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Chapter 1

Introduction

For thousands of years, mankind has endeavored to understand the fundamen-
tal nature of matter. Over time, a succession of paradigms has emerged, and
within the last one-hundred years, an exceptional model — the Standard Model
— has been developed. The quantitative predictions of the Standard Model
have been verified by experiment to such a high degree of precision that one
might, in all modesty, claim that it is the most successful physical theory ever
created. This thesis deals with high-precision theoretical predictions of the Stan-
dard Model and the techniques that can be used to obtain them. In this chapter,
we set the stage by outlining the background and motivation for the work to
follow.

1.1 Quantum Field Theory

The Standard Model describes three of the four fundamental forces of nature
— the strong, weak, and electromagnetic — by means of quantum field theory.
Quantum field theory arises from the merger of quantum mechanics with spe-
cial relativity; a definitive introduction to quantum field theory is provided in
the wonderful book by Peskin and Schroeder [1]. For our immediate purposes,
there is one feature of quantum field theory that requires special emphasis.
Insofar that a particular physical theory is defined by its particle content and
symmetries in a Lagrangian, physical observables for the quantum field theory
can be expressed in a formal way via functional path integrals. Unfortunately,
for all but a handful of artificial exceptions, exact results cannot be obtained,
and thus, certain approximations are needed to render the calculations tractable.
The most common approximation arises in perturbative quantum field theory,
wherein an exact prediction of the theory can be mapped onto an asymptotic se-
ries in a small parameter. This small parameter is related to the strength of the
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2 CHAPTER 1. INTRODUCTION

interaction between particles and the various terms of the series can be visual-
ized as sets of Feynman diagrams with different numbers of interaction vertices.
Feynman rules, which can be obtained from the Lagrangian of the theory, pro-
vide a recipe for translating the features of these diagrams into mathematical
expressions which are then used to calculate the approximate predictions of the
theory.

1.2 The Standard Model

The Standard Model is able to make quantitative predictions about thousands
of physical processes in particle physics in terms of only 19 free parameters.
These 19 parameters are listed in Table 1.1. An excellent introductory reference

Description Free Parameters Related Parameters
Lepton masses Me, My, My Yukawa
Quark masses My, My, Mg, Mg, My, My couplings

CKM matrix 012, 013, 023, 0 AN pn or Vi
Coupling constants 9r Guws s sin @,

Higgs doublet myg, My Mg,V
Strong CP fcp

Table 1.1: The 19 free parameters of the Standard Model.

for the Standard Model is the book by Griffiths [2]. Our starting point will be
the Feynman rules for the Standard Model, as per the conventions of Cheng and
Li [3]. For brevity, we shall restrict ourselves to the Feynman rules that are used
in this thesis.

The first set of Feynman rules, shown in Table 1.2, concerns the external
lines in a diagram. Here, u(p) and %(p) are four-component Dirac spinors and p
denotes the four-momentum carried by the particle.

The second set of Feynman rules, shown in Table 1.3, deals with interaction
vertices. In the quark-quark-W boson vertex, i and j are quark flavor labels and
V;; is a CKM matrix element. For the three-gluon vertex, the four-momenta %,
ko, and k3 are all taken to be flowing into the vertex. For the gluon-ghost vertex,
keep in mind that a closed ghost loop requires an additional factor of (—1) due
to its fermionic statistics.
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1.2. THE STANDARD MODEL 3

Incoming fermion u(p)

Outgoing fermion u(p)

Table 1.2: Feynman rules for the external lines in a diagram.

The third set of Feynman rules, shown in Table 1.4, deals with the inter-
nal lines, better known as propagators, of a diagram. It is assumed that a
four-momentum k flows through each line. The labels y and v denote four-
component Lorentz indices and the labels a and b denote SU(3) color indices.
For the fermion propagators, the contraction k,v* is usually abbreviated as ¥.
Aside from the color conservation factor §%, the photon, gluon, and W boson
propagators in Table 1.3 are all special cases of the general formula

—i k.k,
k2 —m? + i g’“’+(£“l)k2—£l;nz+is (1.
Specifically, for the photon and gluon, we have m = 0 and we work in the
Feynman-"t Hooft gauge where £ = 1, and for the W boson we work in the
unitary gauge by letting £ — oo.

Conservation of energy and momentum at each interaction vertex is not suf-
ficient to constrain the four-momentum of every internal line in a Feynman di-
agram with loops, therefore we must integrate over all undetermined loop mo-
menta. The +ic in the denominator of each propagator is the pole term which
provides the prescription for integration when the remainder of the propagator
becomes singular. The location of these poles in the complex ky-plane allows us
to move from Minkowski space to Euclidean space by means of a Wick rotation
(ko)m — i(ko)r. This change of variables alters the denominators of our propa-
gators from (k3; —m? +ig) to (—k% — m? +i¢) so that they are no longer singular,
and thus, explicit reference to the pole prescription can be dropped. Henceforth,
it will be assumed that any loop integrals we encounter will have already been
Wick rotated into Euclidean space, unless explicitly stated otherwise.
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4 CHAPTER 1. INTRODUCTION

i
Charged lepton-photon /g\ —tey*

Quark-gluon

1gsYHt®

Quark-quark-W boson %’y“ (1 —v5)Vyj

l%x’ 3* igsfabc {(kl - k2))\gw/
3 gluons ﬂ*‘éb\/u +(ka — k3) .90
.b, +(k3 - kl)ug)\u]

ka, b, v ki, ¢ A
a, i
b
-Gluon-ghost g 9sf*p,
..... e
EX: b

Table 1.3: Feynman rules for the interaction vertices in a diagram.

1.3 Perturbative Calculations

For a particular physical process, the basic calculational scheme is to group
Feynman diagrams, based on the number of interaction vertices, in order to
generate the terms of a perturbation series. Even the first term of such a series
is often a very accurate approximation. Subsequent terms in the series are sup-
pressed by powers of @, a dimensionless number that is related to the coupling
constant, g;, of a particular interaction by

_9

= 1.2
= 12)

&
where factors of /i and c are taken to be 1. At this stage, two things should be
pointed out.

First, is that o, known in the context of electromagnetism as the fine-structure
constant, is not constant, but rather, depends on the characteristic scale of the
process. In QED, a™! ~ 137 at low energies, but the coupling increases to
a~! ~ 128 at energies characteristic of the masses of the weak bosons. In QCD,
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1.3. PERTURBATIVE CALCULATIONS 5

Lepton > 2}55:2:,:2
Quark | a > b %
Photon | H JV\NVVV\A/V\/V E—?%:'
Gluon :\/vvvvvvvvv\,‘b' :%%g

A% 1 - kgku
Wboson | Eannannnnan | oo [g,w m?

Ghost | a b —i8%

oo--ouo'o.)u----.oo-- k2+i5

Table 1.4: Feynman rules for the propagators in a diagram.

on the other hand, the analog to the fine-structure constant, o, is not nearly
so small. Furthermore, o, becomes increasingly large at lower energies so that
perturbation theory cannot be used at all unless the characteristic energy of a
process is sufficiently large. This property of QCD is known as asymptotic free-
dom.

Second, is that the factors that accompany o7 in the n-th term of a perturba-
tion series are not necessarily such that the n-th term is smaller than its prede-
cessor. This sort of behavior sometimes arises when the presence of additional
loops in a diagram allows the inclusion of certain interaction vertices that were
previously absent. It also occurs for diagrams with a very large number of loops
(n ~ a~') because the number of Feynman diagrams eventually increases far too
quickly for their contributions to be suppressed by o". This is why we speak of
a perturbation series as an asymptotic series.

Most of the pioneering work in quantum field theory was done in the con-
text of the electromagnetic interaction and it was here that the term “radiative
corrections” was first used to describe the perturbative adjustments to physical
quantities that arose in the theory. The first successful calculation of this sort
was Bethe’s explanation [4] of the Lamb shift in 1947, followed the next year
by Schwinger’s calculation [5] of the electron anomalous magnetic moment.
The electron anomalous magnetic moment was the subject of the first two-loop
perturbative calculation, performed by Sommerfield [6] in 1957. QED remains
the easiest sector of the Standard Model within which to perform perturbative
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6 CHAPTER 1. INTRODUCTION

calculations, as might be attested to by the existence of a partial five-loop cal-
culation [7]. As for the electroweak and QCD sectors of the Standard Model,
perturbative calculations were underway by the end of the 1960s [8], several
years before these theories were cast in a completed form. It should also be
mentioned that many developments in perturbative quantum field theory have
resulted from studies of simpler theories such as ¢*, A¢?, or Yukawa theory. In
the context of the latter, a recent publication [9] examines a mathematical tech-
nique for computing a particular class of 31-loop effects!

There are several motivations driving precision calculations in the Standard
Model, the most exciting of which is the prospect of finding indirect evidence
for physics beyond the Standard Model via small, systematic deviations be-
tween experimental measurements and the corresponding Standard Model pre-
dictions. Precise Standard Model calculations can also affect the systematic er-
rors involved in experimental settings like the beam luminosity in a collider.
Finally, from an aesthetic standpoint, it is only natural that we should want to
extract as much as possible from such a predictive and successful theory.

So begins our journey into multiloop calculations in the Standard Model.
The chapters ahead fall into two main classes: techniques and research. Chap-
ters 2 through 10 provide a comprehensive description of an assortment of tech-
nical details that are used to facilitate the calculations ahead. Chapters 11, 12,
and 13 each document the results of an original research project, and collec-
tively, these chapters are the heart of this thesis. Following the conclusions in
Chapter 14, the Appendix describes and catalogs the computer programs that
have been written in conjunction with this work so that the results presented
here can, if the need arises, be verified or extended.

“Somebody thought of that, and someone believed it; look what it’s
done so far.”
Kermit the Frog (The Rainbow Connection)
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Chapter 2

Dimensional Regularization

In Chapter 1, we saw how perturbative quantum field theory gives rise to loop
integrals. Individually, these loop integrals may contain ultraviolet and infrared
divergences, and while the sum of all diagrams of a given order in a renormal-
ized quantum field theory must lead to finite physical predictions, it is simply
not feasible to do such calculations all in one piece. Instead, we regularize in-
dividual loop integrals. More specifically, we artificially adjust loop integrals
so that they produce finite results individually, but yield the same sum as the
unregularized integrals.

There are a number of techniques available for regularizing loop integrals,
some of which we will now discuss. Consider the Euclidean-space integral

dik
/ m . (2.1)

This integral has an ultraviolet divergence. Since the divergence arises from the
high-momentum portion of the integral (|k| — oc), the most obvious solution
would be to place a cutoff on the integral so that we only integrate over mo-
mentum values below some A. This method has its drawbacks, though, not the
least of which is the loss of Lorentz invariance. A slightly more robust tactic is
Pauli-Villars regularization, whereby we multiply the integral by an additional

factor: i A2
/ (k> +m?)?2 k2 + A% 22)

If A is sufficiently large, the low-momentum region of the loop integral is unaf-
fected, but the high-momentum region is suppressed by a factor of k%, which in

this case is enough to remove the divergence.
Meanwhile, there are also infrared divergences to deal with, such as the one
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8 CHAPTER 2. DIMENSIONAL REGULARIZATION

in the integral

d*k
Bl 2.3
/ k4 (k% + m?) 23)
Since this divergence arises from the low-momentum portion of an integral
(lk] — 0), we could place a lower cutoff on the integral so that we only inte-
grate over momentum values above some p. Alternatively, seeing as the source

of the divergence is the k* factor which originated from the propagators of mass-
less particles, we could add a tiny mass p to these particles so that the integral

becomes 2
| a9

Using these methods, we can in principle obtain an explicit result for each
loop integral in terms of the artificial parameters A and u. After combining all
the relevant contributions, we would then take the limits A — oo and 4 —
0 and expect to obtain a sensible result. The drawbacks to this approach are
threefold: first, the calculations are more cumbersome than the simplicity of the
methods suggest; second, the separation of ultraviolet and infrared divergences
can sometimes be more of a nuisance than a virtue, especially for the types of
calculations encountered in this thesis; finally, certain symmetries are violated
by these methods, and hence the results are not always reliable.

A superior approach is the method of dimensional regularization [10], where-
by we regard the loop momentum as a vector in a D-dimensional space. We
will soon see how in this framework, divergences only arise when D is a pos-
itive integer such as 4. Conceptual abstractness notwithstanding, dimensional
regularization is an extremely useful method that has become the standard for
many classes of calculations in particle physics.

2.1 Basic Calculation

In this section, we will evaluate the most basic Euclidean-space loop integral,

fE 1
= / @n) (W mi) 25

from first principles using the method of dimensional regularization. In con-
junction with the techniques we will discuss in subsequent chapters, this result

will be a central component of the solution of more complicated integrals.
After generalizing the dimension of the integral from 4 to D,

d°k 1
I = / 2m)P (k2 +m2)n”’ @8)
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2.1. BASIC CALCULATION 9

our first step is to switch to a hyperspherical coordinate system. Assuming, for
now, that D is a positive integer and that (2n — D) > 0, we have

(kl,kg,...,kp)————)(K,q&,@l,...,ap_g) (27)
via ki, = Kcosé, (2.8)
ky, = Ksin#, cosby,
ky = Ksin#; sinfy cosfs,
kp1 = Ksinf; ... sinfp_5 cos¢,
kp = Ksinfy ... sinfp 5 sing.

