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where K =\ (ta;‘f"wl) ... ... (23a)
_ tan ¢’ tan ¢’

L_Am( = +A)+l ~4 2% (23)

N=p [tan ¥ o A—r (1447 3“}‘:—"’] L. (230)

and P=fran+e [ a—rqran L] s

Equation (23) can be integrated across each slice in turn starting with the value E=0 at
the beginning of the slip surface. If, for each slice, x is measured from the beginning of that
slice, then the solution which satisfies

E =E;whenx =0 s s s s ow ow o s (24)
. 1 Nx
is E=1rr [E,L+ k +Px] L. @)

The value of E at the end of the slice is determined and this gives the starting value of E
for the next slice unless the end of the slip surface has been reached. The boundary condition
to be satisfied at the end of the slip surface is

E =E,whenx = x, e s os % ow a [26)

where E, is usually zero

Satisfying equation (25) and its boundary conditions is alone insufficient to ensure com-
plete equilibrium since equation (22) must also be satisfied. This can be done by determining
¥, from the values of E and found from equations (25) and (18) provided they satisfy the
following necessary condition. By integrating equation (22) we have:

r d
M =E(y-y) = [ (X—E d—Z)dx N )
0
Since in general M =0 when x=x,, then:

Z.
¢ d
M,,=:fo(X—EE§)dx=o . ®
If equation (28) is satisfied, values of y, can be found from equation (27) thereby ensuring that
each slice is in moment equilibrium.

Hence in order to find values of A and F such that all the equations of equilibrium are
satisfied, we start with guessed values of A and F and then integrate across all the slices to
obtain the values of E, and M, which in general will not both be zero. Then, by a systematic
iterative method of modifying A and F, values are finally obtained for which E, and M,
are zero. This has been programmed for an electronic computer and the numerical techniques
used will be reported elsewhere.

There is one complication, however, which will be described here. In some cases there is
more than one pair of values of A and F which satisfy the equations for a given surface and one
has to decide which is the physically meaningful solution. The rule which has been adopted is
that the values of A and F should make the values of (L + Kx) positive for the complete range
of x of the slip surface. With this rule, in all the cases examined, unique values of A and F
have beén found. From equation (25) it can be seen that if (L + Kx) is zero for any value of
x, E becomes infinite at that point. This is not physically possible. Although the values of
(L+ Kx) are discontinuous across any of the boundaries of the slices x,, %,, . .., x,_;, one
would not expect (L + Kx) to change sign across these boundaries. If we consider a very thin
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slice round each ¥, in which some soil properties are very quickly varying but continuous, then
if (L+ Kx) changes sign across a discontinuity, it would be zero at some point in the corres-
ponding thin hypothetical region. This indicates that (L -+ Kx) should be of the same sign
for all x, and from experience it appears that it should be positive due to the dominance of
the contribution of unity to L in equation (23b).

Some special assumptions relating the X and E forces are of interest. If it is assumed
that

Edy
X = v (29)
it can be shown that
Y=y O < 0|

and the factor of safety can be found from a modified form of equation (26) alone. The
assumption stated by equation (29) is similar to that adopted in the conventional circular
analysis which has been discussed by Bishop (1955). Although this assumption simplifies
the numerical calculations it is not acceptable because the implied internal forces are likely
to be physically inadmissible. There is also no reason for the relation between the internal
forces to depend solely upon the inclination of an arbitrarily chosen slip surface.

Another assumption has been suggested by Janbu (1954) and by Sherard (1960) in the
form:

X=9¢E . . . . . . . . . (381

where ¢ is some specified constant.
It is clear that overall moment equilibrium cannot be ensured if ¢ is specified. It is, how-
ever, possible to make the problem statically determinate by assuming:

X=X . . . . .. ...

where A must be computed together with F from equations (26) and (28).

Before describing some examples of the application of the preceding analysis, it is im-
portant to discuss several aspects of soil behaviour that have not been considered in the
method and how this omission influences the interpretation of the results. For the analysis
to be physically acceptable, not only must the equilibrium and boundary conditions and failure
criterion along the slip surface be satisfied but the implied state of stress within the soil mass
must also be possible. In particular, the failure criterion within the soil mass above the slip
surface must not be violated and, since it is commonly accepted that soils do not take tension,
no state of tension must be implied to exist above the slip surface. For an arbitrarily chosen
slip surface it is not possible to ensure that all these conditions are satisfied. It is therefore
necessary in each particular case to calculate the internal forces and the position of the line of
thrust in order to inspect whether the failure criterion is exceeded internally and whether a
state of tension is implied. In the former case this is easily done since the allowable ratio
between the shear force and the lateral thrust may be readily computed from the failure
criterion. To investigate whether tension is implied, the position of the line of thrust may be
calculated from equation (22) and if it falls outside of the potential sliding mass tension must
exist within. In the discussion of the examples that follows, it will be seen that the factor of
safety and the internal forces are relatively insensitive to variation in the assumed function
relating the internal forces provided that the function is reasonable. Hence, for an arbi-
trarily chosen slip surface it may not be possible to obtain physically admissible internal forces
and in such a case it must be concluded that the surface itself is unlikely.

