting the error thresholdy,, and ne-tuning parameters associated with
EKF. Uncertainty stems from the initial soil moisture condition which is often not
fully known and can a ect the reliability of the estimation process. In extreme soil

moisture conditions, such as excessively dry or wet eld cditions, numerical issues
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Table 5.1: Computational speed per iteration on an average for Data assimilation and
Estimation steps

Data assimilation (sec)| Estimation (sec)

Reduced estimation 35 04 30 100

Full estimation 74 0.6 220 40

Table 5.2: Overall NRMSE comparison on the validation sets

Overall NRMSE | Max value | Min value

Reduced estimation 0:1385 0.465 0.121

Full estimation 0:1244 0.557 0.102

can surface, necessitating the use of implicit solvers to®me stable solutions. To
extend the reliable estimation of hydraulic parameters, tegrating data from point

sensors into the proposed framework is crucial.

5.4 Summary

In this chapter, we address the challenge of higher dimensality in the agro-
hydrological system concerning state and parameter estiten. We apply a reduc-
tion approach to simultaneously estimate soil moisture ansbil hydraulic parameters
for large-scale agricultural systems with varying soil calitions, using soil moisture
measurements collected from microwave radiometers mouditen center-pivot irri-
gation systems. We leverage a sequential trigger approaeim event-trigger, and an
error-trigger to systematically deduce the reduced modelThe proposed approach
presents adaptive modeling of the investigated eld usinghe cylindrical form of the
Richards equation and integrating remote sensor-providezbil moisture data to the

extended Kalman lItering technique. The EKF is performed ina reduced space, and
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Figure 5.8: Proposed reduced estimation cross-validation result
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Figure 5.9: Full state and parameter estimation cross-validation result
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Figure 5.10: Measured soil moisture for cross-validation with day-wise NRMSE

(&) Full estimation (b) Reduced estimation (c) AD between the two cases

Figure 5.11: Spatial soil moisture and AD on 11" July

(@) Full estimation (b) Reduced estimation (c) AD between the two cases

Figure 5.12: Spatial soil moisture and AD on 20" July
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(&) Full estimation (b) Reduced estimation (c) AD between the two cases

Figure 5.13: Spatial soil moisture and AD on 2 August

(a) Full estimation (b) Reduced estimation

Figure 5.14: Estimated Ks(mday 1) on 315t July for both cases

(&) Full estimation (b) Reduced estimation

Figure 5.15: Estimated K s(mday 1) on 2" August for both cases
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the Richards equation is considered for soil moisture predtion in the absence of
observations. The reduced state estimator demonstratestiséactory performance,
providing both high accuracy and improved computational sgped. Thus, it concludes
that the reduced approach can deliver su ciently accurate gil moisture information

which can be used to design of closed-loop irrigation systemThis proposed ap-
proach shows a greater potential for scalability in largecale agricultural elds. Our

future work will focus on implementing adaptive model redumn methods to design
a controller for the eld.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, we have proposed systematic approaches talueed-order models and
state estimation applied to various applications.

In Chapter 2, an implicit two-time-scale nonlinear systemsi considered and a
distributed state estimation method is proposed. Speci dfy, the nonlinear system
iIs decomposed into a fast system and a slow subsystem. Theigoh of the system is
approximated to a composite solution by combining the solign from fast and slow
subsystems separately. A local MHE estimator is designed ftbre slow subsystem
and and an EKF for the fast system. The estimator for the fastystem is not
required to send out any information. The e ectiveness of # proposed approach
was illustrated using a jacketed CSTR example.

In Chapter 3, a sensitivity-based method is proposed to detaine how to se-
lect the appropriate inputs and outputs for data collectionand data-driven model
development to estimate the desired outputs accurately. Albugh a mechanistic
model is available for the process but is too computationglicomplex for estimator
design and only some target outputs are of interest and shdube estimated. A

systematic method to design a reduced state estimation frawork is proposed for
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a target output. The e ectiveness of the proposed approacts iilllustrated using a
separator-reactor process example.

In Chapter 4, the problem of higher dimensionality of the agr-hydrological sys-
tem de ned by PDE is addressed. For a small eld, the full esthator performance
is compared with the reduced estimator method. The resultfisw that the adaptive
estimator has a better performance than the full estimatorni terms of estimation
error and computational cost [103]. The proposed approacta$ been applied to a
large-scale agricultural eld using an error-triggered ash time-triggering model re-
duction approach. In both cases, the state estimation shodi@a satisfactory result
and the e ectiveness of the proposed adaptive model reduati methods.

In Chapter 5, soil moisture measurements of a eld at the Albéa Irrigation
Center, Lethbridge, obtained from microwave sensors mowtd on a center pivot
are used as the observations. An event-triggered followed byror-triggered model
reduction is apt to reduce frequent model reduction. Frequdy updated moisture
content maps are constructed to demonstrate the ability ofhte information fusion
system to eliminate the time delay associated with the curn¢ microwave remote
sensing approach. A strong agreement between the estimatadisture content maps
and the actual moisture content maps is also evident from tr@mulation results. The
information fusion system was able to provide soil moisturestimates that are within

reasonable error bounds from the actual soil moisture valsie

6.2 Future research directions

" Controller design : As outlined in this thesis, there has been a lot of focus
on reduced-order state estimation, which is seen as a praeti and e ective
solution for tackling state estimation issues in large-steaprocesses. In the the-
sis, structure and topology-preserving adaptive model radtion techniques are

explored using the triggering criterion. State estimatiorcan be used both for
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process monitoring and control applications. The struct@-preserving quality
of the reduced model can be bene cial to constructing an obser-based con-
troller for example a set point tracking MPC design integragd with a scheduler.
The implementation of dynamic optimization will be highly wseful due to the

reduction of the states of the system.

Distributed state estimation and controller design When designing controllers
for large-scale systems, employing a distributed estimati framework becomes
bene cial for estimating the unmeasured states necessargr fstate feedback
controls. The adaptive model reduction method will greathhelp to construct
the distributed framework. The distributed estimation andcontrol will improve

the computational cost.

Parameter estimation : To expand the set of estimable hydraulic parameters,
integrating measurements from xed-point sensors into the@roposed frame-
work is crucial. This adjustment a ects the spatial distribution of estimable
hydraulic parameters, necessitating comprehensive siratibns using sensitivity
analysis and orthogonal projection methods. Future diremns should prioritize
the development of alternative methods for constructing t output sensitivity
matrix in the context of incorporating xed-point sensor measurements along
with microwave sensors. Finally, considering the potentiala reduced-order

model can be a valuable approximation in this context.
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