The Jacobian factor, J, which relates the integration elements of the two coordi-
nate systems by

dkl dkg e de - J dK d¢ d91 e dBD_g 3 (29)

is given by the determinant

Oky .. Okp
dK oK
Jo= | i

Oky . _okp

90p_o bp_a
D-2

= KP ] sinfo; . (2.10)

i=1

The loop integral can then be factored into angular and radial parts:

0 dK D-1
/ dp / o +m2)n . (2.11)

To evaluate the radial integral, we begin with the substitution

K =myz (2.12)

mD-2n £D/2-1
21
h=gp [ 4 [ 2.13)

so that

The z-integral can then be evaluated in terms of a Beta function. We will look at
Beta and Gamma functions more carefully in the next section, but in the mean-
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10 CHAPTER 2. DIMENSIONAL REGULARIZATION

time, borrowing (2.29) and (2.30), our loop integral can now be written as

D—2n T

_m (3)r(n-%)
I, = 357 D) / dQp . (2.14)

Turning to the angular integral, we have

2 D-—-2 - .
/ dQlp = /0 do E ( /0 sin’ ejdej) . ‘(2.15)

The ¢-integral is simply 2, and the 6;-integrals can be handled by (2.32) so that

(2.16)

When the product is expanded, the I'((j + 2)/2) terms in the denominator will
cancel the I'((j + 1)/2) terms in the adjacent numerator. This observation, along
with I'(1/2) = /7 and I'(1) = 1, allows us to write

D/2
/ oy = 2% 2.17)

Inserting this result into (2.14), we have our solution for the basic loop integral
in dimensional regularization:

D n——-g
/ dPk 1 _ 1 I'(n—2) (1) . (2.18)

2m)P (k2 +m2)»  (47)P/2  T(n) m?

While we originally assumed that D was a positive integer and that (2n~D) > 0
in order to facilitate an explicit derivation, (2.18) can be extended by means of
analytic continuation so as to be valid for any choice of D in the complex plane
such that I'(n — D/2) is well-defined.

2.2 The Gamma Function

We have now seen that the solution for the basic loop integral in dimensional
regularization (2.18) can be expressed in terms of Gamma functions. In this
section, we will examine some of the properties of these functions (see [11] for
more rigor).
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2.2. THE GAMMA FUNCTION 11

The most common definition of the Gamma function is through the integral

I'(z) = /OOO t=~le7tdt . (2.19)

This formulation quickly leads to a number of useful properties, such as

IF(z+1) = zI(2), (2.20)
r(/2) = Jr, (2.21)

I'(n) = (n—1)!, ne{l,2,3,. ..}, (2.22)

Mathematicians, meanwhile, tend to prefer the Weierstrassian product

fé—)— = ze"* ﬁ {(1 + %) e-z/"} , (2.23)

nw=

where v is the Euler-Mascheroni constant, an irrational number defined by

v = lim (}-+—1-+---+}——logm> = 0.5772157... . (2.24)
m—oo \ 1 = 2 m

From (2.23) it is readily deduced that I'(z) is an analytic function of z with sim-
ple poles at 2 = 0,—1,-2,... Looking back at (2.18), it is now clear why we
originally restricted ourselves to values of (2n — D) that were greater than zero,
as the Gamma function in the numerator is not well-behaved when (n — D/2)
is a negative integer. Of course, it is apparent that the original integral (2.5) has
an ultraviolet divergence whenever n < 2.

We expect to encounter divergences, though, as that is the reason for which
regularization is required in the first place. The structure of the Gamma function
implies that so long as we steer clear of the poles, we can work with a well-
behaved, analytic function. To accomplish this, we write

D =4-2¢ (2.25)

so that Gamma functions like I'(n — D/2) are well-behaved, since the argument,
n — 2 + ¢, is never a non-positive integer. We can use (2.20) to write an arbitrary
Gamma function I'(a + be) in terms of I'(1 + be), which in turn can be expressed

as
(be)? (be)?

F(1+be)=exp{—(be)'y+——§-——C(2)-———g—C(S)—{—...} ) (2.26)

Expanding out the exponential in (2.26), we obtain I'(1+be) as a series in powers
of e. The coefficients of this expansion depend on the transcendental numbers
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12 CHAPTER 2. DIMENSIONAL REGULARIZATION

{v,¢(2),¢(3),...}, where v was defined in (2.24) and ((n) is the Riemann zeta
function defined by

() =>_ k-l; . (2.27)
k=1

We could easily evaluate ((n) to arbitrary precision numerically, but it is nev-
ertheless worth noting that {(2) = 7?/6 and ((4) = 7*/90. The more general
Gamma function I'(a + be) can be expanded in € as

T'(a + be) = P(a,b) I'(1 + be) , (2.28)

where we use (2.26) for I'(1 + be) and P(a, b) is a Pochhammer symbol [12] that,
by virtue of (2.20), is a rational function involving only a, b, and e.

The Beta function, B(a, b), occurs frequently when we use dimensional reg-
ularization to evaluate loop integrals, and it can be written in terms of Gamma
functions as

_T(@r()
B(a,b) T(at0) " (2.29)
In particular, Beta functions appear in the following commonly used integrals [13]:
R
= B - 2.30
/0 T (1, v —p), (2.30)
1
/ " Y1 -z)""'dz = B(p,v), (2.31)
0
E p-1 v~1 = 1 By
/0 sin* "'z cos" Tz dr = 23(2,2) . (2.32)

The relation (2.32) can be used to establish a Gamma function identity, known
as the doubling formula, which we will need to call upon later:

22z——1
/T

We have now seen how dimensional regularization allows us to express in-
dividual loop integrals as series in powers of €. Actually, we are dealing with
a Laurent series — in other words a series with powers and inverse powers of
¢ — because the divergent diagrams will blow up if we take the physical limit
of (2.25), namely, € — 0. When all the relevant diagrams for a calculation are in-
cluded and the theory is properly renormalized, we expect that the troublesome
terms with inverse powers of e will cancel, leaving us with a result that is finite
and physical as € — 0.

I'2z) =

F(z)T (:U + %) : (2.33)
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2.3. SCALELESS INTEGRALS 13

Looking at the Gamma functions in (2.18), we see that this particular inte-
gral will have precisely one factor of I'(1 + €) within which the transcendental
constants in (2.26) appear. More complicated integrals will depend on more
complex combinations of Gamma functions, but it turns out that if we remove

a factor of
m™2 T(1+¢)

(4m)P/2

for each loop in the integral, the remainder of the solution will always be inde-
pendent of v. Meanwhile, (2.34) goes smoothly to 1/(47)? in the limit € — 0, so
it essentially allows us to remove some of the clutter that accompanies a typical
loop integral.

F= (2.34)

2.3 Scaleless Integrals

In this section, we will prove an important result regarding the behavior of
scaleless integrals like

4
J, = / %;l'f (2.35)

in dimensional regularization. Specifically, these integrals are zero. We will
now justify this result in three different ways in order of increasing rigor and
sophistication.

Intuitive Method

While we have already seen how dimensional regularization deals with loop
integrals with ultraviolet divergences, the technique applies equally well when
there are infrared divergences. Suppose we take n = 2 in (2.35) so that we wish
to evaluate

Jo= | —. (2.36)

This integral has logarithmic divergences of both an ultraviolet and infrared
nature. By treating both types of divergences simultaneously through a single
artificial parameter ¢, dimensional regularization allows the two types of diver-
gences to cancel for scaleless integrals. Heuristically,

D
@’k 1 1 _ 4 (2.37)
k* eyv €nr
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14 CHAPTER 2. DIMENSIONAL REGULARIZATION

As this reasoning is less convincing for n # 2, we can also examine what hap-
pens when we make the substitution & = pf. Applying this to (2.35), we have

[ dP(ub)
In. = / (ut)?n

dPt
D-2n
H / o

- HD—2an ’ (2-38)

i

and so for (2.38) to hold for arbitrary values of i, we can require that J,, = 0.

Brute Force Method

Borrowing a technique from the next chapter, we can show that scaleless inte-
grals in dimensional regularization are zero based on the result of (2.18). The
idea is to apply the time-honored physicist’s technique of multiplying by 1 for
a clever choice of 1. Specifically,

dPk k* 4+ m?

We then combine the denominators with a Feynman parameter. Postponing an
explanation of the details of this technique to the next chapter, we have

_Tl+1) [ D k* + m?
In = wf‘(n)I‘(l)/O (1-1x) d:c/d k o ) 1 (1= a:)kQ]""”l . (2.40)

Since we intend to show that J,, = 0, it will be convenient to discard multiplica-
tive factors at the front of the expression as they arise. Writing the numerator

as
E*+m? = (k* + zm?) + (1 — 2)m?, (2.41)

' n— 1 (]_ — m)m2
Jn ~ /0 (1 —_ m) 1d£[,'/de: {(k‘2 + xmg)n + (k2 +mm2)”+1} : (242)

At this stage, we can apply the basic result (2.18) to both of the terms in the
braces, resulting in

I~ /01 dz {(1 _ x)n—d"(nr—&nl)?/m ($;2)"~D/2

L ST(n+1-D/2) { 1 "7
+(1 — z)"m? e (xm2> . (243)
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2.3. SCALELESS INTEGRALS 15

Next we use (2.20) in order to write the Gamma functions in the second term in
the same form as those in the first:

T(n—2)/1\"%
I, ~ --f(-ﬁ)—z— (5{5) (2.44)

x /01 dz {x%*n(l — )™ B - ) (n ; ) } .

The z-integrals can be evaluated with the identity (2.31) so that

D D D
N nB(—2~—n+1,n>+<n—E) B<—2——n,n+1>

nf(2-n+1)T(n) ($-n)T(2-n)T(n+1)

~ — 2

Xl iw]

r'(%+1) r(%+1)
I'(2-n+1)T(n+1) I(2-n+1)T(n+1)
T (2+1) - r(2+1)
~ 0. (2.45)

Elegant Method

The method we will now present (first used in [14]) is a proof that
J = / ¥ dr =0 (2.46)
0

in dimensional regularization. The generalization to scaleless D-dimensional
loop integrals follows naturally, as the radial part of these integrals takes on the
same form as (2.46). We start by breaking the integral into two parts,

b )
J:J1+J2:/a:"dx+/ zt dx . (2.47)
0 b
Looking at J;, we will define the integral in a distributional sense, namely,

b
Jy = / 2 f(z) dz (2.48)
0

where f(z) is a test function that is sufficiently well-behaved to be infinitely
differentiable over the region z € [0, b]. As a result, we can expand f(z) in terms
of a Taylor series,
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16 CHAPTER 2. DIMENSIONAL REGULARIZATION

f(:z:)=f(0)+f'(0)a:+ﬂ§(92x2+...+En(!i)x"—k... . (2.49)

Provided Re(u) > —1, we can now integrate so that

_ OB f(0) £7(0) pnt

J
YTt [+ 2 (n—D(p+n+1)

IR (2.50)

While this expression is explicitly valid for Re(y) > —1, we can use analytic
continuation to define J; for all possible values of y, aside from the simple poles
that occur at —1, —2, ... . Finally, choosing a particularly simple test function,
namely f(z) =1 Vz € [0, b], we obtain

b putl
Ji= [zt dr = , €C\{-1,-2,...}. 2.51
= [t d =, wec booooesy

Moving on to J;, we will again define the integral in a distributional sense,
and in addition, we will make the substitution z = 1/y, so that

0 1/b
Jy = fb o f(z) dr = /0 Y2 f (1) dy - (2.52)

Then we proceed, just as for J;, by expanding f in a Taylor series, performing
the integral under the assumption that y lies in a safe range (Re(p) < —1in this
case), extending the result to all values of 4 by analytic continuation, and then
setting the test function to 1. This gives us

—pu—1 A1
T

(—p—1) p+1’

and so J; and J; cancel to establish that J is zero and that scaleless integrals
indeed vanish in dimensional regularization.

pelC\{-1,-2,...}, (2.53)

“Here is an ordinary square... but suppose we extend the square
beyond the two dimensions of our universe, along the hypothetical Z
axis, there. This forms a three-dimensional object known as a ‘cube’,’
or a ‘Frinkahedron’ in honor of its discoverer.”

Professor Frink (The Simpsons)
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Chapter 3

Parameter Tricks

In Chapter 2, we showed how dimensional regularization allows us to mitigate
the divergences that arise in loop integrals. On the other hand, the basic result
of (2.18) does not apply directly to most loop integrals, as they typically contain
anumber of different denominator factors arising from the various propagators
in Feynman diagrams. For simplicity, we will loosely use the term “propaga-
tor” for the denominator factor associated with the full propagator arising from
the Feynman rules of Chapter 1. In this chapter, we will introduce a number of
ways of dealing with multiple propagators so that we can evaluate more elab-
orate loop integrals in terms of the basic integral (2.18). We will illustrate these
methods using classes of integrals that we will have further encounters with in
the chapters ahead.