The selection of a reasonable function also requires some comment. As mentioned earlier,
functions can be estimates from available elasticity solutions using equations (13) and (14).
Alternatively, they may be specified on the basis of the intuitive assumption that for most
cross-sections the higher the rate of curvature of the slip surface, the greater the ratio between
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the shear and horizontal forces at the slice interface. The pore pressures in the soil mass
constitute another factor to be considered when estimating the function. In particular, if
the slice interface is in a zone of high pore pressure the amount of shear that could be mobilized
would be reduced accordingly and the function should therefore take a lower value in this
region. Ultimately, reliable field measurements of internal stresses will provide the best guide
to estimating this function. In the following examples, comparisons are made for particular
cross-sections using functions that are considered reasonable and some that have been chosen
arbitrarily.
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Fig.5. (a) Example of a circular slip surface; (b) Three assumed functions

SOME APPLICATIONS OF THE ANALYSIS OF GENERAL SLIP SURFACES

1. A circular slip surface

It has been shown, that to all practical purposes, the friction circle method of analysis and
slip circle analysis, as developed by Bishop (1955), give the same factors of safety for a given
circle when the problem is considered in terms of effective stresses (Bishop and Morgenstern,
1960). However the routine analysis presented by Bishop being the first stage of a more
complete iterative process does not satisfy statical equilibrium. In particular, the influence
of the X forces is neglected. Nevertheless, the fact that the two methods give the same factor
of safety while implying different internal force distributions suggests that for circular slip
surfaces, the factor of safety is relatively insensitive to the distribution of the internal forces,
as discussed in detail by Bishop (1955).

By assuming different relationships between the X and E forces and computing the factor
of safety for a potential circular slip surface it is possible to demonstrate this insensitivity.
The calculations have been carried out using the general slip surface analysis and hence the
property that the slip surface is circular has not been used explicitly.

A slip-circle analysis has first been carried out on an electronic computer for the circle
shown in Fig. 5(a) using the programme described by Little and Price (1958). The factor of
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safety was found to be 2:098. Three different assumptions regarding the relationship between
the internal forces are shown in Fig. 5(b). All three assumptions have been selected arbi-
trarily. The values of F and A found from the three non-circular analyses calculated using
these relationships are summarized in Table 1 together with the factor of safety obtained
from the slip-circle analysis.

Table 1. Analysis of a circular slip surface

Case F A

Slip-circle analysis . . 2-098 —

Generalized method
(Assumption I) : 3 2-045 —0-256

Generalized method
(Assumption II) . . 2-136 —0-208

Generalized method
(Assumption III) . . 2:134 —0-393

Although the fact that the values of F with assumptions II and III are so similar is a
coincidence the results illustrate that, at least for a circular surface in a homogeneous section,
the factor of safety is not strongly dependent upon the internal distribution and that the
assumptions in Bishop’s circular arc analysis provide reasonable results.

2. A non-circular surface tn a homogeneous section

Fig. 6(a) illustrates an assumed non-circular slip surface in a section composed of a single
soil type having only one pore-pressure ratio. This section has also been studied by Kenney
(1956) who found that the factor of safety was approximately 1-7 using his method.* Using
Kenney'’s figures for his first iteration, the factor of safety given by Janbu’s analysis is readily
shown to be 1-73 (Janbu, Bjerrum and Kjaernsli, 1956). Two distributive assumptions have
been considered in the computer analysis and they are given in Fig. 6(b). The second assump-
tion is considered reasonable. The factor of safety for both cases was found to be almost the
same. The results are tabulated in Table 2 and the computed internal forces for both cases
are plotted in Fig. 6(c).

Table 2. Analysis of a non-circular surface in a homogeneous section

Case F
Kenney’s analysis . . 1-66 - 1-72
Janbu’s analysis . ; 1-73

Generalized method
(Assumption I) . . 1-592 —0-328

Generalized method
(Assumption II) . . 1-609 —1-190

It is clear that both Kenney’s and Janbu’s methods overestimate the factor of safety
on the unsafe side, but by less than 89,

* In his analysis Kenney assumed several positions for the line of thrust and found that the factor of
safety varied between 1-66 and 1-72.
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As in the case of the slip-circle analysis, the factor of safety for this surface is not sensitive
to the assumption of the relationship between the internal forces. This will not always be
the case. The influence of this assumption depends to a large degree upon the shape of the
slip surface and the variation of strength parameters and pore-pressures along it.