3.1 Feynman Parameters

Consider the one-loop integral

de,‘ de
2 [ a] -2(b+-ce) where [de] = 53D - (31)
(k2 + 2kp)* k (2m)

We denote this class of integrals by “onshell” and Figure 3.1 shows a sketch. By
sketch we mean a diagram that depicts the basic structure of the integral. While
this could be a Feynman diagram, it could also be the case that a class of inte-
grals — hereafter to be referred to as a topology — appears at an intermediate
stage of a calculation. The sketch of a topology merely indicates which propaga-
tors are present, but says nothing about how they got there, how many powers
of each factor exist, or what might be in the numerator. Note the presence of
the k% term in (3.1). While it is simple enough to set ¢ = 0 for integrals that
originate from one-loop Feynman diagrams, such epsilon-propagators can arise
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18 CHAPTER 3. PARAMETER TRICKS

on massless lines in a multiloop diagram when we integrate over one or more
subloops. We will see an example of this later in this section.

IO,

A b b
i \ 4 r e

Figure 3.1: Sketch of the “onshell” topology.

The idea behind Feynman parameters is the identity

1 ! 1
AB /0 Y EATA-DBE 6.2

This may seem like a frivolous complication, but if A and B are propagatorsina
loop integral, it is easier to perform the loop integration on the right-hand side
of (3.2) than on the left. Before we apply this to the “onshell” topology, we will
need a more general version of the identity (3.2) [1]:

1 1 H:c’-”"“l F(ml + -+ mn)
= dry---dz, 6 z; — 1 L .
AT AT fma /0 1 (Z ) » :z:iA,-]z"” T(my)---T'(my,)

(3.3)

When we apply (3.3) to (3.1), we obtain

Tlatbtce 1 o (] — pbecl [dPE]
r(a)r(b+c€)/0 do 2" (1~ ) / (k2 + 2kp) + (1 — 2)k2)ToFe G4

The denominator terms can now be combined and we complete the square:

z(k* 4+ 2kp) + (1 — 2)k* = K* +22kp
= (k+zp)?—z%p°. (3.5)

Note that in Euclidean space, p? = —m?. We then shift the variable of integration
to £ = k + zp so that we have

T(a+ b+ ce bice—1 / [dDe]
e . 3.6
I‘(b + ce) _/ de z* —2) [02 4 z2m2]tbte (3.6)
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3.1. FEYNMAN PARAMETERS 19

Applying the basic dimensional regularization integral (2.18), we produce

I'(a+ b+ ce) /1 Lo 511 — gt T (a+b+ce~2) 1\ otbree—%
T{a)T(b+ ce) Jq (4m)D7T(a + b + ce) \ z2m2

(3.7)
or more simply,

T(a+b+ce— L)
(47)P/2T ()T (b + ce)m2(at+btee)-D

1
/ dr mD—l-—a»2b—2ce(1 _ x)b+ce~1 ) (38)
0

Using (2.31) to perform the z-integration, we have

I'(a+b+ce—2)

(4m)D/2T (a)T'(b + ce)matbred-D B(D—-a—2b—2ce,b+ce).  (39)

Finally, using (2.29) to write the Beta function in terms of Gamma functions, we

obtain
I'(a+b+ce—2)T(D—a—2b— 2c)

(47)P2T(a)T(D — a — b — ce)m?2atbre)-D (3-10)

for a final result of
/ [dPk] _ Tla+b—2+(c+1)e)T(4 —a—2b—2(c+1)e)
(kZ + 2kp)a k2(b+ce) - (47T)2~6F(CL)P(4 —a—b— (C + 2)6) m2latb—2+(ctl)e)

: (3.11)

Another common one-loop topology that can be handled with a Feynman
parameter is “one”:

[d”k]
/ (k + q)Q(a-I-be) f2(ctde) © (312)

This topology is sketched in Figure 3.2. Note that both propagators are massless
and can therefore have epsilon-pieces if subloops have already been integrated
out. Also, there are no constraints on the external momentum g, unlike the case

in “onshell’ where we needed to know that p? = —m?.

Figure 3.2: Sketch of the “one” topology.
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20 CHAPTER 3. PARAMETER TRICKS

We will not derive a general result for the “one” topology here, however we
will now look at an example where we can integrate over a subloop in order to
see how one-loop topologies can be nested. Consider the integral

_ [dD k1] [dD ko)
Jom = / (kf + 2k1p) (k1 + k)?k3 (13)

as depicted in Figure 3.3. Since we have routed k, through both of the massless

A 4
\
4

Figure 3.3: Sketch of the “Jyp” topology.

lines, the ky-dependent subloop belongs to the “one” topology. Introducing a
Feynman parameter,

[dPk,] [d" k]
JOO]. - k2 2k 2 2 2
+ 1P (kl + k‘g) + (1 - .’E)k2]

— [del [deZ]

Next we identify £ = k; + zk; and use (2.18) to evaluate the /-integral, yielding

/ / [dP k) rz-2)
Joun = 2-D/2
k1 +2kip (47)P/2 [2(1 — )k?]

S —¢( [47ks] 3.15
= (4 )D/2 —a) (k? + 2kyp) k3 (3-15)

The remaining k;-integral belongs to the “onshell” topology, and so when we
substitute (3.11) and evaluate the z-integral with (2.31), we obtain

P I'e) T(1—-e)T'(1—¢) T(—1+26)(3—4e)
011 = (47T)D/2 F(2 26) (47I.)D/2F(3 —_ 35) m2(~1+2¢)

m=2 T(1 + ¢) o [T2(1 — )T (=1 + 26)T(3 — 4e)
. (W) " { T'(2 — 2)T(3 — 3e)T(1 + €)e } - (310)
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3.2. SCHWINGER PARAMETERS 21

Notice how we have explicitly separated the factor in the brackets at the front,
in accordance with the convention (2.34). Expanding the Gamma functions in
the braces as a Laurent series in € and dividing out the loop factors, we obtain

JOll _ 1 5 11 7('2 55 571'2 2
Y= = é‘g“@‘f‘(*“‘*——) +(i'6“"—6-—"4<'(3)>6+0(6) ; (317)

in exact agreement with the result provided in [15].

3.2 Schwinger Parameters

While there are often several techniques that can be used to evaluate certain loop
integrals — some one-loop integrals can even be solved in Minkowski space
with direct contour integration — there are also loop integrals that do not yield
to Feynman parameters in any obvious way. For example, the “gm3” topology,

[dP k] [dP k]
/ (k2 + 1)2(k2 + 1)b(ky — ko)2¢’ (3.18)

and depicted in Figure 3.4, is a vacuum bubble topology that often arises in cal-
culations. Note that we have set m = 1 for convenience, since for integrals with
a single external scale, the overall mass dependence is uniquely determined by
dimensional considerations. Should we try to evaluate (3.18) using Feynman

Figure 3.4: Sketch of the “gm3” topology.

parameters, we would find that although the loop integrals can be dealt with,
the integrals over the Feynman parameters themselves are unusually difficult.
An easier solution arises from a related technique: Schwinger parameters.

A Schwinger parameter, o, can be introduced via the identity

S Y LY
= a ad 3.19
T, e G4
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22 CHAPTER 3. PARAMETER TRICKS

This identity is then copied several times so that

1
AaBb — = a)F / dOl/ dﬁ a«—lﬁb—l .. e-aA—ﬁB——... (320)

and all the different propagators are additively combined in the argument of the
exponential. Applying this to the “gm3” integral (3.18), we have

1 ° a—1 gb—1_c~1 D
ORGIG] /O do dB dy o® 155 1y / [d° k1 ][dP k]

x exp [—a(ki +1) — B(k; + 1) — (k1 — k2)?] . (3.21)

Next, we rewrite the exponential as a product of Gaussians in the loop mo-
menta:

exp[--] = e “Fexp[—(a+7)kf — (B+7)k; + 2vkiks]

= e(atB) (et (ki—gizka) (SRR (3.22)

If we shift k; by an amount vk, /(a + ), we have two Gaussian loop integrals of
the form

Glu) = / [dPK] e (3.23)

To evaluate G(u), we work in hyperspherical coordmates and use (2.17) to eval-
uate the angular integral:

I R T Sy
G(“)"P(D/z) (%)D/O dk kP~ teHE (3.24)

Setting = = uk?, we can use (2.19) to solve the z-integral:

2 M~D/2 D, .
G = et 2 /0 drate
. 79
(@m)P/AT(D]2)
_D/2

- L (3.25)

Returning to our “gm3” calculation, we can now insert (3.25) for the two
Gaussian loop integrals, obtaining

1 >0
(4m)PT(a)T(b)T(c) /0

da dB dy a® 10 1y te= @) (oS +-ay+ By) P72 . (3.26)
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3.2. SCHWINGER PARAMETERS 23

With the loop integrals out of the way, we are now left with integrals over the
three Schwinger parameters. Starting with the v-integral,

L= [T @ s+ et B (327)

into which we substitute v = afz/(a + ), so that

(aB)eP/2 [ 1 —D/2
L= | dzzY 142772, 3.28
Y (Ol +IB)C 0 ( ) ( )
Using (2.30) to solve the z-integral,
B (aﬁ)c~D/2 ( D B
L = PR Bic, 3 cl, (3.29)

and so the “gm3” integral now becomes

Ble,3 -
(4m)P T(a)I'( F(c

/ do dﬁ ot 1+c-—,§_ﬂb Hc"(a—i—ﬁ) c ——(a+/3) (330)

At this stage, the astute substitutions are o = zp and 8 = (1 — z)p, leading to

B (C ) 2 - C) ! a—1+c—2 —14c—L
TEEORORE) /0 de 271 (1 — )

8 / dp ptH(emttesg)t(b-lhe-F)ep—p (3.31)
0

Solving the z-integral with (2.31) and the p-integral with (2.19), we finish with

[dP Ky ][dP ko)
/(k%+1) a(k2 + 1)b(ky — k)% (3.32)

T(-T(a+c—-2)T(b+c—%)T(a+b+c—D)
- (4m)P T(a)T (BT () T(a + b+ 2c — D) '

Note that a, b, and ¢ need not be integers. In all honesty, “gm3” is probably
the most complicated integral for which we make use of a general solution.
As we will see in the next chapter, there are methods by which we can write
arbitrary integrals within a given topology in terms of a few specific integrals in
the topology, and therefore general solutions are, fortunately, unnecessary.
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24 CHAPTER 3. PARAMETER TRICKS

3.3 Tomonaga Parameters

While Feynman and Schwinger parameters are usually versatile enough to help
us evaluate many multiloop integrals, there is a third identity that is worth

knowing about:
Lo / i G (3.33)
A2B8 ~ B(e,B) Jo [A + BXetE )

The parameter ) in this identity does not have a commonly used name, and so
we shall create a temporary name to be used within this thesis. It would seem
fitting to name this parameter after Sin-Itiro Tomonaga who, along with Richard
Feynman and Julian Schwinger, was awarded the Nobel Prize in Physics in 1965
for “fundamental work in quantum electrodynamics, with deep-ploughing con-
sequences for the physics of elementary particles” [16].

To illustrate the application of Tomonaga parameters, consider the integral

_ [dD k] [dD ko)
5= CICICEESh (339

The unusual factor (kip + 1) is characteristic of a category of integrals known
as eikonal integrals. We will encounter eikonal integrals again in Chapters 6
and 12, but for now, we will simply use .J;" as a representative example of the
types of loop integrals where Tomonaga parameters are most useful.

We start by shifting &; in (3.34) to k; — k; and then introduce a Tomonaga
parameter to combine the k;-dependent factors:

JF = / [dP k1 )[dP k)
(k1p — kop + 1)(K3) (kT + 1)
D D 0
/ ld kl]gd }kg] i dX . (3.35)
k2 0 [kl + 14 )\(klp — k2p + 1)]2
Next, we complete the square of the new denominator and use p* = —1:
0 , VAP
(ki + 14+ MEp— kop+ 1) = k1+-2— +-4—+)\+1——/\k2p . (3.36)

After an obvious shift in k; we can perform the k;-integral using (2.18), so that

ING) /°° / [dP k)
JF = ot | dA - 3.37
L (4mPi g, k3 (% + X+ 1= Meap) (3.37)
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3.4. PARTIAL FRACTIONS 25

Introducing a second Tomonaga parameter to evaluate the ky-integral,

dpp [dP k]
= G D/Q/ d’\/ / 24 (2 e
) [B2+p (3 + X2+ 1= Aap)]
(1 +¢) / / ) / [dks)
= d\ [ dppf
D/2 2 i+e
(4” (b= %) + 0 (B2 + % + 2+ 1)]

2 2 1-2¢
_ __liﬁi/ dA/ dop’ ("’\ +3-+A+1> . (3.38)

~1+25 4

At this stage, we encounter the crucial steps, as even Feynman and Schwinger
parameters can cast loop integrals like Ji in terms of an integral over some in-
tricate function of parameters. Actually solving these final integrals analytically
is the real challenge. For the task at hand, the substitutions

(z +1)2
72

A=2x, p= z, (3.39)

result in a complete separation of the z- and z-dependent factors, so that

2I(~1+2¢) [ AR o €
o dy —m8Mm8 ————— — 40
Ji (4m)D /0 z (z + 1)-4+6e /0 dz (1+ 2)- 1+ (3.40)

Using (2.30) to evaluate both integrals, the final result is

JF = B(~1+ 2, -3+ 4e)[(1 — )T(=2 + 3¢) . (3.41)

(4m)P

3.4 Partial Fractions

Occasionally a set of propagators is not linearly independent, so that an obvious
simplification is available. For example, the “gm?2” topology

dPk
/ (2 i m2§a 32 (3.42)

as depicted in Figure 3.5, is a one-loop vacuum bubble topology in which the
two propagators are not independent. As a result, we have a partial fraction

identity
1 111 1
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Figure 3.5: Sketch of the “gm2” topology.

which allows us to start with the general “gm?2” integral (3.42) and whittle down
the exponents a and b until one of them becomes zero. Note that for the pur-
poses of this section, we assume that b is an integer, even though the most gen-
eral “gm2” topology can also have an epsilon-propagator here. If the k? factors
disappear, we are left with the basic integral (2.18), whereas if we eliminate the
(k* + m?) factors, a scaleless integral remains.

A more efficient way of thinking about this technique is to write the explicit
linear dependence of the propagators:

(B +m?) — (K*) —m*=0. (3.44)
If we rewrite this expression as

1= = (B m?) - ()] (3.45)
we can multiply by 1, in the form of the right-hand side of (3.45), as many times
as is necessary to remove one of the propagators. In the next chapter, we will
derive more sophisticated relationships which allow us to manipulate the ex-
ponents of propagators in loop integrals. This will become one of the most
important methods in our arsenal.

“This day and age we're living in gives cause for apprehension, with
speed and new invention, and things like third dimension, yet we
get a trifle weary, with Mister Einstein’s theory.”

(As Time Goes By)
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Chapter 4

Recurrence Relations

In Chapter 3, we described a number of techniques that can be used to evalu-
ate loop integrals that contain several propagators. While the use of external
parameters — Feynman, Schwinger, or Tomonaga — is the most aesthetically
pleasing, the unfortunate fact of the matter is that often the resultant integrals
over these parameters cannot be analytically solved, especially in a general form
applicable to an entire topology. Section 3.4 introduced a simple identity that
arises from a partial fraction decomposition and can be interpreted as a prim-
itive recurrence relation, that is, a relationship between similar loop integrals
that differ only in the explicit exponents of the propagators. In this chapter,
we will derive a more sophisticated set of recurrence relations. Devising a re-
currence relation algorithm to simplify integrals in a multiloop topology is one
of the most tedious tasks associated with this kind of work, therefore, after we
look at the basic concept behind recurrence relations, we will illustrate their use
through a sequence of increasingly complicated examples.

4.1 Basic Concepts

The first use of recurrence relations to simplify loop integrals took place over
twenty years ago in the context of calculating S-functions of massless scalar ¢?
theory [17,18]. While the computational resources available at that time were
meager, these works were nearly clairvoyant in their assessment of the future
applications of the method. To illustrate the basic idea, consider the n-loop in-
tegral

[dPky|[dP k] - - - [dP k)
/ D(ky, kay .. knyp) 4.1)
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where D(ki, ks, . . . , kn, p) denotes an unspecified collection of propagators. Now
suppose, at the front of the integrand, we insert the operator
0
4 4.2
0, “r

where i € [1,n| and £ € {kq, ks,..., ks, p}. Stokes’ Theorem then allows us to
transform our integral:

del][dez] [dP k)
/ 6 k; ),uJ kla kz, knvp)
dPky]- - - [dPki_1][dPhisa] - - - [dP K]

— D—-1 qp [ n
f;gi—-}oo[d S ]e D(kla kZa s 7knup) - (43)

Along the (D —1)-dimensional surface where k; — oo, every k;-dependent prop-
agator in D will go to kZ, because the k; terms will dominate anything else. As
a result, the surface integral is a scaleless integral which, as we recall from Sec-
tion 2.3, vanishes in dimensional regularization. In other words, we can gener-
ate recurrence relations from the identity

[dPky)[dPks) - - - [dP k]
/a b D(ky, k2, - -, kn, D) =0 4

It is interesting to note that these integration by parts identities in momentum
space are equivalent, via Fourier transforms, to statements of translation invari-
ance and momentum conservation in position space [18]. While that interpreta-
tion is much more intuitive, the momentum-space formulation is easier to work
with.

Observe that the basic identity (4.4) does not address loop integrals contain-
ing numerator factors. Our derivation of recurrence relations is restricted to
scalar integrals, wherein the integrals are completely characterized by the ex-
ponents of the propagators, positive or negative. Oftentimes, any numerator
factors we might start with can be written as linear combinations of propaga-
tors so as to create scalar integrals. The examples in this chapter will all behave
in this way. In Chapter 5, we will explore techniques that can be used when this
method cannot adequately handle all numerator factors. For an n-loop integral,
we have (n + 1)(n + 2)/2 independent scalar products that can be constructed
from {ky, ky, ..., kn,p}, but since p*> = —m? can be pulled out of the integral,
there are really only n(n + 3)/2 scalars that need to be expressed in terms of
propagators. So long as the propagators are linearly independent, this means
that we need 2 different propagators for a one-loop integral, 5 for a two-loop
integral, 9 for a three-loop integral, and so on. While we are on the topic of com-
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binatorics, we can see from (4.4) that with n choices for k; and (n+ 1) choices for
{, we can generate n(n + 1) independent recurrence relations, in other words, 2,
6, and 12, for one-, two-, and three-loop topologies, respectively.

At this stage, it would be wise to introduce some notation. Given that the
scalar integrals we will be working with can be completely characterized by the
exponents of the propagators, we can write an integral from a topology “I” as

a1, a3, a3, a4, a5) = (47 k1 [dP k) |
I( 1, 42, (3, U4, 5) /[1]‘11[2]“2[3]a3[4]a4[5]a5, (45)

where factors like [1] are convenient shorthands for specific propagators. Look-
ing back at the partial fraction identity (3.45) for the “gm2” topology, if we set
m = 1, we can write this as

1=[1]-[2]. (4.6)

All recurrence relations will look like {1 = ... } at the moment they are ap-
plied to an integral. Based on (4.4), however, recurrence relations are typically
derived in the form {0 = ... }, so it is useful to have an additional notation.
Taking (3.44) as a starting point, we would write

0=1"-2"-1, 4.7)
where the symbol 1~ denotes the integral gm2(a; — 1, a3), so that (4.7) represents
0 = gm2(a1 — 1,a2) — gm2(as, a2 — 1) — gm2(as, as) . (4.8)

To conclude this section, we will look at another type of recurrence relation.
For the sake of simplicity, let us examine a one-loop topology where

1

T = 49)
so that the standard recurrence relation identity (4.4) reads
/ (dPK) oo (¢.T)=0 (4.10)
ok,
for ¢ € {k,p}. Now consider the integral
/ [dk] ¢, T . 4.11)

Tensorially, this integral must be proportional to p,, as p is the only vector that
remains after integration. Furthermore, to obtain the correct mass dimension,
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we require a factor of
(—p?)F-aa, (4.12)

Finally, we will denote the dimensionless remaining pieces by &, so that

/ K] 4. T = pu(—p?) x| (4.13)

Note that X will turn out to be a combination of loop integrals, albeit ones in
which the mass dimension is already factored out. If we assign g, in (4.13) as p,,
and contract both sides with p*, we obtain the trivial result that X corresponds
exactly to the integral over T, aside from the explicit mass dimension. Setting g,
equal to k, and contracting both sides with p#, on the other hand, will provide
us with a nontrivial result for X once we rewrite (k - p) in terms of propagators
in 7. Having determined X, we then return to (4.13), with ¢, = k,, and take the
partial derivative of both sides with respect to p,. Since & is technically mass-
independent, the partial derivative only sees the leading p-dependent factors on
the right-hand side of (4.13). We will demonstrate this method explicitly in the
next example. It is important to realize that the recurrence relations developed
in this way will not be independent from the recurrence relations provided by
the integration by parts technique (4.4). Instead, these “extra” recurrence re-
lations correspond to particularly unusual combinations of the original recur-
rence relations. Since it is often the case that these unusual combinations are
both useful and hard to construct from the original recurrence relations, it is
worth knowing about the approach.

4.2 Simple One-Loop Example

For our first explicit example of recurrence relations, let us recall the “onshell”
topology from Section 3.1. Restricting the exponents to integers, we have

[d”F]

(a1, a2) = / g (4.14)
Based on (4.4), there will be two recurrence relations:
0 p
D = = 4.15
/[d k] ok, k2a1 (k2 4 2kp)ee 0, ( )
0 k
D K = 0. 4.16
/ 1 o e ok (4.16)
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Starting with (4.15), we find that

/[de] {_ 2a1(k-p) 2a5(k-p) 2a,p° } 1 -0
k2 (k2 +2kp) (k2 +2kp) [ k2o1(k2 + 2kp)e2
4.17)
Using
P=-1, KF=[, (p=z@-01), @1

the recurrence relation becomes

, aﬂﬂ 1) _ a2 —[1) , 2e) 1 _
/“k{ ] 2 *[m}mMMM oooeR

or more compactly,
R1: (a1 - ag) - a11+2“ + 2022+ -+ a21’2+ =0. (420)

Repeating the same sequence of steps for (4.16), we obtain

D 2a, k* 2a9k? 2as(k - p) 1 _
/ L k]{D kB (B +2kp) (k2+2kp)} k201 (k2 4 2kp)es 0,
ol p o _ 20201  aa2] - [1)) 1 _
/“kWD T 2] }m%mw o
R2: (D - 20,1 - a2) - 0,21_2+ = 0. (421)

Equations (4.20) and (4.21) are the two recurrence relations for the “onshell”
topology. R2 will be all we need to concentrate on, as it relates I(a;,a3) to
I{a; — 1,05 + 1). Rewriting it as

a
= e (4.22)

we see that this recurrence relation can be applied as many times as necessary
in order to reduce g, to 0. Once a; = 0, the “onshell” topology simplifies to

_ [47H]
0.0 = | graige
_ / [dPK]
[(k +p)? + 1]
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[ PR
- / e (4.23)

which we recognize as the most basic dimensionally regularized integral (2.18).
Note that we have shifted k to (k — p) in the last line. Even if (4.23) did not
correspond to an exactly solvable loop integral, it does represent a subtopology
that is simpler than the one we started with. If need be, we can repeat the recur-
rence relation process for any subtopology we encounter until we either obtain
integrals that we have previously solved or a set of so-called master integrals.
Master integrals, which in some sense represent the boundary conditions of a
set of recurrence relations, will arise in the example in Section 4.4.

Before moving on to a more complicated example, though, we will exam-
ine the extra recurrence relation that was discussed at the end of the previous
section. Applying (4.13) to the “onshell” topology, we have

k D
D 12 —_ 2 3 —a1—az p
/ M T e~ PP - (424)

By contracting both sides with p# and using (4.18) we find that
1
Taking the partial derivative of both sides of (4.24) with respect to p, leads to
—2a9k*k
Dk 2 ‘ m
/[d ] k2a1 (k2 + Qkp)az-H
D
-0l (G

2
= 2(D — ay — ag)(—p?) T RX (4.26)

Using (4.18) on the left-hand side, (4.25) on the right, and setting p* = —1, the
extra recurrence relation can be written as

X1: — 2821727 —(D—ay —az)l” +(D—a; —a3)2” =0. (4.27)

We now wish to show that this recurrence relation can be constructed from the
ones that we derived earlier ((4.20) and (4.21)):

R1: (a1 - ag) - a11+2“ + 2&22+ + (121”24— =0 y
R2: (D —2a; —ag) —az1727 =0.
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First, we will add R1 and R2 in order to cancel the 172" terms:
R1+R2: (D —ay — 2a3) — a11127 + 20,27 =0.  (4.28)
Next we apply 17 to this, so that
(D+1—a; —2a2)1" — (a; —1)27 + 22,1727 = 0. (4.29)

Notice that we also shifted a; — (a; — 1). This is because applying 1~ lowers
the exponent of [1] in the loop integral, and since the explicit factors of a; in the
recurrence relations refer to this exponent, they must be shifted also. For the
same reason, the application of 1* would entail the shift a; — (a1 + 1).

Next, we apply 2~ to R2, obtaining

(D +1-— 2&1 - ag)Z” - (G,z - 1)1— = 0. (430)
Finally, subtracting (4.29) from (4.30), we have
*2&21&2+ - (D - a1 — (12)1—_ + (D — ay — 0,2)2— =0 , (431)

which is exactly what we obtained in (4.27) using the other method. In other

words,
X1=2"R2-1"(R1+R2), (4.32)

and the extra recurrence relation is not independent of the others.