The line of thrust compatible with the calculations based upon the second assumption has
also been computed. It is shown by the dotted line in Fig. 6(a). The numbers in parentheses
give the ratio of the distance between the slip surface and the line of thrust to the height of
the slice at each interface. It is apparent that no internal tensional stresses are implied and
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Fig. 6. (a) Non-circular slip surface in a homogeneous section; (b) Two assumed functions;
(c) Internal force distributions

that the computed internal forces are physically acceptable on the basis of this criterion.
They are not, of course, the only admissible set of internal forces.
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The yield criterion within the sliding soil mass would be violated if the calculated shear
force at a slice interface necessary for equilibrium exceeded the shearing resistance that could
be mobilized along the interface. Since the total normal force acting on the interface has
been calculated and since the pore pressures, and strength parameters obtaining along the
interface are also known the available shearing resistance for the second assumption may also
be computed. They are compared with the calculated X forces in Fig. 6(a) where the ratio
R, of the available shearing resistance to the shear force required for equilibrium is given.
All values lie above unity and therefore the yield criterion is satisfied within the sliding mass.

It should be noted that the shear and normal stresses that must be acting on a critical
surface are not the same as those actually in the soil mass. However, it is not possible in
general to make comparisons because of the lack of knowledge of stress distributions computed

using representative stress—strain relations.

3. A typical earth dam section
The non-circular surface specified in Fig. 7(a) is typical of the type of surface that should be

analysed during the design of an earth dam on a foundation with low shear strength properties.
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Fig.7. (a) Typical non-circular slip surface in a dam with a weak foundation; (b) Three assumed
functions

In this example the pore-pressures are those that might obtain after a rapid drawdown of the
reservoir. An analysis of this surface using Janbu’s method gave a factor of safety of 1-28
(Janbu, Bjerrum and Kjaernsli, 1956). Three distributions have been assumed for the
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internal forces for analysis on the computer. These distributions are shown in Fig. 7(b).
The results of the calculations are presented in Table 3.

Table 3. Analysis of a non-circular surface fn typical earth dam

Case F A

Janbu’s analysis — - 1-28 —

Generalized method
(Assumption I) — - 1-346 —0-132

Generalized method
(Assumption II) — - 1-282 —0-022

Generalized Method

(Assumption III) —0-046

|
I
-
N
Q
©

For this case we see that Janbu’s method gives a factor of safety that is the same as that
obtained using a sensible distribution. The factor of safety from the computer analysis is
also reasonably insensitive to the distributive assumption. Not enough computations have
been carried out so far to enable one to make general statements about the influence of this
assumption on the factor of safety. However, it is significant that in this example which is
representative of actual design considerations the influence appears to be slight for reasonable
assumptions.

CONCLUSIONS

A method has been developed for the determination of the factor of safety of a sliding
body of any shape containing materials with varying shear strength parameters and pore-
pressures. It is based solely upon the principles of limiting equilibrium. Not only must the
shape of the potential slip surfaces be chosen but an assumption must also be made regarding
the distribution of internal forces. The factor of safety does not appear to be very sensitive to
this assumption. Reasonable assumptions can be inferred either from a knowledge of the
approximate internal stress distribution or from field observations of internal stresses. The
method is useful in the design of earth dams or the analysis of the stability of natural slopes
and cuttings. The solution ensures that all equilibrium and boundary conditions are satisfied.
Comparison in two cases with other existing solutions reveals that they can be in error by as
much as 89, on the unsafe side. Further computations are required to investigate the occur-
rence of these differences in more detail.

The use of internal stress measurements to aid in the determination of the relationship
between the internal forces plays a role analogous to carrying out effective stress calculations
where the influence of the pore-pressure is considered in the analysis. One of the main
advantages of an effective stress analysis is that the factor of safety depends upon the magni-
tude of the pore-pressures. If these have been predicted, it is possible to observe them and
hence corroborate, in part, the design calculations. The use of internal stress measurements
to help define the possible relationships between the internal forces means that computations
are based upon another measurable quantity and, to that degree, may be further substantiated
by field observations.

In the case of a circular slip surface treated as a case of a non-circular analysis, it was shown
that both the method presented here and that suggested by Bishop (1955) gave approximately
the same result. Furthermore, the factor of safety in this case, as well as in the two other
examples discussed, is insensitive to varying the relationship between the internal forces.
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Both earth pressure and bearing capacity problems can also be considered in terms of
limit equilibrium analyses. It would be possible to extend the solution developed here to the
computation of earth pressure coefficients and bearing capacity factors in a manner similar to
that described by Janbu (1957). '

The influence of earthquakes could also be introduced into the analysis. This is commonly
done in limit equilibrium methods by considering an inclined body force, some fraction of
gravity, acting on each slice. This force can be incorporated into the equations of equilibrium.
However the shear stress distribution within a soil mass subject to an earthquake will also
change and it would be necessary to use an assumption for the internal forces in this case which
differs from that used in the static case.
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