4.3 Simple Two-Loop Example

Now we are ready to look at a two-loop example. Consider the “N5c” topology,
as sketched in Figure 4.1 and defined by the integral

[dP Ky )[dP ky]

. (433
B o P2+ o+ R e

N5C(II1, ag, a3, a4, a5) = /

With any new topology, the first steps should be to decide how to route the
momenta and to express all possible scalar products in terms of the propagators
so that recurrence relations can be derived. For “N5c¢”, the recurrence relations

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34 CHAPTER 4. RECURRENCE RELATIONS

Figure 4.1: Sketch of the “N5c¢” topology.

R1: a33*(—1—17)+as5" (=1~ +47)+ (D —2a; — a3 —as) =0,

R2: a;17(1+3 +4"-57)
+a337(27 = 57) +as57(-27+37) + (a3 —a5) =0,

R3: a;11(—1-37)
+a33+(1 -+ 1_) + CL55+(1_ +27 -3 — 4-) + (a1 — (1,3) =0,
(4.34)
R4: a2 (1+3 +4"—57)
+a44T (17 =57 )+ asbT (-1 +47)+ (ag —a5) =0,

R5: a44"(-1—-2")+as5"(—2"+37)+(D~2a3—ag4—as5) =0,

R6: a27(—-1—-47)
tadt(1+2 ) +asb (1" +2" —3" —47) + (a2 —ag) = 0.

Before scrutinizing the recurrence relations, the next step is to determine what
kind of simplification will occur if one of the propagators is removed from the
topology. For “N5c¢” integrals, the removal of any propagator leads to a two-
loop integral with four massless propagators. Since one of the loops will have
only two propagators, this subloop belongs to the “one” topology, and follow-
ing the evaluation of this subloop, the remaining loop integral will also be a
“one” integral. Most topologies are not this simple — the more common situa-
tion is that there are one or two propagators whose removal does not simplify
things appreciably. In addition, the removal of a propagator often leads to a
simpler topology with the same number of loops, as opposed to the sequence of
trivial one-loop integrals that we have with “N5c”.
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Having looked at the effects of removing any particular propagator, the next
step is to check for symmetries in the loop integral. For the “N5c¢” topology, the
integral is unchanged by the swap k; < k, so that a; and a3 can be interchanged
with a; and ay, respectively. This simplifies our task somewhat, since a quick
perusal of the recurrence relations in (4.34) indicates that R4, R5, and R6 can
be obtained directly from R2, R1, and R3, respectively, by such a symmetry.
As a result, we need only consider R1, R2, and R3.

Now it is time to look at the recurrence relations. Notice that if we were to
apply R1 directly,

8l

the a3/[3] term would increase a3 indefinitely without lowering any of the other
exponents. Similarly, we cannot use R2 or R3 in isolation. The problems, ev-
idently, are the solitary raising terms like a33*, and one solution would be to
look for a linear combination of recurrence relations in which these terms can-
cel. R1+ R2+ R3,

1 . {3?'-(1 +[1]) +

" (D~ 2a; — a3 —as) | [3] (1] - [4])} : (4.35)

CL11+(4‘ - 5~) + CL33+(2_ - 5_*) + (D — a1 — adz — 2&5) =0 5 (436)

is such a linear combination, leading to the useful relationship

1 a1 as }
1= —((8] — [4]) + —=({56] — {2]) ¢ - 4.37
et (U R RO R )] SR
Repeated applications of (4.37) will eventually bring either ay, a4, or a5 to zero,
at which point the “N5c¢” topology can be solved in terms of simpler topologies.

4.4 Complicated One-Loop Example

In the two previous examples, we were able to construct a single recurrence re-
lation that was guaranteed to reduce one of the exponents in the integral until
one of the propagators was removed and the topology was simplified. If this
were always the case, any multiloop topology could eventually be reduced to a
nesting of one-loop subtopologies and a number of physicists would get more
sleep. Instead, we often find that there are certain integrals in a topology, known
as master integrals, that cannot be reduced any further by the recurrence rela-
tions. We will discuss methods of evaluating master integrals in Chapter 6. Now
we shall look at an example of a topology containing a master integral in order
to illustrate some of the additional techniques that can be used to construct a
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solution algorithm with recurrence relations.
Consider the one-loop topology “M3”, as sketched in Figure 4.2 and defined
by the integral

i B [dPk]
(a,l, as, 03) = ,(72“1 (ka + Qkp)az (k- 4 p)2a3 .

(4.38)

Y W

Figure 4.2: Sketch of the “M3” topology.

If the exponents are all integers, this is a very simple integral to solve —
simply construct a partial fraction identity relating [2] and [3] and apply it until
one of these propagators is removed so that the remaining integral belongs to
either the “one” or “onshell” topologies. The “M3” topology can also arise from
a multiloop topology, though, after one or more subloops have been integrated
out, in which case one or both of the massless propagators [1] and [3] will have a
non-integer exponent. If only one of these exponents is non-integer, the solution
is still straightforward, so we will focus on the case where both [1] and [3] have
non-integer exponents. Assuming that we started from a three-loop integral
and have integrated over two subloops, we can rewrite (4.38) as

3 B [dPK]
(a1,02,03) = k2(a+e) (k2 4 2kp)az(k + p)Haeate)

(4.39)

where now a,, as, and a3 are all integers. The recurrence relations for this topol-
ogy are
R1l: @21 +(a3+€)3T (17 +27)+ (201 +as— D +2¢) =0,
R2: —(a1+€)1%2" + a2+ (2 +17) (4.40)
+(as+€)3T(2+1 —27)+ (a1 —a2+¢€) =0.

If we remove (2], the topology simplifies to a “one” integral. The presence of the
e-propagators, however, prevents us from removing [1] or [3]. The strategy, then,
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will be to lower a; as much as possible while keeping o, and a3 from running
off to arbitrarily large positive or negative values.

Let us start by trying to lower a,. Both recurrence relations contain 2* terms,
so we certainly do not want to apply these directly. We could, however, apply
2~ to R2 in order to “invert” the 2a,2" term. Unfortunately, R2 also contains an
a9271" term, so that 2 R2 will have a 1~ term which will allow a; to become
increasingly negative without doing anything about a,. Fortunately, there is
also a a22%1" term in R1, so that this problematic term is canceled in

(R2—R1): —(a; +€)11T27 + 2a92"

+2(a3 +€)3t(1—27)+ (D —a; —2a3 —€) = 0. (4.41)
Now we can apply 2 in order to invert the 2a,2" term, so that
- T AN [2] 1-[2)
1= 50— a3) (D—-ay—202+2—¢)—(a; + e)m +2(az +¢) 3]
(4.42)

This identity will lower a, every time it is applied, but notice that the (1 — as)
factor in the denominator precludes us from using it when a3 = 1. Thisis a
general feature of recurrence relation algorithms, namely, that whenever we try
to lower an integer exponent by inverting a term with a raising operator for that
propagator, we cannot lower the exponent past 1. Although some of our inte-
grals might have a; = 0 as a consequence of the [2]° terms in (4.42), we have to
continue the algorithm with the worst-case scenario in mind, specifically, inte-
grals of the form M 3(a1, 1, a3) for arbitrary values of a; and as.
With ay = 1, let us now concentrate on focusing a3 towards zero. The linear
dependence of [2] and [3],
1=[2]-[3], (4.43)

can be used directly when as > 0, as it will either lower a3 towards zero or, better
yet, give us ag = 0. Alternatively, if a3 < 0, we simply divide the identity (4.43)
by [3] and rearrange the terms so that

(4.44)

This will certainly increase a3 and it may or may not lower a; to zero.

At this stage, we need to deal with g; in integrals of the form M3(a;, 1,0)
in an attempt to focus ¢; to a single value. We are going to aim for a; = 1,
for reasons that will become clearer in Chapter 6, so that our master integral is
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M3(1,1,0). If a; > 1, we can simply apply R1:

_ ! [1] (1] + [2]
1= T T — {agrz—]—}—(ag-i-e)———BT——} : (4.45)

All three of the terms in (4.45) lead to good things. The {1]/[2] term lowers q,
and even though a, is increased to 2, it can be lowered again with (4.42) so that,
at worst, ag is raised instead. The [1]/[3] term lowers a; and the corresponding
increase in a3 can be reversed with (4.43). Finally, the [2]/[3] term sends a5 to
zero.

All that remains is to address integrals where a; < 1. This is the most non-
trivial step of the algorithm because while it is extremely easy to increase a;,
we cannot increase a; without encountering an infinite loop once the [2] term
in (4.42) lowers a3 back to 1. No direct combination of R1 and R2 is free of 2%
factors, and since a; = 1, we are not allowed to apply a 2™ operator either. The
solution is to create a hybrid combination of recurrence relations, whereby we
apply raising or lowering operators only to some of the recurrence relations in
a well-chosen combination. For instance, consider

1TR1: a22+ + (a3 + 6)3+(1 -+ 1+2—) + (2&1 +ay—D+2+ 26)1+ =0.
(4.46)
This relation only contains a single 2% term, just like the relation (R2 — R1)
in (4.41), which suggests that we can cancel the offending term with an appro-
priate combination of the two,

(R2 — R1)-21*(R1): —2(as+€)372-(1+ 1%)
+2(D — 2 — 2a; — as — 2€)1* (4.47)
—(a1 +€)1727 + (D —ay —2a2 —€) =0,

or equivalently,

| = s e () “)
LR R R 1

[1]
It is clear that this relation will increase a; without any drawbacks. As a result,

any “M3” integral with two epsilon-propagators can be cast in terms of “one”
integrals and the master integral

[47F]

M3(1,1,0) = / I e (4.49)
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This is not a particularly pleasant master integral to solve, and we will see ex-
actly why in Chapter 6, but at least there is only the one.

4.5 Complicated Two-Loop Example

To complete the sequence of examples illustrating the construction of recurrence
relation algorithms, consider the two-loop topology “Tlep”, as sketched in Fig-
ure 4.3 and defined by the integral

[dPky][dPky)

KR RS (e — ky)2on (ky + p)2as (K + 2kp)es
(4.50)

The wavy line in Figure 4.3 is the epsilon-propagator. If any of the other four

Tlep(ah ag, a3, a4, a5) = /

[

~
~N

l

| N\
| \

| \
|

— — —— i ot

Figure 4.3: Sketch of the “Tlep” topology.

propagators are removed, the topology immediately unravels into a pair of one-
loop integrals, and so our task is clear: lower a;, a3, a4, and a5 without letting a,
run away in either direction. We might well end up with a master integral such
as T'lep(1,0,1,1,1).

First we need the recurrence relations. When dealing with two-loop topolo-~
gies, let alone three-loop topologies, it is important to print out the recurrence
relations in a format that emphasizes their basic behavior without distractions
from less important features. In this spirit, here are the recurrence relations for
the “Tlep” topology, printed in a convenient format:

R1: +[3+]*(—[1-]+[2-])
+[4+] * (=1~ [1-]) (4.51)
—2%al—a3—-a4+D

R2: +[1+4]* (—[2—] + [3-])
+[3+] * (—[1-] + [2—]) (4.52)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40 CHAPTER 4. RECURRENCE RELATIONS

A+ (1] + [3-] = [5-])

—al + a3
R3: +[14+]x(-1—[4=])
+[3+] * (=1 4+ [1-] = [2—] = [4—] + [5-]) (4.53)
+[4+] * (1 + [1-])
+al — a4
R4: +[2+]« (-[1-]+[3-])
+[3+] * ([1-] — [2—]) (4.54)
+[5+] * (-1 = [2—] + [3—] - [4-])
—a2+a3 —ep

R5: +[3+]x([1-] = [2-])
+[5+] * (—[2-]) (4.55)
—2+%a2—a3—a5+D—2xep

R6: +[2+] x (—[5-])
+[3+] % (1 - [1-] + [2—] + [4—] — [5-]) (4.56)
+[5+] * (2 + [2—])
+a2 —ab+ep

In addition to a wise use of brackets and the omission of the obvious “= 0"
pieces, the raising operators implicitly contain the appropriate coefficient, name-
ly, [14] = a11" and [2+] = (ay + €)27.

Now let us get to work. Even though the order is usually somewhat arbi-
trary, as our first task we will try to lower as. R4 and R6 both contain solitary
[5-+] terms that we might invert. Unfortuantely, R6 is not a good choice, because
the [3-+] term will lead to a [5]/[3] term that does not provide a net-lJowering of
the exponents {a1, a3, a4, a5 }. Meanwhile, the [5+][2—] term in R4 will create a
[2] term that lowers @, indefinitely. Fortunately, such a term also appearsin R5,
and so the combination

R4-R5: +[2+]*(—[1-]+[3-])
+[5+] * (=14 [3—] — [4—])
+a2+2xa3+ab—-D+ep (4.57)
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can be used to lower as:

[5]
L= Bl- M+ {(az + 205 + a5~ 5 + 3¢)

3] - [1]
+(az + €) B } . (4.58)

Turning to a4, we need look no further than 4 R1:

[4]

1 = —[1]+(a4_1)

{(5 - 201 —ag — a4 — 26) —+ asg [2] [3] [1] } . (459)
Since the [4][2]/[3] term in (4.59) is not net-lowering in {a;,as, a4, a5}, we will
need to make sure that when we lower a3, we do not generate a similar [3][2]/[4]
term which would essentially create a runaway scenario by means of a net [2][2]
term. After looking carefully at the recurrence relations in order to find a com-
bination which cancels dangerous [n+] and [n+|[2—] terms, we find that

2R4-R5+R6: +[2+] * (—2x[1-] 4+ 2% [3—] — [6~])
+[3+] * (1 + [4—] — [5—))
+[5+] * (2% [3—] — 2% [4—])
+a2+3xa3—-D+ep (4.60)

fits the bill perfectly, leading to

(3] — 4]
[5]
5] + 2[1] - 2[3]
5 } . (4.61)

{(ag +3asz — 7+ 3¢) + 2as

—(as + €)

This leaves us with the task of lowering a,, and after a bit of searching, we obtain
a relation

R1+R3+2R4—-R5+R6: +[1+]* (-1 —[4-])
+24] % (2% [1—] + 2% [3—] = [5—))
+[5+] % (2% [3—] — 2% [4—])
—al+a2+2%a3—2xad+ep (4.62)

in which we can invert a [1+] term without running into other difficulties, so
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that
= - 1 - Q, a as — 2a. € a————————[g]“[‘l]
1 = [4]+(a1“1){(1 1+ ag + 2a3 — 2a4 + €) + 2as B
23] — [5] - 2[1]
+(as + €) 2] } . (4.63)

We can use the preceding relations to lower a1, a3, a4, and a5 all to 1 so that we
are now faced with integrals of the form T'lep(1, as, 1,1, 1). Although we cannot
remove [2], we can focus the exponent a; towards a specific value such as 0. If
as > 0, a direct application of R5,

_ 1 2] [1] - [2]
V= o= am =29 {“5['5]" IRCTY } ’ (4.64)

will either lower a, or send a; to 0. It does not matter that az or a; might be
raised to 2, as we can easily reapply relations (4.61) or (4.58) to return these
exponents to 1 without running into an infinite loop.

Raising negative values of ay, on the other hand, is a considerably more diffi-
cult job, as none of the original recurrence relations are free of [2—| terms and we
cannot invert these on account of the [n+] factors that accompany them, given
thata, = 1 Vn € {1,3,4,5}. There are two options available to us here. The
first is to construct a hybrid recurrence relation like (4.47), whereby we find an
elaborate combination of recurrence relations within which raising and lower-
ing operators act on only some of the relations. This is the most elegant method,
but it can also be extremely difficult to come up with such a relation. The alter-
native involves brute force, but it is at least guaranteed to work, and so in the
interests of obtaining a solution without wasting an inordinate amount of time,
it can be used as a last resort. Here is how it works. We know that R5 can lower
positive values of a; in integrals of the form T'lep(1,a,,1,1,1). Suppose ay is
negative, though, and we apply R5 once anyways. We would probably expect
to have, after settling a3 and a5 back down to 1, a term like T'lep(1,a,—1,1,1,1).
If, on paper, we work out this connection, for arbitrary values of ay, we can take
the T'1ep(1,a2—1,1, 1, 1) term that we generate and solve for it in terms of every-
thing else. Then, by shifting a, to ag + 1, we will have a relation which increases
negative values of as. It takes a page or so of shorthand to work out the details,
but in this particular case a remarkable thing happens: the T'lep(1,a, —1,1,1,1)
terms all cancel! As a result, we simply collect all the other things we generate
from applying R5 to T'lep(1, as, 1,1,1) and come up with

1

L= e et o@ - w -
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This relation can be used for all values of a; in T'lep(1, ag, 1,1, 1) integrals, and
so the “Tlep” topology has no master integrals.

4.6 Additional Comments

We have now looked at a number of examples of how to use recurrence rela-
tions to simplify the loop integrals in a topology. When properly applied, these
procedures allow us to write an arbitrary loop integral in terms of loop integrals
belonging to simpler topologies and, perhaps, master integrals within the same
topology.

At the end of the example in the previous section, we briefly described a
brute force method of generating the hard-to-find recurrence relations that are
often needed in the final stages of an algorithm. Since this particular case turned
out to be easier than we had any right to expect, it is worth discussing the
method further. The most common application of this method occurs when the
application of any recurrence relation, in combination with the relations pre-
viously used, leads to an infinite loop wherein a term in one of the relations
exactly reverses the effect of another relation. In cases like this, by starting with
an integral and applying a recurrence relation on paper, we will soon generate
additional factors of the original integral, so that schematically,

(Original Integral) = (Simpler Integrals) + (Constant) * (Original Integral) . (4.66)

Once an equation like this is obtained, it is obvious that an infinite loop can be
avoided simply by moving all the (Original Integral) terms to the same side of the
equation. Another common situation is that

(Original Integral) = (Simpler Integrals) + (Constant) * (Original Integral)
+(Constant) * (More Complicated Integral) . (4.67)

In this case, solve for the (More Complicated Integral) and shift the exponents so
that this becomes the (Original Integral) and the initial (Original Integral) looks
simpler in comparison. It must be stressed, though, that this method is a last
resort and should only be used when the integral under consideration has one
free parameter, otherwise there will be several calculations required and they
might be rather unwieldy.

While paper can be used to explain the ideas in this chapter, it would be fool-
ish to attempt to calculate multiloop integrals on paper in this way. Beyond its
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numerous other virtues, symbolic computation, which we will discuss in Chap-
ter 10, becomes an indispensable tool for implementing recurrence relation al-
gorithms. Once an algorithm is created, we can double-check it by ensuring that
the original recurrence relations are satisfied for a large assortment of specific
integrals. Basically, these tests consist of choosing one specific integral from the
topology, expressing each recurrence relation in terms of this integral and some
other specific integrals with similar parameters, evaluating the integrals using
the programmed algorithm, and then checking to see that all recurrence rela-
tions are satisfied by the explicit calculation even though some of them might
not have been used to construct the recurrence relation algorithm. Since the cre-
ation of these algorithms is perhaps the most difficult aspect of this work, it is
quite reassuring to have these kinds of tests available to us.

“Though at first it seems as though it doesn’t show, like a tree, ability
will bloom and grow.”
The Aristocats (Scales and Arpeggios)
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Chapter 5

Tensor Reduction

In Chapter 4, we saw how recurrence relations provide a powerful method for
dealing with loop integrals so that we do not need to construct general so-
lutions. Since the method assumes that we have scalar integrals, we need to
rewrite numerator factors in terms of existing propagators. Unfortunately, it is
not always possible to do this directly. This chapter explores a subtle technique
that can be used to accomplish the same objective.

5.1 One-Loop Procedure

Consider the integral Dy 1.2
/ [dPK] & 1)

(k2 +m2)m
Aside from the additional numerator factor of k?, this corresponds to the “gm2”

topology that we first encountered in Section 3.4. This numerator does not cause
much trouble, though, as it can easily be written as

k2 = (K +m?) —m? (5.2)

[dPk] k> / D 1 _m?
/ (k2 + m2)n = [ [d7K] (B2 +m2)n-1 (k2 +m?2)n (53)
and both terms on the right-hand side are scalar integrals.

Now consider the integral
[d°K] (& - p)
T 5.4
/ (k2 +m2)n 64)
It is obviously impossible to write (k - p) as a linear combination of existing

propagators and k-independent constants. In principle, we could introduce an
additional propagator such as (k? + 2kp), but then we would no longer be deal-

so that
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ing with the “gm?2” topology. Instead, there is a clever way. Since we are inte-
grating over all possible values of k and the denominator is quadratic in k, the
substitution k — —k leads to

/[de] (k- p) :/[de] (=k-p) ’ (5.5)

(2 + m2)" (% + m2)»

and so (5.4) is in fact zero. This argument holds whenever we have an odd
number of powers of k in the numerator of a loop integral whose denominator
is quadratic in k.

A more complicated situation arises with the integral

[dF] (k - p)?

(k% +m2) 6)
as symmetry arguments like the one above no longer demand that this integral
vanish. Rewriting (5.6) as

[dPk] kr k>
pupu / (k2 + m2)n 7 (5.7)

we will now construct an identity for k#k” that, while not true in isolation, is
true for our purposes because we are integrating over all possible values of k.
We start by noting that the k-integral must yield a k-independent tensor that
is symmetric in 4 and v. The only candidate is g*”. Next, any replacement of
k*k¥ must maintain both the correct mass dimension and the same number of
k-factors in the numerator. As a result,

Kk oc g™ K . (5.8)

We determine the constant of proportionality by contracting both sides of (5.8)
with g, and noting that in dimensional regularization g,, 9" = D. Then we
have w2

ke~ I

(5.9)

The ~ reminds us that while (5.9) is not explicitly true by itself, the two sides
are equivalent after integration over all possible values of k. Substituting (5.9)
back into (5.7), we obtain

/ [dPk] (k [dPk] k? E.10)

(.’c2+m2 D k2+m2"’

and we can use (5.3) to solve the k-integral on the right-hand side. Introducing
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a more compact notation, we can write our newfound identity as

u _gﬂlﬂ?
(k 2’>———*D (k%) (5.11)
where
dPk] k# - fpn
() = / [ D](k27m2) | (.12)
B [dPk] k2
(kY = ERTOR (5.13)

and D represents some collection of propagators. The generalization of (5.11) is

G“’l"'y’n

k) = k™), 5.14

(") = S ) 519

where G#1#» denotes a sum of products of n/2 g* tensors that is completely
symmetric in the indices {1, ..., tin }. We have already shown that

f@,D)=D, (5.15)

and we wish to construct a general formula. For n = 4,

g.ull‘Zg/J:i”‘l -+ gﬂlﬂ3glv"2l‘4 + gﬂlﬂ"lgl‘?/-‘?’
f(4,D)

Contracting both sides with g,,, ., g, and noting that g£¢5 = D, we obtain

(k**) = (E*) . (5.16)

w D*+D+D
(k%) F@.D) (k*) (5.17)
so that
f(4,D)=D(D +2). (5.18)

At this stage, we might guess that
f(n,D)=D(D+2)(D+4)---(D+(n—-2)). (5.19)

This turns out to be the correct expression for f(n, D) and we can prove it by
induction. Having established (5.19) for n = 2, 4, we now need to show that if it
is true, as written, for n, then it necessarily follows that it is also true for n + 2.
To begin, we observe that G#*#+2 has (n + 1)!! terms. This is because the
order of the g°? factors is irrelevant, so we might as well write the one involving
py at the front. There are then (n + 1) other p indices that can be paired with
p in this leading g-tensor. Then, we write the g-tensor containing the lowest
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remaining p index, leaving (n — 1) other indices to pair with it, and so forth,
yielding (n+1)(n —1)... = (n + 1)!! terms.

Now, of the (n + 1)!! terms, (n — 1)!! will contain ¢**#2 and the remaining
n(n — 1) will not. When we contract G*""#+2 with gy, ., Gusps * * * Guns1m 0, those
terms containing ¢g*'#? will yield D times the full contraction over the remain-
ing n indices. As for the terms without g#1#2, we can assume, without loss of
generality, that the leading term is g"#3. In this case, our contraction involves

G s gmﬂs g/tzﬂj = gﬁ;s guzltj = gﬂsﬂj . (5.20)

Since j > 3, we have f(n, D) remaining once y; and y, are out of the picture. In
other words,

f(n+2,D) = Df(n,D)y+n{Df(n—2,D)+(n—2){...}}
= Df(n,D)+n{f(n, D)}
(D +n)f(n, D)
DD +2)(D+4)---(D+[(n+2)—2]) . (5.21)

We can also write f(n, D) as (D +n —2)!!. This is not only more compact, but by
virtue of the identity (2.22), it suggests that we should be able to cast our result
in terms of the ubiquitous Gamma functions. Explicitly,

f(n,D) = DD+2)(D+4)---(D+(n—2))
AD/2)(D/2+1)---(D/2+n/2 1)
rir (2
= : (5.22)
(%)
This process of tensor reduction on one-loop integrals is so useful that we
automatically incorporate it into the three major one-loop topologies — “one”,
“onshell”, and “gm?2” — that were introduced in Chapter 3.

5.2 Multiloop Procedure

While the method we developed in the previous section works extremely well at
the one-loop level, things become increasingly complicated when we have two
or more loops. In particular, we often encounter topologies with fewer propa-
gators than is necessary to be able to rewrite every possible numerator factor. In
this section we will examine, through a sequence of increasingly difficult exam-
ples, how tensor reduction can be implemented in multiloop integrals.
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One-Loop Subloop

Consider the “T2” topology, as sketched in Figure 5.1, and defined by
[dP k1] [d” ko]
T2(ay,as3,03,04) = =
o) = | gy T T
_ / [dPk:][dP k]
- J [

(5.23)

B

Figure 5.1: Sketch of the “T2” topology.

First, notice that the k,-dependent subloop cannot be evaluated on its own,
even though it looks a lot like “onshell”. This is because the external momentum
that flows through the massive line of the k,-loop is (k; + p), instead of just p,
and since the 1 in the mass term of [4] is actually m? = —p?, the ko-loop depends
nontrivially on two different external scales. This is a major reason why massive
lines are more of a nuisance than massless lines.

Next, observe that the four propagators of (5.23) are insufficient to handle all
possible numerator factors that depend on ky, k;, and p. Specifically,

p2:~17 k%:[l]v kg:[z]a kl-pz([:}]‘—[l]—l—l)/z, (524)

leaving only [4] to handle both (k; - p) and (k; - k2), which is clearly insufficient.
The solution to this problem relies on the fact that the only part of the k-
integral that is not quadratic in k; is the 2k, - (ky + p) term that arises in [4].
Therefore, suppose we break k; into two pieces — one that is parallel to (k; + p)
and the other that is perpendicular to it:
ky - (k1 + p)
(k1 + p)?
Now observe what happens to the two k;-dependent propagators using this
representation of kj:

2] = (k§)2+(k§)2, (5.26)

4 = (kg>2+(kf)z*‘z’“g‘(k1+P)+(k1+p)2+1. (5.27)

ky = k) + ki = (ky + p) + ks . (5.25)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



50 CHAPTER 5. TENSOR REDUCTION

Both of these factors are quadratic in ks, precisely because of the specific form
of (5.25). Once we know that the propagators of (5.23) are quadraticin k3, we do
not actually need to write them as in (5.26) and (5.27), but we will use (5.25) to
rewrite the k, factors appearing in the numerator via (k; - p) and (ky - k). At first

glance, this might seem like a rather futile thing to do, as k! contains the exact
same (ky - p) and (k; - ky) terms that we are trying to deal with in the first place.

The loophole, though, is that kg doesn’t really depend on (&, - p) and (ki - k2) —
it depends on (k; - (k1 + p)), and we can deal with this particular scalar product:

ky- (ki +p)=([4] - [2]-[3] -1) /2. (5.28)

At this stage, then, we have managed to rewrite all possible numerator factors in
terms of the propagators [1], [2], (3], and [4], along with k3. Since these propaga-
tors only depend on k3 via (k3 )2, we can average over the directions of k3 in an
analogous fashion to the one-loop tensor reduction technique we developed in
the previous section. The only difference is that k3- lies in a (D — 1)-dimensional
subspace because it is orthogonal to (k; + p). Once we have averaged over the
directions of kj, we might still have factors of k3 in the numerator, but they can
only appear as powers of (ky )?. These can be expressed in terms of propagators
by solving (5.25) for k3, so that e v
142 2 k2 ’ kl +D
(ky)" = k3 CET N
This example represents the main way in which tensor reduction arises at the
two-loop level, wherein there is only one situation in which things become more
complicated. If the propagator [3] had been a massive line instead, the factors
of (k; + p)? created by the tensor reduction would correspond to a fifth type of
propagator which we shall label as [5]. This fifth propagator is not independent
of the others, though, and a partial fraction identity could be used to eliminate
either [3] or [5] at any stage of the calculation so that there would be two closely
related types of two-loop, four-propagator integrals to solve.
At the three-loop level, however, things can become more complicated. The
next three examples illustrate the ways in which tensor reduction can be used
to deal with the more difficult situations that arise with three loops.

(5.29)

Separate Subloops
Consider the “X7” topology, as sketched in Figure 5.2, and defined by

D D D
[ 6:30)
ki (By + p)2eeky® kg™

X7(a15 aq, 43,404, 45, aﬁ)
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1
(ki 4+ ko +p)2 + 1)% [(ky + ks + p)2 +1]*

il

Figure 5.2: Sketch of the “X7” topology.

Although we only have six independent propagator factors to try to cope
with nine possible numerator factors, we can apply the tensor reduction proce-
dure to the ky- and ks-subloops simultaneously:

ky - (k1 + p) 1
k ———=(k k 5.31
2 (kl +p)2 ( 1 +p) + 2 ( )
ks - (k1 + p) i
ky = ————=(k . 5.32

Every propagator is either independent of or quadratic in k5 and kg, therefore
we can average over the directions of both of these (D — 1)-dimensional vectors
in order to handle scalar products in the numerator involving k; or k3.

Nested Subloops
The “X1” topology, as sketched in Figure 5.3, is defined by the integral

X1(a1,a9,a3,a4,05,07,08) = / = (k[ldj_lz)]gfi Zi]fD]::;las T (5.33)
1
Tz + ks)? + 1 K2 (R + 1) |
For the small subloop at the top, it is clear that we need to assign
ky = kzgk"’ ks + ki . (5.34)

Both k,-dependent propagators will be quadratic in k3, so we can average over
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Figure 5.3: Sketch of the “X1” topology.

the directions of this (D — 1)-dimensional vector. Although we do not actually
solve the kq-integral at this stage, we know that if we did, the result could only
generate additional factors of k2. As a result, the kz-integral would then involve
the three factors k3, (kf + 1), and (k1 + k3)?, so we can now apply the tensor
reduction procedure to kj:

_ks-k

ks 72

ky + ki (5.35)

As far as the details of the application are concerned, the nested subloops work
the same as the separate subloops because we simultaneously project two of the
loop momenta. The main difference between the two is the subtle reasoning
needed to establish that the nested subloops do in fact behave in this way.

Two-Loop Subloop

For our final example, we consider the “T3m” topology, as sketched in Fig-
ure 5.4, and defined by the integral

[dP k1] [dP ks)[dP k)
k%al (k1 -+ p)2“2 (kl + ko + p)2“3
1
« .
(B + ko + ks + p)2 (ky + k3 + p) s k3 k3"

T‘?’m(ala ag,as, a4, 0as, 4g, (17) - / (5'36)

Now things look somewhat ominous, as there is no subloop that contains
only two propagators. Instead, we will need to consider the k;-k;-subloop as a
whole, beginning with the observation that the propagators in this subloop only
depend on k; and p through the combination (k; + p). Since we can express the
scalar products ks - (ki + p) and ks - (k1 + p) in terms of existing propagators,
we can write p = (k; + p) — k; so that the only troublesome scalar products are
(k1 - ko) and (ki - k3). Then, we take the rather unusual step of projecting k; along
(k1 + p):

_ k(b +p)

k= k kL 5.37
1 (k1+p)2 ( 1+p)+ 1 ( )
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Figure 5.4: Sketch of the “T3m” topology.

Each of the propagators, except for k%, already depends on k; via (k; +p), and so
the only propagator in which ki can appear is k7. The ki- dependence here will
obviously be quadratic, thus we can legitimately average over the directions of
ki, and consequently, we can express all possible scalar products in terms of
existing propagators in the “T3m” topology.

5.3 Auxiliary Propagators

As we have seen, the tensor reduction procedure can quickly become intricate
and abstract. There is an alternative, which we shall now examine, that is con-
ceptually simpler. The idea is to create an auxiliary propagator in order to han-
dle any numerator factor that cannot be expressed as a linear combination of
propagators. As an explicit example, we reexamine the “T2” topology from ear-
lier in this section:

[dPky][dP k)
ki Ky (ky + )2 [(ky + Ko +p)2 + 1]

T2(a17 G2, 43, (14) = / (5‘38)

Rather than invoke a tensor reduction scheme in order to manage five potential
scalar products in the numerator in terms of the four propagators, we simply
introduce a fifth propagator,

5=k p, (5.39)

so that every scalar product is now under control. While it is clear that this
auxiliary propagator sits in the numerator, it can be incorporated into a set of
recurrence relations without any conceptual difficulties.

While any topology to which we can apply a tensor reduction could instead
be handled with auxiliary propagators, the converse is not true. For example,
the “X13” topology, as sketched in Figure 5.5, does not contain any subloops
for which we can construct a tensor reduction scheme that would enable us
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to express nine possible scalar products in terms of the seven propagators in
the topology. In this case, we have no choice but to introduce two auxiliary
propagators.

——d
Figure 5.5: Sketch of the “X13” topology.

One might wonder why we went to so much trouble describing the tensor
reduction procedure when the auxiliary propagator method can solve the same
problems with much less mess and is sufficiently robust so as to apply to all
topologies. Given that some experts rely on auxiliary propagators entirely [19]
and others use a mix of tensor reduction and auxiliary propagators [20], the
choice is an aesthetic one. When we use auxiliary propagators, we find that the
recurrence relations are easy to derive and simple to write. On the other hand,
it does no good to lower the negative exponent on the auxiliary propagator
even further, and so it is often more difficult to construct an effective algorithm
that uses the recurrence relations to simplify a topology. Conversely, the tensor
reduction method makes it difficult to derive and write recurrence relations. It
is almost always the case, though, that there is a modest subset of recurrence
relations or linear combinations of recurrence relations that can be written quite
compactly. With no auxiliary propagators to worry about, the removal of any
propagator will then lead to a simplification of the original topology. It is for
this reason that the tensor reduction procedure is the preferred approach here
whenever subloops are present.

“Once you have eliminated the impossible, whatever remains, how-
ever unlikely, must be the truth.”
Sherlock Holmes
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Chapter 6

Master Integrals

In Chapter 4, we saw how to construct recurrence relations that allow us to
write an arbitrary loop integral in terms of loop integrals belonging to simpler
topologies and, perhaps, master integrals within the same topology. While this
procedure undoubtedly makes some of the most complicated loop calculations
more manageable, we are still left with the task of evaluating the master inte-
grals. In this chapter, we will illustrate a variety of techniques that can be used
to obtain explicit solutions for master integrals.

6.1 One-Loop Examples

M2 Master Integral

Consider the “M2" topology, as sketched in Figure 6.1, and defined by the inte-
gral

_ [47K]
M2, az) = / K2+ 2kp)m (K2 + D)=

Although this may look like an innocent one-loop topology, the presence of two

(6.1)

& @

Figure 6.1: Sketch of the “M2” topology.

massive lines makes it quite difficult to solve. Recurrence relations can be used
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to lower the exponents a; and a, to 1, so that we will have to evaluate the master

integral
M2(1,1) = / [d7F] (6.2)
T (k2 + 2kp)(k2+1) )

Introducing a Feynman parameter, we obtain

~ [dPk]
M2(1,1) = /dac/[ (k2 + 2kp) + (1 — z) (k2 + 1)]?
o de]

____.(4 2t / dz (2° — 2+ 1) (6.3)

f

The z-integral in (6.3) is surprisingly difficult to solve analytically. Recognizing
that this integral is finite, we will expand the integrand in powers of e:

(2—2+1)"° = exp[—eln(z® -z + 1)]
2
= 1—eln(z®—z+1)+ %—ln @2—z+1)—... . (64)
Removing a loop factor of F = T'(1 + €)/(4x)?/? from (6.3), the master integral
g P g
can then be expanded in powers of € as

M2(1,1)

—F ¢ /1dx In(z* —z+ 1)+ O(?) . (6,5)

:———/dazlnz —z+1)+ 5
0

The Feynman parameter integrals are now free of external parameters like ¢, and
so they can be evaluated numerically if necessary. With a bit of work, though,
analytic solutions can also be obtained. For the first integral, we write

(@ —z+1) = (z— ) (2 — ) | 6.6)

split the logarithm into two terms, integrate each term by parts, and find that

1
dz In(z® —z +1) = —2 + —= . 6.7)
et =2
The second integral is substantially harder to evaluate; the result is
/1d:c In?*(z® -z +1) —2( —=In3 - 98 27r> (6.8)
0 \/5 VB '
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This is our first example of a loop integral whose solution contains constants like
V/3,1n 3, and Sy, in addition to the ¢(n) and v that we first saw in Section 2.2. Sy,
defined by

Sy = f Cl, ( ) = 0.2604341376. .. |, 6.9)
is a constant that arises frequently in loop integrals with more than one massive

line. Unraveling the notation [21], Cl;(z) is known as the Clausen function and
it can be written as

Cly(z) = Im [Li; (¢¥)] = -~ sin ke ) (6.10)

k2
k=1

Meanwhile, Liy(z) is the dilogarithm, defined by
Lig(z) = — / log / dz y (6.11)
0

0

The dilogarithm is often written in terms of Spence functions, and based on the
right-most term of (6.11), it is not surprising that these functions will sometimes
arise in conjunction with Feynman parameter integrals. Returning from the
digression, we have obtained the “M2” master integral and can write it as

%?_j(?lﬂ_):.i.Jr(z_%)H(z; 7 \/_1113 952)+0(e2). (6.12)

While this result took some effort to obtain, the existence of a recurrence relation
algorithm has at least prevented us from having to evaluate “M2” integrals for
the general case.

M3 Master Integral

In Section 4.4, we used recurrence relations to solve the “M3” topology in terms
of the master integral

M3(1.1.0) = [de]
(1,1,0) = k20+9) (k2 + 2kp)(k + p)*

(6.13)

To evaluate it, we first combine the p-dependent propagators with a Feynman
parameter z, and then combine the resulting

ek +p)?+ (1 —z)(k* +2kp) = (k+p)2+ (1 — z) (6.14)
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factor with the p-independent propagator using an additional Feynman param-
eter y:

_ T(l+e T(2+2¢) DT L ;
M3(1,1,0) = r(e)r(1)r(1+e)r(1+e)/0d“ /Odyy(l”y)

[dD k]
8 / [(k + yp (y ]2’“26

T'(e)T(1 + €)(4m) D/2 _.3;) [2+2<-D/2
fI‘ 3e) z€ 1
= FOr D / / dy S ) (6.15)

Note that we have expressed the loop factor of I'(1 + €)/(47)P/? as F in the last
line of (6.15). At this stage, we will divide the Feynman parameter integrals into
two parts: I; for y > z and I, for z > y, so that

F I'(3¢)

(Lh+ 1) . (6.16)

Starting with I;, we will write £ = yz, where z € [0, 1]. This leads to

-2¢
Ilzfdy/ydz (13 vy
(y — yz)*

— /dy y—4c . /dz Ze 1(1 -—36

= B(l+e¢,1—4e)B(1 — 3¢,€) 6.17)
2

- §+3+<9+1;L)e+(27+z—2—-+184(3>) & +0(e),

where we have used (2.31) to evaluate the integrals in the second line. Turning
to I, we start by rewriting the denominator as

-2 = () -y
— 63”6(1‘ _ y)~3e , (618)

where we have used —1 — e™", a step which we will justify more carefully in
Section 6.3. Then, we can use y = zz, for z € [0, 1], so that

= 3““/da;/xdz 2 (@) (1 — z2)
(x — x2)3
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| 1 1
= e3i"5/ dm/ dz %272 (1 — 2)73¢(1 — z2)°. (6.19)
0 0

Since this integral is finite, we can now expand the integrand as a series in ¢
and evaluate the integral term by term. Incidentally, this is why we have cho-
sen M3(1,1,0) as our master integral. Other choices, while superficially finite,
would lead to divergences in the integral I, that prevent an expansion of the
integrand in powers of €. The result for the first few terms of (6.19) is

I = &> {1 + (7 + %) e+ (37 - fg + 11((3)) e + 0(63)} . (6.20)

Combining the results of (6.16), (6.17), (6.19), and (6.20), we have

M3(1,1,0) _ 1 4, (16 1x®
F T 33 \3Tg T
4 5p? 2
+(%—+—17;—+7§(3)+z‘7r(7+%—>>62+(’)(63)- (6.21)

The imaginary terms arise from the expansion of €*™ in (6.20). In Section 6.3,
we will explore the origin and meaning of the imaginary parts of loop integrals.

6.2 Eikonal Integrals

In Section 3.3, we showed how Tomonaga parameters can be used to evaluate
the J;" integral:

~ 102k ][dPky]
= / (kup + 1) (B3)[ (k1 + k2)* + 1]
_ @%_53(-1 4 %€, -3+ 4e)T(1 - )T(~2 + 3¢) . (6.22)

The propagator (k;p + 1) is known as an eikonal propagator, and consequently,
J{ is an eikonal integral. The meaning of this term stems from the Greek root
eiko-, meaning weak or yielding, since the eikonal propagator depends weakly
on the loop momentum. In the context of the method of asymptotic expansions,
which we shall examine carefully in Chapter 7, eikonal propagators arise from
the region of a loop integral where |k| < |p|, so that (k* + 2kp) — (2kp). The
additional +1 term is merely a consequence of a shift of k to (k — p):

(2kp) — 2((k — p)p) = 2(kp — p*) = 2(kp + 1) . (6.23)
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As we saw in Chapter 1, the Minkowski-space definition of a propagator
includes an infinitesimal pole term +id (previously written as +ic) in order to
prescribe a method for integrating near the poles of the propagator. Based on
the locations of these poles, we can justify a Wick rotation to Euclidean space.
When we combine a set of propagators with +id pole terms using one of the
parameters from Chapter 3, the composite denominator factor will also have a
+i6 pole term, so that we usually regard the +id as implicit and we Wick rotate
at an early stage in the calculation. With asymptotic expansions, the situation
becomes more delicate due to the possibility of —id pole terms. Whenever such
terms might arise, we must remain in Minkowski space until the pole situation
is clarified. For small loop momenta, the Minkowski-space propagators (k? +
2kp +16) and (k* — 2kp + i6) would be expanded as

1 1 k2
(k2 +2kp+i6)  (2kp+1id) (2kp +10)? RIRERE (6.24)

1 L s (6.25)
(K2 —2kp+i6)  (2kp—i6) (2kp—id)2 T -

As we can see, the propagator in (6.24) retains the +id pole term and therefore a
Euclidean-space calculation will be appropriate. The propagator in (6.25), on the
other hand, now has a —id pole term and therefore a permanent Wick rotation
cannot be used to evaluate the loop integral.

With these developments in mind, the original loop integral in (6.22) is ac-
tually ill-defined, as we do not know the sign of the pole term in the eikonal
propagator. The “+” in J;" indicates that the pole term was indeed +id, which
is why we were able to evaluate the integral in Euclidean space using the tech-
niques of Chapter 3. Conversely, we can also have a J; integral, wherein the
eikonal propagator carries a —i6 pole term. A Wick rotation is therefore prohib-
ited, but fortunately we are rescued by an identity from complex analysis [22]:

/mm—pfwf%f:mwf(a). (6.26)

wZ—axid

Rearranging this slightly,
/ fl)ds / fl)dz +2mif(a), (6.27)

T —a—i0  J_ o z—a+id

or in other words, a loop integral in which only a single propagator has a —id
pole term can be related to the corresponding integral where all propagators
have -+id pole terms and an additional integral that is also free of —id pole terms.
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Quantitatively, this means that
Jr=J+ A% ’ (6.28)
where | [dD . [dD .
B =2m /M (k2 + 18)[(ky + k2)2 — 1 + i6]
Although we will stay in Minkowski space, as denoted by the label M on the

loop integral, the remaining poles are conventionally located and will hereafter
be suppressed. Combining the denominators with a Feynman parameter, we

S(K —1). (6.29)

have
1 DL 14D
AJ, = 2mi / dz / [ k][ Ro] S 6k~ 1), (6.30)
0 ko + zk1)? + (1 — 2)k} — 1]
After shifting k, to k; — zk;, we can evaluate the ks-integral by converting (2.18)
back to Minkowski space:
D ~1; Tn-2 n—3
/ d”k 1 _ (=)™ I'(n—2) 1 . 631)
v 2m)P (k2 —m2)»  (4m)P/2 T'(n) m?2

This leads to

ag = i dw/ PRI =) o s T

—27T (e dP-1k
= 47T)D/2 27'(' / / [IL‘ —z(l — ) + 2(1— :c)k2]€ ) (6.32)

where k denotes the (D — 1)-dimensional spatial momentum associated with &;.
Working in hyperspherical coordinates, the integration element becomes

/ dP 1k = / dQp_1 / kP2 dk; | (6.33)
0

where £ = |k|. Using (2.17) to evaluate the angular integral in (6.32),
D2
AJ, = 4‘/_ / / = k7 dk (6.34)

(4 +z(1 - z)k2

With the substitution

z, (6.35)
1—-z
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the z- and z-integrals can be evaluated in terms of Beta functions via (2.31)
and (2.30), respectively, resulting in

_ 2yn T'(e) 5 1 3 3
AJ; = (4W)DF(%—6)B(§ 3e, 2-}-6)3(5 e,~—2—+26)

2,/7 3 5 1
~)P T <~§ + 26) B (-2- —3e,—5+ e) : (6.36)

There are two nontrivial sets of eikonal master integrals that we will en-
counter in Chapter 12, Ji¥ and J;". The calculation of J3 follows the same pro-
cedures as we have used for Jli, and for completeness, the results are:

[Pk ][dP ko)

Jli = /M (kip — 1 £48) (k3 + i0)[(ky + k2)2 — 1 + i6]
= -(-21%)—5 {2[‘(1 —€)['(—~2+ 3¢)B(—3 + 4¢, -1 + 2¢)
—(1F1)/#C (—;+26> B (—;———36,——21—4-6)} , (6.37)
Ji _ / [del][de2]
2 Sy (ep £ id) (k3 — 1+ i8)[(ky + kg)? — 1 + 6]
3 1 1
= j:(4\7/l'7)?DF ("'5’%‘26) B (~§+6,—§+E) . (638)

Meanwhile, the following eikonal integrals are scaleless integrals, and so in
accordance with the results of Section 2.3, they are zero in dimensional regular-

ization: [de]
/M (k‘2 + /1:5)111 (ka 4 'L'(S)az ’ (6.39)
/ Ll Lt (6.40)

vt (62 +38)°1 (k2 + 10) (K — k)2 + 16)% (2k1p & 10)a4 (2kap £ i6)35 =

6.3 Imaginary Terms

Let us have a closer look at the “one” topology that we briefly saw in Section 3.1.
The integral, defined in Minkowski space as

[d°k]
AJ ((k + ;D)2 + ié)“l (k2 + Z'5)a2 ? (6.41)
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is sketched in Figure 6.2. Note that ¢; and a; need not be integer exponents
and that the external momentum p obeys the onshell condition p* = m?. Even

Figure 6.2: Sketch of the “one” topology.

though we could Wick rotate this integral and evaluate it, the Minkowski-space
pole terms produce a subtle effect. With a Feynman parameter, the denomina-
tors are combined as

e((k+p)?+id)+ (1 —z) (k> +1i6) = k*+2zkp+ ap® +id (6.42)
= (k+zp)’ +2(1 — z)p* + 16 .

By shifting & to (k—xp), the k-integral can be evaluated using the basic Minkowski-
space result (6.31), giving rise to a factor of

1 ai+taz~D/2
(—:z:(l —z)p? — id) | (643)

Ordinarily, we take the limit § — 0 as soon as possible, but for this case we will
keep § around a little while longer. If we factor out z(1 — z)p?, a term which is
non-negative, the term containing ¢ still must goto 0 as § — 0, so we will rescale
§ and examine the factor

(=1 — §)P/Fa-a (6.44)

Writing the argument of the exponent as (a — be) for integers a and b, we have
(-1—6)* [(~1—i5)™]" . (6.45)

We can smoothly take the limit § — 0 for the first factor to produce (—1)¢, but in
the second factor, the non-integer exponent € makes (—1) ¢ ambiguous. Instead,
the § suggests that we should write

lim (—1 — i6) = e~ , (6.46)

6—0
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and so the “one” topology gives rise to factors of e which, when expanded in

€ as
w2 inded

e =14 ime — —— —
€T 5 T

give rise to imaginary terms in the loop integrals.

(6.47)

The Optical Theorem

The amplitudes that we compute for various classes of Feynman diagrams are
connected to the probabilities for certain physical processes to occur. These
probabilities must have a sensible physical interpretation, and as a direct conse-
quence, the amplitudes are constrained by a relationship known as the optical
theorem [1]. Quantitatively, the optical theorem states that

ImM(A— A)=C> IMA-B), (6.48)
B

where A and B both represent a set of particles with specific identities and mo-
menta and C is a constant which depends on a set of external parameters relat-
ing to the particles in .[A. The sum is over any possible set of particles B which
can simultaneously be put onshell. Customizing (6.48) to the case where A is a
single particle of mass m, the constant is simply ;. Then, we can separate the
sum over B into a sum over specific particles and an integral over the physically
allowed phase space of these particles. As a result of the techniques that we will
describe in Chapter 7, we will always be able to reduce our work to single-scale
diagrams, and thus B must consist of massless particles only, lest we end up
turning one massive particle into another equally massive particle plus some
others. As a result, for a specific diagram that specifies M, we need only sum
over the ways in which the diagram can be “cut” in two by only cutting through
massless lines. Thinking of the optical theorem in this way, we have

1 .
ImM = 5 }; / ATl MM, (6.49)

where M; and M, correspond to the two pieces of M that are produced by the
cut. The phase space integral involves a factor of

diq

for every particle involved in a given cut, along with a é-function to conserve
overall four-momentum. It was shown by the aptly-named Cutkosky [23] that
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this cutting procedure is applicable to diagrams with an arbitrary number of
loops. Over forty years later, this powerful idea is still elusive to some [24].

After deriving several important phase space factors, we will illustrate this
method through an extensive series of examples. Be forewarned that this will be
a very intricate and lengthy section in order to supply details that are completely
absent in the literature. These techniques are required to obtain the master inte-
grals encountered in Chapter 13.

Phase Space Factors

Define P2 as the phase space of two massless scalars, assuming that the initial
particle has mass m. This situation is depicted by Figure 6.3. Quantitatively,

Figure 6.3: Origin of the P2 phase space factor.

G 47 qz D §(D) 1
v2= (2m)P-1 2E; (2m)D-1 2E, @m)" 8 (p - - q) (6.51)

where we have generalized to D dimensions. Working in the rest frame of the
incident particle,

8PV p— g1 — q2) = 6(m — By — By) 6PV (~q1 — q2) (6.52)
and the second §-function can be used to set gz = —q;, so that
1 dPlqy
P2 = — FE; — . .
4(271—)D——2 / E1E2 5(m E1 EQ) (6 53)
Since the final particles are massless, Ey = |q1| and E; = |qa| = | — q1| = £y,
leading to
1 dPlqy
P2 = 12 / D d(m — 2|qgs]) . (6.54)
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